



Action–Period Consistency, Twist, and Separatrix Asymptotics of the Integrable Nonlinear Pendulum


Abstract
The conservative simple pendulum is a perfectly integrable one-degree-of-freedom Hamiltonian system, for which the libration period is unique at the separatrix, but the enclosed canonical action remains finite. Here, the transition is coordinated using a common action coordinate, and an asymptotic consistency hierarchy is obtained between the finite action deficit and the diverging exact period. The action-period identity is immediately obtained from the elliptic-integral representation. The corresponding nonlinear twist is shown to be consistently negative everywhere along the librational branch and singular at the separatrix. Eliminating the logarithmic separatrix variable gives first and second-order action-deficit correlations. The equivalent relative errors at the release angle of 175 degree are  and , respectively. The separate DOP853 integration reproduces the exact Jacobi-elliptic trajectory to within  radians. The Hamiltonian drift and action-quadrature variations are less than   and , respectively. Additional interdependent diagnostics include the action-ordered harmonic ratios, constant-basis Fourier entropy, and phase-space area. The benchmark developed here separates the typical separatrix sensitivity from chaos and gives a uniform reference for perturbed, dissipative and discretised pendulum models.
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1. Introduction
The simple pendulum is one of the simplest non-linear Hamiltonian systems, and yet it immediately shows a singular limit that is at the core of the geometry of integrable dynamics. For the autonomous one degree of freedom conservative problem any noncritical librational trajectory is a closed invariant curve. However, the time scale of the orbit becomes unique as the orbit approaches the separatrix: the period diverges and the frequency vanishes, but the canonical action (phase space area contained by the orbit divided by  stays finite. The pendulum is a valuable model for action-angle theory, asymptotic analysis, numerical integration and the difference between regular separatrix sensitivity and really chaotic dynamics (Arnol’d, 1989; Lichtenberg & Lieberman, 1992) since it has a diverging period together with a limited action.
The precise energy integral, period and Jacobi-elliptic trajectory are conventional (Beléndez et al., 2007; Nelson & Olsson, 1986); high precision large amplitude period approximations have also been constructed (Big-Alabo, 2023; Lima, 2010, 2019). The nonlinear pendulum has recently been studied again utilising globally convergent power-series constructions (Reinberger et al., 2022) and integrability-preserving discretizations (Hisano & Matsuura, 2023). Explicit action-angle coordinates have been constructed in terms of Jacobi elliptic and zeta functions (Brizard, 2013), whereas the general literature on Hamiltonians emphasises the fundamental significance of action variables and their canonical interpretation (Féjoz, 2013). Therefore, different phrasing for the time or simple presence of action variable are not adequate contributions on their own.
A more discerning issue is whether the temporal, geometric and waveform observables of the whole librational branch can be ordered by the same invariant coordinate and related by asymptotic relations that are independently falsifiable. This question is also consistent with the general local structure of one-degree-of-freedom integrable Hamiltonian systems near separatrices: the action as a function of energy has a characteristic logarithmic contribution and the inverse energy-action map has a singular derivative structure as a consequence (Biasco & Chierchia, 2023). The pendulum is helpful here in that each coefficient in that structure may be explicitly calculated and compared to an accurate elliptic solution.
In the present paper, we develop such an action-resolved benchmark for . First, we prove the exact action–period identity in a normalisation that permits a direct comparison with phase-space area, and we obtain analytically the associated nonlinear twist. Second, the standard complete-elliptic-integral expansions are combined and the logarithmic separatrix variable eliminated to give an explicit first and second order hierarchy for the action deficit. The main analytical result of the paper is the second order formula. Third, the exact formulas are numerically verified in an overdetermined manner by using independent DOP853 trajectories, Hamiltonian conservation, time-domain action quadrature, Fourier harmonic ratios and a fixed 31-bin Shannon-type spectral statistic. There is no stochastic inference, all reported values are deterministic calculations of the model.
The contribution is therefore intentionally narrower than a new solution of the pendulum problem. The goal is to build a mathematically transparent consistency framework whereby period, action, twist, phase-space geometry and waveform deformation are all constrained by the same integrable structure. It provides a uniform baseline from which the effects of damping, forcing, modulation, discretisation, or experimental non-idealities can subsequently be measured.
2. Hamiltonian formulation and exact structure
2.1 Dimensionless model and elliptic parameter
For a point mass attached to a massless rigid link of length  in a uniform gravitational field  we define the dimensionless time  and the canonical momentum . The dimensionless equation of motion and Hamiltonian are
	
