Five-Point Implicit Linear Multistep Method For Numerical Computation
of Higher Order Differential Equation

Abstract

This paper develops a five-point Implicit Linear Multistep Method (ILMM) for the
numerical solution of fourth-order ordinary differential equations. The method is
formulated through an interpolation and collocation procedure, employing the basic power
series and its derivatives, respectively. The resulting continuous formulation is evaluated
at appropriately selected points to derive the corresponding discrete implicit linear
multistep scheme. The performance of the proposed scheme is further investigated through
two numerical test problems with known exact solutions. The numerical solutions are
compared with the exact solutions both numerically and graphically.
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1.Introduction
Higher-order ordinary differential equations (ODEs) arise naturally in numerous areas of
science and engineering, including control theory, mechanics, fluid dynamics, and
mathematical modelling. Consequently, the development of accurate and computationally
efficient numerical techniques for their solution continues to attract considerable attention
from researchers. In particular, the numerical treatment of higher-order initial value problems
(IVPs) is important because their direct solution can provide computational advantages over
approaches based on their reformulation as systems of first-order differential equations.
Consider the general fourth-order initial value problem

y® =fxyy,y"y"), a<x<b,
subject to the initial conditions

y(a) =yo, y'(a@) =y, y'(@) =v2 ¥ (@) =vs. (1)

A conventional approach to solving equation (1) is to transform the fourth-order equation into
an equivalent system of four first-order ordinary differential equations and subsequently
apply an appropriate numerical integration scheme. Although this approach is widely used,
the transformation increases the number of dependent variables and may result in additional
computational operations, thereby increasing the computational effort and time required to
obtain the numerical solution [1-5].

An alternative approach is to solve the higher-order differential equation directly without first
reducing it to a system of first-order equations. Previous studies have demonstrated that direct
methods based on implicit LMMs can provide accurate and efficient numerical solutions for
higher-order ordinary differential equations [6,7]. Furthermore, continuous collocation-based
multistep methods have been extensively investigated for the direct numerical solution of
higher-order ODEs [8-9].

Several continuous linear multistep methods have subsequently been proposed for the direct
solution of fourth-order ordinary differential equations [10—14,16]. Numerical quadrature
[19-36] is applicable to ILMM because the model involves integrals of continuous functions
that often cannot be evaluated analytically. It provides an efficient way to compute these
integrals accurately, enabling the practical implementation of the ILMM. The B-spline



collocation techniques [37-57] are essential for ILMM because they provide a flexible and
accurate way to approximate unknown continuous functions using piecewise polynomial basi
s functions. Spline collocations convert the ILMM’s continuous equations into a finite system
of algebraic equations, making them computationally tractable. Fractional calculus and
integral transforms [58-68] extend classical ODEs to capture memory and non-local effects in
complex dynamical systems whereas integral transforms simplify ODEs by converting
differential equations into algebraic or integral forms that are easier to solve. Block methods
[69-74] are essential in ILMM because they compute multiple solution points
simultaneously when solving ODEs. Recent works on numerical computations like [75-78] ae
based on fractional and boundary value problems. They improve the efficiency and accuracy
of the numerical solution process. They also provide a systematic framework for handling
complex ODE systems within ILMM

Motivated by these considerations, this paper proposes a five-point fully implicit linear
multistep method for the direct numerical solution of fourth-order ordinary differential
equations. The method is constructed using interpolation and collocation techniques based on
the basic power series and its derivatives, respectively. The proposed formulation is designed
to eliminate the need for reducing the original fourth-order equation to a system of first-order
equations and to avoid the additional predictor—corrector procedure. Its numerical
performance is demonstrated through selected test problem, and the computed solutions are
compared with the corresponding exact solutions. The numerical results indicate that the
proposed method provides accurate and efficient approximations for the considered fourth-
order initial value problems.

The manuscript is potentially significant to the scientific community because it focuses on
developing or applying a numerical method for solving higher-order differential equations,
which frequently arise in mathematical modelling, engineering, physics, and other scientific
disciplines.

The remainder of this paper is organized as follows. Section 2 presents the derivation of the
proposed five-point implicit linear multistep method. The analysis of the resulting scheme is
discussed in Section 3. The order and error constant are derived in section 4. The numerical
experiments and comparisons with exact solutions is presented in Section 5. Finally, the
conclusions of the study are given in Section 6.

2.Derivation of the method
According to [15], a k-step linear multistep method (LMM) for an n-th-order ordinary

differential equation can be expressed in the form
k

Zajyn+j = hnzk:ﬁjfnﬂ'» 2)
=0

j=0 J
where @;and f;are uniquely determined constants satisfying
ar =1, ag+ Ly #0,
and ndenotes the order of the differential equation.
By employing interpolation and collocation techniques, equation (2) can be extended to a

continuous linear multistep method of the form
K k

YOO = ) ey + B By (Wfoe
j=0 j=0

where a;(x)and Bj(x)are continuously differentiable functions of x. The continuous
formulation provides a framework for obtaining numerical approximations to higher-order
ordinary differential equations directly, without first reducing them to an equivalent system

of first-order equations. Moreover, continuous collocation methods facilitate the construction



of numerical approximations over an interval and provide a convenient means of assessing
the approximation error.
To obtain an approximate solution of the fourth-order initial value problem (1), consider a
polynomial approximation of degree min the form

m

V) = ) 4y (= 2, X S X S X ©)
j=0
Differentiating the polynomial approximation in equation (3) four times with respect to
xyields

YO =) j (= DG -2~ Dy — )i, @)
=

The coefficients a;, j = 0,1, ...,m, are determined by imposing suitable interpolation and
collocation conditions. For the interpolation conditions, we consider the mesh points
X = X Xn+1 o Xntk—1)
where x,,;; = x,, + jhand hdenotes the step size. Substituting these points into equation (3)
gives
Y(xn) =Yn = Qo
Y (Xp+1) = Yns1 = Qo + ath + azh? + azh3 + - + a,,hA™,
and, in general,
Y(Xp4i) = Ynai = Qo + iagh + i%a,h? + i3azh® + -+ i™a,,h™, i = 0,1,...,k — 1.
Consequently, at the last interpolation point, we obtain
Y (Xp4r-1) = Ynk-1 = @9 + (k = Dayh + (k — 1)?ayh® + -+ + (k — )™ ay,h™.
The collocation conditions are then imposed on the fourth derivative given in equation (4).
Specifically, collocating at the points