	
	(1)


For release from rest,
	
	
	(2)


As   and  we approach the separatrix of libration,  and are complete elliptic integrals of first and second kind with parameter m; the corresponding elliptic modulus modulus is .  This convention is stated explicitly because it is common to confuse modulus notation with parameter notation, and thus to make implementation errors.
2.2 Exact trajectory, period, and canonical action
For the initial condition of release from rest, the exact librational trajectory can be written as (Beléndez et al., 2007; Brizard, 2013; Reinberger et al., 2022)
	
	
	(3)


where P is the period expressed in dimensionless form. The exact ratio of periods is with the harmonic small-amplitude period 
	
	
	(4)


Define dimensionless canonical action as
	
	
	


Using the symmetry of the librational orbit and  on the upper branch gives
	
	
	


With , this integral reduces to the standard complete elliptic integrals and yields
	
	
	(5)


Thus, the canonical action is finite at the separatrix, although the period diverges.
2.3 Action–period identity, frequency map, and twist
Proposition 1. Along the entire librational branch,
	
	
	(6)


Proof. Let . The standard derivatives of the complete elliptic integrals (Olver et al., 2010) give
	
	
	


from which . Therefore . Since , , and hence . 
The conjugate angle variable evolves with dimensionless angular frequency
	
	
	(7)


Differentiating with respect to  and using the derivative of  gives the exact twist
	
	
	(8)


The inequality follows because every factor in the denominator is positive and the numerator is proportional to the positive action. Thus the librational family is strictly nonisochronous throughout the branch. In the small-amplitude limit . Near the separatrix, setting  and  gives
	
	
	(9)


so the twist diverges to .
3. Separatrix asymptotics and action–period consistency
Let  and . For , the standard expansions are (Lima, 2010; Olver et al., 2010)
	
	
	(10a)

	
	
	(10b)


Substitution into Eqs. (4) and (5) gives
	
	
	(11)

	
	
	(12)


Theorem 1 (action–period consistency hierarchy). As , the finite action deficit can be written in terms of the exact period ratio and the separatrix distance as
	
	
	(13)


and, one order more accurately,
	
	
	(14)


Proof. Equation (13) follows by inserting the leading inversion  into Eq. (12). For the second-order relation, write . From Eq. (11),
	
	
	


so that
	
	
	


Substituting this expression into Eq. (12), retaining all terms through order , and using  gives
	
	
	

	
	
	


which is Eq. (14). 
Equation (14) is useful as a closed cross-check between temporal and phase-space information. It requires the exact period ratio  and the separatrix distance , but does not require an independent evaluation of .
A complementary endpoint description follows directly in terms of the angular distance from the unstable upright equilibrium. Let . Since ,
	
	
	(15a)

	
	
	(15b)


The action tends to its finite limit with the characteristic law and the period diverges logarithmically.
4. Geometric and Fourier diagnostics
4.1 Canonical phase-space area
The closed canonical phase-space area is . Normalizing by the small-amplitude harmonic ellipse area  gives
	
	
	(16)


Thus  is not an independently fitted observable. It is an exact geometric representation of the action with a normalisation also depending on the release amplitude. Eq. (16) provides a direct check of consistency based on area in numerical or experimental phase portraits.
4.2 Harmonic structure and fixed-basis spectral statistic
The release condition implies half-wave antisymmetry, . Then, in exact arithmetic, the displacement contains only odd harmonics,
	
	
	(17)


The ratios  and  characterise the main deterministic waveform distortion. In short, let  be the squared Fourier amplitude in the n'th positive harmonic bin, and define a fixed basis to capture broader spectral spreading.
	
	
	(18)


with . Then . This is only used as a statistic of spectral concentration of Shannon-type. It is not a metric, topological, Kolmogorov–Sinai, or polynomial entropy; those notions are dynamical invariants defined by different limiting procedures (Grycan-Gérard & Marco, 2023).
5. Computational methodology and reproducibility
5.1 Parameter sweep and exact quantities
The primary sweep uses . Normalized results are independent of the dimensional choices of  and ;  m and  m s⁻² are used only if dimensional periods are reconstructed. The complete elliptic integrals are evaluated in IEEE double precision using the parameter- convention of SciPy. For every amplitude, , , , , , , and the asymptotic residuals are calculated directly from Eqs. (4)–(14). No regression coefficient or fitted parameter enters the exact curves.
5.2 Independent trajectory integration
Equation (1) is independently integrated over one exact period with the explicit DOP853 method, using relative and absolute local error tolerances of  and . The dense numerical solution is sampled at 4096 uniformly spaced points per period, excluding the repeated endpoint for Fourier analysis. Sampling an exactly complete period aligns the ideal harmonics with integer discrete-Fourier bins and avoids truncation leakage without a taper.
The integrated trajectory is compared pointwise with Eq. (3), evaluated using SciPy’s Jacobi elliptic functions. Hamiltonian conservation and a time-domain action quadrature are also checked. Since  and ,
	