X = XpyXnt1r 0 Xntko

and using
Y® (Xn+i) = favir
we obtain
m
fasi = ) JG = DG =G = g Gns =)™ i = 01,0, k. ©)
j=4

In particular, at the final collocation point x,,,,
m
frrke = Y P (i) = Zj G=1DG=2)G = 3G — %) % (7
j=4

continuous formulation and, subsequently, the discrete five-point fully implicit linear
multistep method. For the construction of the proposed method, we consider equations (5)
and (7) with k = 5 and m = 10. The resulting interpolation and collocation equations are
assembled into the matrix system for determining the unknown polynomial coefficient and
further employing the matrix inversion technique, the unknown coefficients are expressed in
terms of the nodal solution valuesy,,;and the corresponding function values fy.;.
Substituting these expressions into equation (3), we obtain the following continuous
formulation of the proposed method:

47(x—xn)  401(x—xp)% = 275(x—x,)3% . 21(x—x5)%  959(x—-x,)® 9(x—xp)7
Y(x)=(1+ - -
60h 60h2 48h3 5h5 300h6 8h7
17(x—x)8  (x—xp)° (x—xn)lo) (6(x—xn) 6(x—xn)?  277(x—x5)% . 84(x—xp)°
80h8 48h° 1200n10 /71 5h 5h2 12h3 5h5
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75h® 2h7 20h8 12h° 300h10 5h 50h2

)



279(x—x)3  126(x—x5,)% |, 959(x—x5,)® 9(x—x,)7 = 51(x—-x,)% (x—xp)° (x—xn)lo) n
8h3 5K5 50h6 2h7 40h8 8h9 200n10 ) Yn+2
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Substitution at x = x, 5 gives the discrete solution as
Vnes = Yn + 5O0ne1 = Ynea) + 100mes = Ynaz) = hH s fo = —= fras = Cog frvz —

350 125 1
720fn+3) 720fn+4 720fn+5] (8)

3. Analysis of the Method

The discrete scheme obtained in equation (8) can be written in the standard form of a linear

multistep method as
5

z A Yn+j = h425:/3j frj- ©)
=0

j=0

To determine the order of accuracy and the associated error constant of the proposed method,
equation (9) is expressed in terms of its linear difference operator. Define the difference

operator L[y, (x)h]by

5
Ly, GOh) = ) [ayCen + 1) = h*B;f (e + 1], (10)

j=0

Here, y(x)is assumed to possess sufficiently many continuous derivatives in the interval

under consideration. Since the differential equation is of fourth order,

f) =y® 0.

Expanding y(x, + jh)and f(x, + jh)about x,using Taylor's series and collecting the

corresponding powers of h, the difference operator can be expressed as:



L[y, )R] = yoy(x) + y1hy' (x) + v2h%y" (x) + v3h3y" (x) + yah*y @ (x) +

+ Vpa2hP 2y D (@) + o (11)
The coefficients y;, i = 0,1,2,..., are determined from the coefficients ajand ,Bjof the
proposed linear multistep formula.

4.0rder and error constant

Consider the proposed implicit linear multistep method for the fourth-order differential
equation y™® = f(x, y), given by in equation (8)

In the standard form
5

5
Z Q Ynij = h* Z B fn+j»
j=0 j=0
the coefficients are from equation (8)

(g, @y, az, a3, ay, a5) =(-1,5-,10,10 — 51)

(,30'31;32:,33:34: :35) = m(l 125,-,350,350125 — 1).

To determine the order of the method, expand y,4; and f,,,; = y® (xn+ j) in Taylor series
about x,,. The resulting local truncation error can be expressed as
(00}

LlyGa)l = ) Chty @ (x,)
q=0

1 > 1 >
== Jia- > j7 B,
q! 4 N CEEY: g
Jj=0 j=0

The corresponding characteristic polynomials are
5

PO =) ¢ = (-1

j=0

where, for g = 4,

and

5
1
o) =) B;& =——(1—125¢ — 35082 + 3503 + 1258* — &5).
ZO J 720

The order conditions obtained from the above Taylor expansion are
Co=C ==Cp=0,
whereas the first non-vanishing Coefﬁcient is

1
—_ 11
Ci = 11!21 Z’ Fi=30027

For completeness, the relevant moment sums are
5

Zjll a; = 29607600,
7=0

S 11210
ZJ hi=—=5—

Consequently, the local truncation error begins with

and




1
LIy Ge)] = 52 b1y 40 () + 0 (k1)
Since the underlying differential equation is of fourth order, the first non-zero
term h1! corresponds to a method of order
p+3=10
and hence p =7
Therefore, the proposed implicit linear multistep method is a seventh-order method, and its
corresponding error constant is
C11 = 0.00033069
5. Numerical Example.
The numerical solution obtained using the proposed method is compared with the
corresponding exact solution for given test problem. The numerical results show that the
proposed method produces small absolute errors for the test problems considered. Detailed
numerical results, including the computed solutions and corresponding errors, are reported in
the Table-1.
Example-1
y%¥ +5y" + 4y = 90 sin 4x
With y(0) =1,y'(0) =2,y"(0) = -1,y"'(0) = -32,h=0.1,0 < x < 1.
Exact solution is y = cos(x) + %sin4x [17,18].

Table-1 (Comparison between exact and approximate solution of Example-1)

x Exact Solution Approx. Solution Absolute Error
0.1 1.189713336432350 1.189713336432351 1.1101e-15
0.2 1.338744623291002 1.338744623291016 1.3988¢-14
0.3 1.421356032109218 1.421356032115081 5.8610e-12
0.4 1.420847795523637 1.420847795519521 4.1181e-12
0.5 1.332231275303213 1.332231275121098 1.8211e-10
0.6 1.163067205185253 1.163067205253167 6.7913e-11
0.7 0.932336262362440 | 0.932336263626655 1.2641e-09
0.8 0.667519637633374 | 0.667519653526932 1.5893¢-08
0.9 0.400349746623237 | 0.400349894653455 1.4802¢-07
1.0 0.161901058214175 | 0.161902146316597 1.0880e-06
M
~
Figure 1

Figure 1: Comparison of Exact and Approximate Value of Example -1

Example -2 (Comparison between exact and approximate solution of Example-2)

y®™ =16y + 64(e* + &™)

Yo' =16,y = 20,y9 =24,yo =1,x € [0,1],h = 0.1



The analytical solution of the IVP by [17,18] is given by
y=16sin2x —%(Sezx + 5e72%) + 2x(e?* — e™%)

Table-2 (Comparison between exact and approximate solution of Example-2)

x Exact Solution (E) Approximate Solution | Absolute Error (|E — Al)
A)
0.1 3.473966439192 3.473966439192 0
0.2 5.997358406207 5.997358406207 0
0.3 8.437114762547 8.437114762547 0
0.4 10.683678043446 10.683678043447 1.0001e-12
0.5 12.656214004453 12.656214004452 1.0001e-12
0.6 14.308142774140 14.308142774139 1.0001e-12
0.7 15.632932343466 15.632932343464 2.0002e-12
0.8 16.670187757298 16.670187757299 1.0019e-12
0.9 17.512165555130 17.512165555138 8.0007e-12
1.0 18.310954520294 18.310954520353 5.9000e-11
Figure 2
Figure 2: Comparison of Exact and Approximate solutions of Example -2
6.Conclusions

The ILMM technique is employed for the numerical solution of fourth-order ordinary
differential equations. The absolute errors obtained using the proposed scheme are evaluated
through both numerical computations and graphical representations. The corresponding
results are presented in Tables 1 and 2, while Figures 1 and 2 illustrate the error distributions
for different values of x. The numerical results and graphical observations demonstrate that
the proposed method yields improved approximations, highlighting its effectiveness and
potential for solving the considered problem. The consistency between the tabulated data and
graphical representations further supports the reliability of the proposed approach. Future
research may focus on extending the method to more challenging problems involving larger
computational domains, nonlinear differential equations, and systems of ordinary differential
equations. In addition, its applicability and computational performance could be explored in
the context of partial differential equations and problems defined over variable, nonuniform,
or irregular intervals. Such extensions would provide valuable insights into the versatility,
robustness, and broader applicability of the proposed scheme across diverse mathematical
and computational problems, thereby establishing a foundation for further theoretical
developments and practical applications.



Reference

[1] Awoyemi, D.O. A p-stable Linear Multistep Method for solving general third order
ordinary differential equations. International Journal of Computer Mathematics ,80(8) (2003)
,985-991,

[2] Awoyemi, D.O. and Idowu, O.M. A class of hybrid collocation methods for third order
ordinary differential equations, International Journal of Computer Mathematics,
82(10),(2005), 1287-1293.

[3] Jator, S.N.On a class of hybrid methods for y" = f(x,y,y')", International Journal of
Pure and Applied Mathematics, 59 (4), (2010),381-395.

[4] Mehrkanoon,S A direct variable step block multistep block method for solving general
third order ODES, Numerical Algorithms, 57(1), (2011),53-66, .2011

[5] Bhrawy, A.H. and Abd-Elhameed, W.M, New Algorithm for the numerical solutions of
non-linear third order differential equations using Jacobi-Gauss collocation method,
Mathematical Problems in Engineering. 2011(12),(2011) , 837218,

[6] S. N. Jator, A Sixth Order Linear Multistep Method for the Direct Solution ofofy " = £ (x,
Yy, y), International journal of Pure and Applied Mathematics, 40 (1), (2007).457- 472.

[7] Awoyemi, D.O, Adebile, E. A, Adesanya, A.O, Anake,T.A. Modified block method for
the diret solution of second order ordinary differential equations. International Journal of
Applied Mathematics and Computations, 3 (3), (2011) 181-188.

[8] Adee, S. O., Onumanyi, P., Sirisena, U.W., and Yahaya, Y.A ,Note on starting Numerov
method Accurately by Hybrid Formula of order four for an Initial value problem". Journal of
Computation and Applied Mathematics, 175(2), (2005) 369-373.

[9] Awoyemi D.O, and Kayode, S.J. A maximal order collocation method for initial value
problems of General second order ordinary differential equation, Proceeding of the
conference organized by the National Mathematical Centre, Abuja ,Nigeria, 2005.

[10] Awoyemi .D.O.Algorithmic collocation approach for the direct solution of fourth order
initial value problems of ordinary differential equations. International Journal of Computer
Mathematics, 82(3), (2005) ,321-329.

[11] Kayode, S.J. An efficient zero stable method for the numerical solution of fourth orders
ordinary differential equations. American Journal of Applied Sciences, .2 (7), (2008),294-
297.

[12] Olabode, B.T.A Six-step Scheme for the solution of Fourth Order Ordinary differential
equations. The Pacific Journal of Science and Technology ,10(1),(2009),143-148.

[13] Mohammed, U. A six-step block method Block Method for the solution of fourth order
ordinary differential equations. The Pacific Journal of Science and Technology, 10
(1),(2010), 259-265.

[14] Olabode B.T and Alabi T.J , Direct Block Predictor-Corrector Method for the Solution
of General Fourth Order ODES. ,Journal of Mathematics Research; 5,( 1), (2013),26-33.

[15] Lambert, J .D , Computational Methods in ODES.’ John Wiley & Sons, New York,1973

[16] Fatunla S.O Numerical Methods for initial value problems in ordinary differential
Equations.,1988.

[17] Kreyszig, E. Advanced Engineering Mathematics Tenth Edition, John Wiley & Sons,
Inc,

[18] Kreyszig, E. Advanced Engineering Mathematics, Tenth Edition. John Wiley & Sons,
Inc,2011.