	
	(19)


This calculation is numerically independent of the closed-form expression in Eq. (5) and therefore cross-checks the integration and dense interpolation.
5.3 Validation metrics and convergence
Three residuals are tracked across the sweep:
	
	
	(20)


Because  throughout the selected sweep, the normalization in  is nonsingular. The 175-degree trajectory, which is the most demanding case on this grid, is additionally recomputed with 1024, 2048, 4096, 8192, and 16384 uniformly spaced Fourier samples. The ratios , , and  are compared across resolutions.
The study is deterministic and the reported points are reproducible model calculations and not samples from a stochastic population. Therefore, no inferential statistical tests are applied. The error measures in Eq. (20) are for numerical or asymptotic residuals, not experimental uncertainty.
5.4 Software environment
The final verification was performed with Python 3.13.5, NumPy 2.3.5, SciPy 1.17.0, pandas 2.2.3 and Matplotlib 3.10.8. We use NumPy and SciPy for numerical-array, elliptic-function, and integration routines, and only Matplotlib is used for visualisation. Online Resource 1: Computational reproducibility files, including the standalone Python analysis, the amplitude-resolved CSV output, the 175-degree convergence table and a machine-readable verification summary. The editable manuscript package contains the sources of the figures for publication quality. Online Resource 2 has a brief reproduction note and file manifest. No synthetic experimental noise or laboratory measurements or inferred empirical observations are provided.
6. Results
6.1 Divergent period at finite action
The exact period is close to the harmonic limit at small amplitude and increases rapidly near the separatrix. Representative values are  at , 1.07318 at , 1.37288 at , 1.76220 at , 2.43936 at , and 2.87766 at . In contrast, the normalized action approaches a finite endpoint:  at , 0.671927 at , 0.890980 at , 0.983557 at , and 0.995225 at  (Fig. 1; Table 1).
[image: ]
Fig. 1. Exact period and action across the librational branch. (a) Normalized period  and the leading logarithmic separatrix approximation. (b) Normalized action  approaching its finite separatrix value.
The explicit geometric–temporal contrast is shown in Fig. 2 (plot of action versus normalised time). The action coordinate tends to a finite limiting value, and the corresponding temporal scale grows without bound. The exact frequency  decreases from 0.93181 at  to 0.56747 at  and 0.34750 at . The exact twist  is , , and  at the same amplitudes. The increasingly negative twist quantifies strong nonisochronicity without implying loss of integrability.
[image: ]
Fig. 2. Normalized period plotted against normalized action. The period becomes singular as the finite separatrix action is approached.
6.2 Hierarchy of separatrix approximations
The leading logarithmic period approximation converges systematically in the large-amplitude range. Its relative error is 1.81% at , 0.519% at , and  at . The first-order action-deficit relation in Eq. (13) is more accurate over the same interval, with relative errors 0.649%, 0.200%, and , respectively.
Retaining the second-order terms in Eq. (14) yields a substantially sharper hierarchy. The relative residual is  at ,  at ,  at , and  at  (Fig. 3). The observed error ordering is consistent with the asymptotic remainder retained in Theorem 1.
[image: ]
Fig. 3. Relative errors of the leading period asymptote, the first-order action-deficit relation, and the second-order action-deficit relation across the amplitude sweep.
6.3 Action-resolved waveform deformation
The displacement is strongly fundamental-dominated at low action, while odd-harmonic content increases monotonically toward the separatrix. The ratio  rises from  at  to 0.00610 at , 0.03103 at , 0.06293 at , and 0.14390 at . The fifth-harmonic ratio remains smaller and reaches  at .
Parameterizing these ratios by  rather than release angle alone gives an invariantly ordered spectral fingerprint of the orbit family (Fig. 4). Their accelerated growth at large action reflects the increasing residence time near the turning points, where the angular velocity is small and the time-domain waveform develops broad, flattened extrema. These Fourier components describe one nonlinear periodic orbit; they are not independent normal modes.
[image: ]
Fig. 4. Third- and fifth-harmonic amplitudes of the angular displacement parameterized by normalized action.
The fixed-basis statistic  also rises monotonically, reaching 0.03108 at  (Fig. 5a). Its small absolute value is consistent with continued dominance of the fundamental, whereas its monotonic increase records redistribution of power into higher odd harmonics.
6.4 Phase-space geometry
The normalized phase-space area  decreases from 0.99960 at  to 0.78014 at , 0.66207 at , 0.56901 at , and 0.54333 at  (Fig. 5b). The analytical separatrix limit is . Because  exactly, the trend is not a phenomenological fit but an exact representation of the action under the chosen harmonic-ellipse normalization.
[image: ]
Fig. 5. Action-ordered nonlinear diagnostics. (a) Fixed-basis Fourier statistic . (b) Normalized phase-space area  and its separatrix limit .
The different period and bounded phase-space area are the result of different origins. The trajectory for longer and longer times stays close to the hyperbolic upright equilibrium near the separatrix, but the canonical area it encloses remains finite. Thus, the singularity is in time and in differences ( and ) rather than in a divergence of  itself. 
6.5 Independent numerical verification and sampling convergence
Independent numerical checks remain many orders of magnitude smaller than the changes in the physical observables. Across the complete – sweep, the maximum trajectory discrepancy is  rad, the maximum relative Hamiltonian drift is , and the largest absolute action-quadrature discrepancy is  (Fig. 6). At , the corresponding values are  rad, , and .
The Fourier convergence test is comparably stable. Increasing the grid from 4096 to 16384 points changes  by ,  by , and  by . Table 2 summarizes the principal checks. Within double-precision arithmetic and the stated integration tolerances, the harmonic and entropy trends are therefore not sampling-grid artifacts.
[image: ]
Fig. 6. Independent validation residuals across the amplitude sweep: trajectory error , relative Hamiltonian drift , and absolute action discrepancy .
Table 1. Representative action-resolved observables across the librational branch.
	 (deg)
	