[19] S.R. Jena and D. Nayak, Approximate instantaneous current in RLC circuit, Bull. Electr.
Eng. Inform., 9(2), (2020),801-807.

[20] S.R. Jena and D. Nayak and M.M. Acharya, Application of mixed quadrature rule on
electromagnetic field problems, Comput. Math. Model., 28(2), (2017), 267-277.



[21] S.R. Jena and A. Singh, A reliable treatment of analytic functions, Int. J. ofAppl. Eng.
Res., 10(5), (2015). 11691-11695.

[22] S.R. Jena and P. Dash, Numerical treatment of analytic functions via mixed quadrature
rule, Res. J. of Appl. Sci., Eng. and Tech., 10(4), (2015). 391-392

[23] S.R. Jena and K. Meher and A.K. Paul. Approximation of analytic functions in

adaptive environment, Beni.-Suef. Uni. j. of Bas. and Appl. Sci., 5(4), (2016), 306-309.

[24] S.R. Jena and D. Nayak and M.M. Acharya and S.K. Misra. (2023). Numerical
Investigation, Error Analysis and Application of Joint Quadrature Scheme in Physical
Sciences, Baghdad Sci. J., 20(5), (2023). 1789-1796.

[25] S.R Jena, D. Nayak, Hybrid quadrature for numerical treatment of nonlinear Fredholm
integral equation with separable kernel, International Journal of Applied Mathematics &
Statistics 53 (4), (2015), 83-89.

[26] S. R Jena, K. Meher, A.K. Paul, Approximation of analytic functions in adaptive
environment, Beni-Suef University Journal of Basic and Applied Sciences 5 (4), (2016), 306-
309..

[27] S.R Jena, A. Singh, A mathematical model for approximate solution of line integral .J
Comp Math Sci 10 (5), (2019),1163-1172.

[28] K. Meher, S.R Jena, A.K Paul, Approximate solution of real definite integrals in
adaptive routine, Indian Journal of Science and Technology 10 (5), (2017).1-4.

[29] S.R Jena, A. Singh, B. B. Mishra Numerical Integration of Analytic Function Through
Extrapolation, Indian Journal of Science and Technology, 10(37), (2017).1-8.

[30] S.R. Jena, D. Nayak, A comparative study of numerical integration based on mixed
quadrature rule and Haar wavelets, Bulletin of Pure and Applied Sciences Section-E-
Mathematics & Statistics,38(2), (2019) 532-539.

[31] S.C. Mishra, S. R. Jena, Approximate evaluation of analytic functions through
extrapolation, International Journal of Pure and Applied Mathematics ,118(3), (2018)791-
800..

[32] A. Singh, S. R. Jena, B. B. Mishra, Mixed quadrature rule for double integrals,
International Journal of Pure and Applied Mathematics,117(1), (2017),1-9.

[33] R.B. Dash, S. R. Jena, Multidimensional-integral of several real variables, Bulletin of
Pure & Applied Sciences-Mathematics,28(1), (2009,)147-154.

[34] K. Meher, S.R Jena, A.K Paul, Study of Some Real Definite Integrals Over A Unit
Triangle Via Adaptive Scheme, International Journal of Research in Advent Technology,
7(4), (2019) 207-212.

[35] S.R. Jena, D. Nayak, Anti Gaussian Quadrature For Real Definite Integral, International
Journal of Research in Advent Technology, 7(5), (2019) 336-344.

[36] Mixed Quadrature Rule for Double Integrals of Simpsons 1/ 3rd and Gauss Legendre
Two-Point Rule in Two Variables, Global Journal of Science Frontier Research, 16( F1),
(2016), 31-37.

[37] A. Senapati and S.R. Jena, A computational scheme for fifth order boundary value
problems, Int. J. Inf. Technol., 14(3), (2022),1397-1404.

[38] S.R. Jena and A. Senapati and G.S. Gebremedhin, Approximate solution of MRLW
equation in B Spline environment, Math. Sci., 14(3), (2020), 345-357.

[39] S.R. Jena and A. Senapati and G.S. Gebremedhin, Numerical study of solitions in BFRK
scheme, Int. J. of Mech. and Cont., 21(2), (2020). 163-175.

[40] M. Mohanty and S.R. Jena and S.K. Mishra, Mathematical Modelling in Engineering
with Integral Transforms via Modified Adomian Decomposition Method, Math. Model. in
Eng. Prob., 8(3), (2021), 409-417.


https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:9yKSN-GCB0IC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:9yKSN-GCB0IC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:ufrVoPGSRksC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:ufrVoPGSRksC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:IjCSPb-OGe4C
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:0EnyYjriUFMC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=aO8pFegAAAAJ&cstart=20&pagesize=80&citation_for_view=aO8pFegAAAAJ:0EnyYjriUFMC
https://indianjournals.com/article/bpasms-38e-2-003
https://indianjournals.com/article/bpasms-38e-2-003
https://scholar.google.com/scholar?cluster=7990378756098236904&hl=en&oi=scholarr
https://scholar.google.com/scholar?cluster=7990378756098236904&hl=en&oi=scholarr
https://www.researchgate.net/profile/Saumya-Jena-2/publication/321888518_Mixed_quadrature_rule_for_double_integrals/links/68bfb9bfc76fc271eb32a5e2/Mixed-quadrature-rule-for-double-integrals.pdf
https://go.gale.com/ps/i.do?id=GALE%7CA212327179&sid=googleScholar&v=2.1&it=r&linkaccess=abs&issn=09706577&p=AONE&sw=w

[41] S.R. Jena and G.S. Gebremedhin, Decatic B-spline collocation scheme for approximate
solution of Burgers’ equation, Num. Met. for Part. Diff. Eqn.39(3), (2023). 1851-18609.

[42] S.R. Jena and G.S. Gebremedhin, Computational technique for heat and advection—
diffusion equations, Soft Comp. 25(16), (2021),11139-11150.

[43] S.R. Jena and G.S. Gebremedhin, Numerical treatment of Kuramoto-Sivashinsky
equation on B-spline collocation, Arab J. of Bas. and Appl. Sci., 28(1), (2021),283-291.

[44] S.R. Jena and G.S. Gebremedhin, Octic B-spline Collocation Scheme for Numerical
Investigation of Fifth Order Boundary Value Problems Int. J. Appl. Comput. Math., 8(5),
(2022). 1-19.

[45] S.R. Jena and A. Senapati., One-dimensional heat and advection-diffusion equation
based on improvised cubic B-spline collocation, finite element method and crankNicolson
technique, Int. Commun. Heat Mass Transf., 147, (2023),106958.

[46] S.R. Jena and A. Senapati. Stability, Convergence and Error analysis of B-spline
Collocation with Crank—Nicolson method and Finite element methods for numerical solution
of Schrodinger equation arises in quantum mechanics, Phys. Scr., 98(11), (2023), 115232.
[47] S.R. Jena and A. Senapati,On numerical soliton and convergence analysis of Benjamin-
Bona-Mahony-Burger equation via octic B-spline collocation, Arab J. of Bas. and Appl. Sci.,
30 (1), (2023), 146-163.

[48] S.R. Jena and G.S. Gebremedhin. Computational Algorithm for MRLW equation using
B-spline with BFRK scheme, Soft Comp. 27(16), (2023). 11715-11730.

[49] S.R. Jena; A. Senapati; Explicit and implicit numerical investigations of one-
dimensional heat equation based on spline collocation and Thomas algorithm. Soft
Comput.,28(20), (2024),12227-12248.

[50] S.R. Jena; A. Senapati, An improvised cubic B-spline collocation of fourth order and
Crank-Nicolson Technique for Numerical Soliton of Klein-Gordon and sine-Gordon
equations, Iran.J.Sci. 49(2), (2025),383-407.

[51] S.R. Jena Time and spatial discretization-based B-spline and finite difference approaches
with bi-numerical computation on general Rosenau-regularized long-wave equation, J. Differ.
Equ. Appl. 31(11), (2025) , 1365-1387.

[52] S.R. Jena; 1. Sahu (2025) The Physical Model and Numerical Investigation of B-
Equations Based on Quintic Trigonometric B-Spline Collocation Technique with Finite
Difference and Crank-Nicolson Schemes, Adv. Theory Simul, (2025) , e00537.

[53] L. Sahu; S.R. Jena , On the extended (G’/G2)expansion method for an optical solution of
the Schr'odinger equation in quantum mechanics, Z. Naturforsch. Sect. A-J. Phys. Sci. ,
80(9), (2025) ,773-78.

[54] S. R. Jena, I. Sahu, Numerical computation of one-dimensional advection—diffusion
equation based on sextic non-polynomial spline function and finite difference schemes Soft
Comput (2026).

[55]A. Senapati, S.R.Jena, N. Pradhan, Computational approximations of signal transmission
using B-splines for the telegraph equation, Engineering Computations (Swansea, Wales) , ,
(2026) 1-28.

[56] S.R. Jena I. Sahu, Study of non-polynomial spline method for solving fourth-order
extended Fisher—Kolmogorov equation, ( 2026) , 1-23.

[57] S.R.Jena , A. Senapati .Trigonometric B-spline and temporal Crank-Nicolson with finite
difference scheme for numerical soliton for equal width (EW) and modified equal width
(MEW) equations, Ricerche di Matematica,( 2026).

[58] M. Mohanty and S.R. Jena, Differential Transformation Method for approximate
solution of Ordinary Differential Equation, Adv. in Model. and Anal. -B, 61(3), (2018),
135-138.


https://www.scopus.com/pages/publications/105049447980?origin=resultslist
https://www.scopus.com/pages/publications/105049447980?origin=resultslist
https://www.scopus.com/pages/publications/105047359347?origin=resultslist
https://www.scopus.com/pages/publications/105047359347?origin=resultslist
https://www.scopus.com/authid/detail.uri?authorId=56583756200
https://www.scopus.com/pages/publications/105046907862?origin=resultslist
https://www.scopus.com/pages/publications/105046907862?origin=resultslist
https://www.scopus.com/pages/publications/105044327960?origin=resultslist
https://www.scopus.com/pages/publications/105044327960?origin=resultslist
https://www.scopus.com/pages/publications/105044327960?origin=resultslist
https://www.scopus.com/authid/detail.uri?authorId=56583756200

[59] M. Mohanty and S.R. Jena and S.K. Mishra, Mathematical Modelling in Engineering
with Integral Transforms via Modified Adomian Decomposition Method, Math. Model. in
Eng. Prob., 8(3), (2021), 409-417.

[60] M. Mohanty and S.R. Jena and S.K. Mishra, Approximate solution of fourth order
differential equation, Adv. in Math.: Sci. J., 10(1), (2021),621-628.

[61] S.R. Jena and I. Sahu,A novel approach for numerical treatment of traveling wave
solution of ion acoustic waves as a fractional nonlinear evolution equation on Shehu
transform environment, Phys. Scr., 98(8), (2023), 085231.

[62] 1. Sahu and S.R. Jena,On (1+V2) convergence-based Newton-Raphson method for
approximate solution of singular value Lane-Emden differential equation via modified
Laplace Adomian decomposition technique, Int. J. Inf. Technol., 15(7), (2023),3483-3489
[63] S.R. Jena and I. Sahu, A reliable method for voltage of telegraph equation in one and
two space variables in electrical transmission: approximate and analytical approach, Phys.
Scr., 98 (10), (2023), 105216.

[64] I. Sahu and S.R. Jena. SDIQR mathematical modelling for COVID-19 of Odisha
associated with influx of migrants based on Laplace Adomian decomposition technique,
Model. Earth Syst. Environ., 9(4), (2023, 4031-4040.

[65] S.R. Jena; I. Sahu; A.K. Paul,Fifth step block method and shooting constant for third
order nonlinear dynamical systems, Int. J. Syst. Assur. Eng. Manag., 15(6), (2024) ,2218-
2229.