	
	
	
	
	
	

	5
	1.00048
	0.001495
	0.99952
	0.000040
	
	
	0.99960

	60
	1.07318
	0.203149
	0.93181
	0.00610
	0.000066
	0.000121
	0.94347

	120
	1.37288
	0.671927
	0.72840
	0.03103
	0.001598
	0.002237
	0.78014

	150
	1.76220
	0.890980
	0.56747
	0.06293
	0.006182
	0.007631
	0.66207

	170
	2.43936
	0.983557
	0.40994
	0.11458
	0.019282
	0.021147
	0.56901

	175
	2.87766
	0.995225
	0.34750
	0.14390
	0.029931
	0.031077
	0.54333


Table 2. Numerical and asymptotic verification metrics.
	Check
	Value
	Interpretation

	Maximum  over –
	 rad
	DOP853 vs. exact Jacobi trajectory

	Maximum  over –
	
	Relative Hamiltonian drift

	Maximum  over –
	
	Numerical vs. exact action

	Leading period-asymptote error at 
	
	Relative error

	First-order action-deficit error at 
	
	Relative error, Eq. (13)

	Second-order action-deficit error at 
	
	Relative error, Eq. (14)

	Change in , 4096 to 16384 points
	
	Sampling convergence at 

	Change in , 4096 to 16384 points
	
	Sampling convergence at 

	Change in , 4096 to 16384 points
	
	Sampling convergence at 


7. Discussion
7.1 Classical structure and the specific analytical contribution
The exact pendulum period, Jacobi-elliptic solution, action variable and action-angle representation are known results (Beléndez et al., 2007; Brizard, 2013; Nelson & Olsson, 1986; Reinberger et al., 2022). In the present study, these are not claimed as new elements of the classical. Their role is to offer a common invariant scaffold on which several independently computed observables can be compared. The temporal slowing is stated as a derivative statement about phase-space geometry in Proposition 1, whereas the strength of deviation of the frequency map from isochrony is quantified by Eq. (8).
The main analytical contribution is Theorem 1, in particular the second-order elimination of the logarithmic separatrix variable. General one-degree-of-freedom Hamiltonian theory predicts logarithmic structure in the action near a separatrix (Biasco & Chierchia, 2023); the pendulum allows the corresponding coefficients to be expressed explicitly in terms of the exact period ratio, and then to be checked numerically without fitting. This is stronger than just checking a period approximation because the exact action, the exact period and the asymptotic expansion come in through mathematically different expressions.
7.2 Separatrix sensitivity is regular, not chaotic
At  a small change in release energy causes a large change in period. Thus, in a physical device, finite angular resolution, damping, pivot friction or release transients can lead to large variability in timing. However, the one-degree-of-freedom autonomous Hamiltonian considered here is integrable: every noncritical orbit lies on a fixed energy curve and the motion does not have chaotic invariant sets. The proper description is logarithmic separatrix slowing and sensitivity, not chaos.
A similar caution applies to the Fourier results. Increase of , , or  records deterministic waveform distortion and spectral transfer. It does not mean broadband chaotic dynamics or a positive dynamical entropy. The distinction is particularly relevant because in dynamical-systems theory several inequivalent notions of entropy are used (Grycan-Gérard & Marco, 2023).
7.3 Why the benchmark is overdetermined
The precise time interval depends on  and the precise action depends on both  and . The numerical trajectory is determined by direct solution of the differential equation. Numerical action is reconstructed by integrating in time. Hamiltonian conservation probes a different invariant. The Fourier diagnostics depend on the form of the independently integrated orbit. The agreement across routes is more informative than the agreement across quantities that are derived from a single shared formula.