[66] 1. Sahu; S.R. Jena; An efficient technique for time fractional Klein-Gordon equation
based on modified Laplace Adomian decomposition technique via hybridized Newton-
Raphson Scheme arises in relativistic fractional quantum mechanics Partial Differ. Equ.
Appl. Math., 10, (2024), 100744.

[67] L. Sahu; S.R. Jena;The kink-antikink single waves in dispersion systems by generalized
PHI-four equation in mathematical physics, Phys. Scr., 99 (5), (2024) 055258.

[68] S.R. Jena; I. Sahu, Approximation of classical coupled Jaulent—-Miodek system by RBF-
PSM through the application of seventh-order nine-stage Runge—Kutta method,J.
Supercomput. , 81(16), (2025) , 1492

[69] I. Sahu; S.R. Jena Numerical computation of fractional Kawahara and
modified Kawahara equations in Caputo sense on integral transforms, J.Supercomput., 81(6),
(2025)752.

[70]S, Mohapatra, S.R. Jena, Magneto sound in plasma and nonlinear optics on modified
truncated expansion methods for the analytical soliton of fifth order (1+1) dimensional triple
non-linear partial differential equations in mathematical physics and mechanics, Journal of
Theoretical and Applied Mechanics (Bulgaria) , 24, ( 2026) 416-431.

[71] S.R. Jena and M. Mohanty and S.K. Mishra, Ninth step block method for numerical
solution of fourth order ordinary differential equation, Adv. in Model. and Anal. A, 55(2),
(2018).,45-56.

[72] S.R. Jena and G.S. Gebremedhin, Approximate solution of a fifth order ordinary
differential equation with block method, Int. J. of Comp. sci. and Math., 12(4), (2020). 413-
426.

[73] G.S. Gebremedhin and S.R. Jena, Approximate solution of a fourth order ordinary
differential equation via tenth step block method, Int. J. Comp. Sci. and Math.11(3), (2020),
253-262.

[74] S.R. Jena; 1. Sahu; A.K. Paul: (2024), Fifth step block method and shooting constant for
third order nonlinear dynamical systems, Int. J. Syst. Assur. Eng. Manag., 15(6),2218-2229.
[75] K. Shah, Using a numerical method by omitting discretization of data to study numerical
solutions for boundary value problems of fractional order differential equations." Mathematic
al Methods in the Applied Sciences 42(18), (2019),6944-6959.


https://www.scopus.com/pages/publications/105047641215?origin=resultslist
https://www.scopus.com/pages/publications/105047641215?origin=resultslist
https://www.scopus.com/pages/publications/105047641215?origin=resultslist
https://www.scopus.com/authid/detail.uri?authorId=56583756200
https://www.scopus.com/authid/detail.uri?authorId=56583756200
https://onlinelibrary.wiley.com/authored-by/Shah/Kamal

[76] M. Bilal, A. Ghafoor, M. Hussain, K. Shah, T. Abdeljawad, Numerical scheme for the
computational study of two-dimensional diffusion and burgers’ systems with stability and
error estimate." Journal of Nonlinear Mathematical Physics 32(1), (2025).

[77] Kamran, R. Kamal, Gul. Rahmat, K. Shah, On the Numerical Approximation of
Three-Dimensional Time Fractional Convection-Diffusion Equations." Mathematical
Problems in Engineering 2021(1) (2021): 4640467.

[78] K. Shah, M. Akram, Numerical treatment of non-integer order partial differential
equations by omitting discretization of data. Computational and Applied Mathematics, 37(5),
(2018): 6700-6718.




    y   ( 4 ) = f  (  x ,  y ,    y ′ ,    y  ′ ′ ,    y  ′ ′ ′ ) ,   a ≤ x ≤ b ,


      y  ( a ) =   𝛾 0 ,     y ′  ( a ) =   𝛾 1 ,     y  ′ ′  ( a ) =   𝛾 2 ,     y  ′ ′ ′  ( a ) =   𝛾 3 .                                               (1)


  k


  n


        ∑  j = 0  k    𝛼  j   y  n + j =  h  n   ∑  j = 0  k    𝛽  j   f  n + j ,                                                                                     (2)


    𝛼  j


    𝛽  j


    𝛼  k = 1 ,     𝛼 0 +   𝛽 0 ≠ 0 ,


  n


      Y  ( x ) =   ∑  j = 0  k    𝛼  j  ( x )   y  n + j +  h  n   ∑  j = 0  k    𝛽  j  ( x )   f  n + j ,  


    𝛼  j  ( x )


    𝛽  j  ( x )


  x


  m


      Y  ( x ) =   ∑  j = 0  m    a  j    ( x −   x  n )  j ,     x  n ≤ x ≤   x  n + k ,                                                                                                         (3)


  x


        Y   ( 4 )  ( x ) =   ∑  j = 4  m  j  ( j − 1 )  ( j − 2 )  ( j − 3 )   a  j    ( x −   x  n )  j − 4 .                              (4)


    a  j ,    j = 0 , 1 , … , m


  x =   x  n ,   x  n + 1 , … ,   x  n + k − 1 ,


    x  n + j =   x  n + j h


  h


  Y  (   x  n ) =   y  n =   a 0 ,


  Y  (   x  n + i ) =   y  n + i =   a 0 + i   a 1 h +   i 2   a 2  h 2 +   i 3   a 3  h 3 + ⋯ +   i  m   a  m  h  m ,   i = 0 , 1 , … , k − 1 .