The second order action-deficit relation is particularly sensitive to algebraic and coding errors. The first-order formula is accurate to the   level at  and the relative residual is reduced to about  by the second order correction. The improvement is in agreement with the expected asymptotic hierarchy and at the same time tests the conventions for , , , , and .
7.4 Relation to previous work and scope
Exact elliptic solutions, critical period divergence, high accuracy period approximations, convergent series solutions, action-angle coordinates and discrete integrable pendulum formulations are known (Beléndez et al., 2007; Big-Alabo, 2023; Brizard, 2013; Hisano & Matsuura, 2023; Lima, 2010, 2019; Reinberger et al., 2022). Thus the present paper makes a deliberately limited claim: it combines the exact action-period and twist structure with an explicit second-order action-deficit/period consistency law and validates the resulting temporal, geometric and Fourier diagnostics via independent numerical routes.
The analysis does not consider driven or parametrically excited pendula, separatrix splitting, Melnikov theory, stochastic layers, or dissipative attractors. The phenomena require forcing, dissipation, additional degrees of freedom or some other departure from the autonomous integrable model. The present calculations are to provide the normal reference state against which such effects can be subsequently measured.
7.5 Limitations and next steps
The physical model is a point mass, a massless rigid link, planar motion, constant gravitational acceleration and no dissipation. We neglect finite bob inertia, elastic compliance, pivot friction, aerodynamic drag, forcing and measurement noise. The results are therefore a benchmark of the ideal Hamiltonian pendulum and not a complete model of a laboratory apparatus.
A useful extension is to add one perturbation at a time but keep the same action-based diagnostics. Weak damping would enable measurement of slow action drift, periodic forcing would use the unperturbed frequency map to locate resonances, weak parametric modulation would make separatrix crossing and capture accessible, and a physical-pendulum correction would quantify finite-inertia effects. In an encoder-based experiment, simultaneous measurements of period, harmonic ratios and phase-space area could be compared with Eqs. (6), (14) and (16) to distinguish calibration errors from omitted physics.
8. Conclusions
The librational non-linear pendulum has been formulated as an action-resolved benchmark from the harmonic regime to the vicinity of the separatrix. The period diverges, while the canonical action is finite at . These geometric and temporal properties are related by the exact identity . The frequency is a monotone decreasing function of the action, has a strictly negative winding number and diverges in magnitude at the separatrix.
The combination of the standard elliptic-integral expansions gives a first-order action-deficit relation and a second-order correction, in which the logarithmic separatrix variable is replaced by the exact period ratio. The second-order contribution is kept at  and the relative residual decreases from to . For the same amplitude we find , , , , , and . The independent trajectory integration agrees with the exact Jacobi solution to better than rad. The action agrees to better than over the sweep.
The resulting benchmark is self-consistent: temporal, geometric and waveform observables are ranked by the same invariant action and checked by analytically and numerically distinct paths. It thus provides a mathematically explicit regular-dynamics reference for future studies of how damping, forcing, modulation, discretisation or experimental nonidealities break the ideal integrable structure.
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