      Y  (   x  n + k − 1 ) =   y  n + k − 1 =   a 0 +  ( k − 1 )   a 1 h +    ( k − 1 ) 2   a 2  h 2 + ⋯ +    ( k − 1 )  m   a  m  h  m .   (5)


  x =   x  n ,   x  n + 1 , … ,   x  n + k ,


    Y   ( 4 )  (   x  n + i ) =   f  n + i ,


        f  n + i =   ∑  j = 4  m  j  ( j − 1 )  ( j − 2 )  ( j − 3 )   a  j    (   x  n + i −   x  n )  j − 4 ,   i = 0 , 1 , … , k .                       (6)


    x  n + k


        f  n + k =   Y   ( 4 )  (   x  n + k ) =   ∑  j = 4  m  j  ( j − 1 )  ( j − 2 )  ( j − 3 )   a  j    (   x  n + k −   x  n )  j − 4 .                      (7)


  k = 5


  m = 10


    y  n + j


    f  n + j


  Y  ( x ) =  ( 1 +   47  ( x −   x  n )  60 h −   401    ( x −   x  n ) 2  60  h 2 +   275    ( x −   x  n ) 3  48  h 3 +     21  ( x −   x  n ) 5  5  h 5 +   959    ( x −   x  n ) 6  300  h 6 −   9    ( x −   x  n ) 7  8  h 7 +   17    ( x −   x  n ) 8  80  h 8 −      ( x −   x  n ) 9  48  h 9 +      ( x −   x  n ) 10  1200  h 10 )   y  n +


   (   6  ( x −   x  n )  5 h −   6    ( x −   x  n ) 2  5  h 2 −   277    ( x −   x  n ) 3  12  h 3 +   84    ( x −   x  n ) 5  5  h 5 −   959    ( x −   x  n ) 6  75  h 6 +   9    ( x −   x  n ) 7  2  h 7 −   17    ( x −   x  n ) 8  20  h 8 +      ( x −   x  n ) 9  12  h 9 −      ( x −   x  n ) 10  300  h 10 )   y  n + 1 +


   (   24  ( x −   x  n )  5 h −   1403    ( x −   x  n ) 2  50  h 2 +   279    ( x −   x  n ) 3  8  h 3 −   126    ( x −   x  n ) 5  5  h 5 +   959    ( x −   x  n ) 6  50  h 6 −   9    ( x −   x  n ) 7  2  h 7 +   51    ( x −   x  n ) 8  40  h 8 −      ( x −   x  n ) 9  8  h 9 +      ( x −   x  n ) 10  200  h 10 )   y  n + 2 +  ( −   58  ( x −   x  n )  5 h +   977    ( x −   x  n ) 2  50  h 2 −   281    ( x −   x  n ) 3  12  h 3 +   84    ( x −   x  n ) 5  5  h 5 −   959    ( x −   x  n ) 6  75  h 6 +   9    ( x −   x  n ) 7  2  h 7 −   17    ( x −   x  n ) 8  20  h 8 +      ( x −   x  n ) 9  12  h 9 −      ( x −   x  n ) 10  300  h 10 )   y  n + 3 +


   (   24  ( x −   x  n )  5 h −   1403    ( x −   x  n ) 2  50  h 2 +   279    ( x −   x  n ) 3  8  h 3 −   126    ( x −   x  n ) 5  5  h 5 +   959    ( x −   x  n ) 6  50  h 6 −   9    ( x −   x  n ) 7  2  h 7 +   51    ( x −   x  n ) 8  40  h 8 −      ( x −   x  n ) 9  8  h 9 +      ( x −   x  n ) 10  200  h 10 )   y  n + 2 +  ( −   58  ( x −   x  n )  5 h +   977    ( x −   x  n ) 2  50  h 2 −   281    ( x −   x  n ) 3  12  h 3 +   84    ( x −   x  n ) 5  5  h 5 −   959    ( x −   x  n ) 6  75  h 6 +   9    ( x −   x  n ) 7  2  h 7 −   17    ( x −   x  n ) 8  20  h 8 +      ( x −   x  n ) 9  12  h 9 −      ( x −   x  n ) 10  300  h 10 )   y  n + 3 +


   (   21  ( x −   x  n )  20 h −   501    ( x −   x  n ) 2  100  h 2 +   283    ( x −   x  n ) 3  48  h 3 −   21    ( x −   x  n ) 5  5  h 5 +   959    ( x −   x  n ) 6  300  h 6 −   9    ( x −   x  n ) 7  2  h 7 +   17    ( x −   x  n ) 8  80  h 8 −      ( x −   x  n ) 9  48  h 9 +      ( x −   x  n ) 10  1200  h 10 )   y  n + 4


  +  ( −   79  ( x −   x  n )  10080 h +   28261    ( x −   x  n ) 2  100800  h 2 −   32359    ( x −   x  n ) 3  725760  h 3 +      ( x −   x  n ) 4  24  h 4 −   179    ( x −   x  n ) 5  7200  h 5 +   521    ( x −   x  n ) 6  54000  h 6 −   97    ( x −   x  n ) 7  40320  h 7 +   149    ( x −   x  n ) 8  403200  h 8 −   23    ( x −   x  n ) 9  725760  h 9 +      ( x −   x  n ) 10  864000  h 10 )   f  n


  +  ( −   1013  ( x −   x  n )  2800 h +   263647    ( x −   x  n ) 2  216000  h 2 −   442433    ( x −   x  n ) 3  362880  h 3 +   153    ( x −   x  n ) 5  200  h 5 −   20461    ( x −   x  n ) 6  36000  h 6 −   397   7  ( x −   x  n ) 7  20160  h 7 −   133    ( x −   x  n ) 8  3600  h 8 +   1307    ( x −   x  n ) 9  362880  h 9 −   31    ( x −   x  n ) 10  216000  h 10 )   f  n + 1


  +  ( −   18917  ( x −   x  n )  25200 h +   50577   29  ( x −   x  n ) 2  1512000  h 2 −   1395881    ( x −   x  n ) 3  362880  h 3 +   817    ( x −   x  n ) 5  300  h 5 −   7019    ( x −   x  n ) 6  3375  h 6 −   14813    ( x −   x  n ) 7  20160  h 7 −   28073    ( x −   x  n ) 8  201600  h 8 +   4967    ( x −   x  n ) 9  362880  h 9 −   79    ( x −   x  n ) 10  144000  h 10 )   f  n + 2


  +  ( −   41  ( x −   x  n )  225 h +   28073    ( x −   x  n ) 2  31500  h 2 −   23959    ( x −   x  n ) 3  22680  h 3 +   169    ( x −   x  n ) 5  225  h 5 −   1919    ( x −   x  n ) 6  3375  h 6 +   143    ( x −   x  n ) 7  720  h 7 −   3749    ( x −   x  n ) 8  100800  h 8 +   41    ( x −   x  n ) 9  11340  h 9 −   31    ( x −   x  n ) 10  216000  h 10 )   f  n + 3


  +  ( −   47  ( x −   x  n )  16800 h −   55817    ( x −   x  n ) 2  3024000  h 2 +   17041    ( x −   x  n ) 3  725760  h 3 −   13    ( x −   x  n ) 5  800  h 5 +   23    ( x −   x  n ) 6  2000  h 6 −   29    ( x −   x  n ) 7  8064  h 7 +   229    ( x −   x  n ) 8  403200  h 8 −   31    ( x −   x  n ) 9  725760  h 9 +      ( x −   x  n ) 10  864000  h 10 )   f  n + 4


  +  ( −   3  ( x −   x  n )  3600 h +     23  ( x −   x  n ) 2  12096  h 2 −   883    ( x −   x  n ) 3  362880  h 3 +      ( x −   x  n ) 5  600  h 5 −      ( x −   x  n ) 6  864  h 6 +      ( x −   x  n ) 7  2880  h 7 −      ( x −   x  n ) 8  20160  h 8 +      ( x −   x  n ) 9  362880  h 9 )   f  n + 5


  x =   x  n + 5


    y  n + 5 −   y  n + 5 (   y  n + 1 −   y  n + 4 ) + 10 (   y  n + 3 −   y  n + 2 ) =  h 4 [    1 720 f  n −  125 720   f  n + 1 − (  350 720   f  n + 2 −      350 720 f  n + 3 ) +  125 720   f  n + 4 −    1 720 f  n + 5


        ∑  j = 0 5    𝛼  j   y  n + j =  h 4   ∑  j = 0 5    𝛽  j   f  n + j .                                                                                                                                       (9)


  L  [  y ,   ( x ) h ]


      L  [  y ,   ( x ) h ] =   ∑  j = 0 5   [   𝛼  j y  (   x  n + j h ) −  h 4   𝛽  j f  (   x  n + j h ) ] .                        (10)


  y  ( x )


  f  ( x ) =   y   ( 4 )  ( x ) .


  y  (   x  n + j h )


  f  (   x  n + j h )


    x  n


  h


  L  [  y ,   ( x ) h ] =   𝛾 0 y  ( x ) +   𝛾 1 h   y ′  ( x ) +   𝛾 2  h 2   y  ′ ′  ( x ) +   𝛾 3  h 3   y  ′ ′ ′  ( x ) +   𝛾 4  h 4   y   ( 4 )  ( x ) +


     ⋯ +   𝛾  p + 2  h  p + 2   y   ( p + 2 )  ( x ) + ⋯


    𝛾  i


  i = 0 , 1 , 2 , …


    𝛼  j


    𝛽  j


    y   ( 4 ) = f  (  x ,  y )


    ∑  j = 0 5    𝛼  j   y  n + j =  h 4   ∑  j = 0 5    𝛽  j   f  n + j ,


   (    𝛼 0 ,    𝛼 1 ,    𝛼 2 ,    𝛼 3 ,    𝛼 4 ,    𝛼 5 ) =  ( − , 1 , 5 , − , 10 ,  10 − 51 )


   (    𝛽 0 ,    𝛽 1 ,    𝛽 2 ,    𝛽 3 ,    𝛽 4 ,    𝛽 5 ) =  1 720  ( 1 , − , 125 , − , 350 ,  350125 − 1 ) .


    y  n + j


    f  n + j =   y   ( 4 )  (   x  n + j )


    x  n


  L  [ y  (   x  n ) ] =   ∑  q = 0 ∞    C  q  h  q   y   ( q )  (   x  n )


  q ≥ 4


    C  q =  1  q !   ∑  j = 0 5    j  q   𝛼  j −  1   ( q − 4 ) !   ∑  j = 0 5    j  q − 4   𝛽  j .


  𝜌  ( 𝜉 ) =   ∑  j = 0 5    𝛼  j   𝜉  j =    ( 𝜉 − 1 ) 5


  𝜎  ( 𝜉 ) =   ∑  j = 0 5    𝛽  j   𝜉  j =  1 720  ( 1 − 125 𝜉 − 350   𝜉 2 + 350   𝜉 3 + 125   𝜉 4 −   𝜉 5 ) .


    C 0 =   C 1 = ⋯ =   C 10 = 0 ,


    C 11 =  1  11 !   ∑  j = 0 5    j 11   𝛼  j −  1  7 !   ∑  j = 0 5    j 7   𝛽  j =  1 3024 ≠ 0 .


    ∑  j = 0 5    j 11   𝛼  j = 29607600 ,


    ∑  j = 0 5    j 7   𝛽  j =  11210 3 .


  L  [ y  (   x  n ) ] =  1 3024  h 11   y   ( 11 )  (   x  n ) + O  (  h 12 ) .


   h 11


  p + 3 = 10


  p   = 7


    C 11 = 0 . 00033069


    y  i v + 5   y  ′ ′ + 4 y = 90  sin ⁡  4 x


      y  ( 0 ) = 1 ,   y ′  ( 0 ) = 2 ,   y  ′ ′  ( 0 ) = − 1 ,   y  ′ ′ ′  ( 0 ) = − 32 ,   h = 0 . 1 ,   0 ≤ x ≤ 1 .


  y =  cos ⁡   ( x ) +  1 2 s i n 4 x


  x


    y  ( i v ) = 16 y + 64 (   e  2 x +   e  − 2 x )


  


  y = 16   s i n ⁡ 2 x −  1 2  ( 3   e  2 x + 5   e  − 2 x ) + 2 x (   e  2 x −   e  − 2 x )


  x


   (  | E − A | )


  x


  y " = f  ( x , y , y ′ ) "

