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Abstract: In this paper, weak-1 right ideals (W1RI), weak-2 right ideals (W2RI), weak-1 left ideals (W1LI), and weak-2 left ideals (W2LI) generated by a single element are introduced and studied in the setting of b-semirings. The basic properties of these one-sided weak ideals are examined, together with the relationships among the different classes of weak ideals. Particular attention is given to the two product operations defined on b-semirings and to the behaviour of weak ideals under these operations. The generated forms of weak-1 right and weak-1 left ideals are described, and auxiliary results concerning products of subsets are established. The products of weak ideals with right and left ideals are then investigated systematically. Conditions are obtained under which such products form weak-1 ideals, weak-2 ideals, right ideals, or left ideals, as appropriate. The resulting inclusion and closure relations are used to connect the algebraic structure of a b-semiring with the behaviour of its one-sided weak ideals and their products. Several examples and counterexamples are included to distinguish the different cases and to show that certain converse statements do not hold. Overall, the study provides product-based structural characterisations of b-semirings using weak-1 and weak-2 one-sided ideals without extending the analysis beyond the ideal classes and operations considered in the manuscript.
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                                                            1        Introduction

In 1934, H. S. Vandiver introduced the concept of semirings, which subsequently emerged as an important algebraic structure and a natural generalisation of rings (Vandiver, 1934). Since then, semiring theory has developed considerably, with researchers investigating different types of ideals and their structural properties. One-sided prime ideals and one-sided ideals of prime type have been studied by several authors (Abbasi & Basar, 2012; Hansen, 1975; Koh, 1971). These investigations have contributed significantly to understanding the ideal structure and various algebraic properties of semirings. Related ideal-theoretic work on hemirings has also examined one-sided h-ideals, their homomorphic behaviour, and products, further illustrating the structural role of ideal constructions in semiring-type systems (Ali et al., 2017).
The concept of b-semirings was introduced by Chinram (2009). Since their introduction, b-semirings have received attention because of their distinctive algebraic properties and their relationships with different classes of ideals. Various types of ideals associated with b-semirings have subsequently been studied to obtain deeper characterisations of these structures. Mohanraj and Palanikumar (2018) investigated weak-1 ideals and weak-2 ideals in b-semirings and established several results concerning their properties and relationships with other algebraic structures. These studies provide a useful foundation for further investigations involving weak ideals and their algebraic operations.
More recent studies have continued to use ideal classes to obtain structural characterisations of semirings, including investigations of k-ideals and related ideal operations (Biswas et al., 2024; Goswami & Dube, 2024). Within b-semiring theory, recent work has also examined related ideal classes and the generators and structural properties of m-bi-ideals (Salahuddin et al., 2025; Suguna, Palanikumar, et al., 2024; Suguna, Saranya, Iampan, 2024; Suguna, Saranya, & Salahuddin, 2024).
However, the literature discussed above does not explicitly address how products formed from weak-1 and weak-2 one-sided ideals can be used systematically to characterise b-semirings. In particular, the interaction of weak right and left ideals under the product operations considered in this paper remains insufficiently developed.
Motivated by these developments, the present paper focuses on the characterisation of b-semirings through various classes of weak ideals and their products. We investigate the role played by weak ideals in determining the underlying structure of a b-semiring and examine how their products can be used to obtain significant algebraic characterisations. The results presented in this paper contribute to a better understanding of the interaction between weak ideals and product operations in b-semirings and provide further structural insights into the theory of b-semirings.

                                                            2          Preliminaries

Definition 2.1  (Chinram, 2009; Koh, 1971)  An algebraic structure  is called a -semiring if , and  are semigroups such that:
 .
 Definition 2.2 (Golan, 1999)     is a W1RI (W1LI) of  if  and  and
Definition 2.3 (Koh, 1971)   is a W2RI (W2LI) of  if  and  and
Definition 2.4 (Golan, 1999; Koh, 1971)    is a left (right) ideal of  if it is both a W1R(L) ideal and a W2R(L) ideal of .
  
Example 2.5 Let be a b-semiring defined by the following table where 
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Clearly,  is a W1LI, and    is a right ideal of 	
                             3 Notation and generators of weak ideals

For every  represents   (a  .... ) times.
For every  represents  (a o .... ) times.
For every represents .
For every represents .
W1I denotes a weak-1 ideal, and W2I denotes a weak-2 ideal.
                                                       4 Main Results

Theorem 4.1 For  and  , the following hold:
           (1) 
           (2)     .
Proof.  Suppose and ; then we can write:
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From  and 
Part (2) can be proved in a similar way.

Theorem  4.2.  For , the following hold:
(1) 
(2)
Proof. Suppose  and 
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Theorem  4.3. For , the W1RI generated by   is denoted by  and is given by .
Proof.  Suppose  . For and for  by Theorem 4.1 









Thus, is a W1RI of . Let  be a W1RI of  such that . Then  implies
Thus,  and , for . Therefore,  which shows thatis a W1RI
generated by .

Theorem 4.4  For , the W1LI generated by    is denoted by  and is given by
 
Proof.  Suppose  . For  and for  by Theorem 4.2
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Thus,  is a W1LI of . Let  be a weak-1 left ideal of  such that . Then 
implies that   and  for . Therefore,  which shows that is
the W1LI generated by   
Theorem 4.5  If  is a subset of , then: 
 
.
Proof. (1) Suppose 
We have

This implies that 
Now suppose 

This implies 
Therefore, from and we get 
        (2) Suppose 
Now 

Let  
This implies  

From  and    we obtain    


5  Product  and   product of weak ideals with right ideals

In this section, we give characterisations of the  product and the  product of different weak ideals
with right ideals.

Definition 5.1. Let  be a -semiring and  be two subsets of ; then  and
 are defined as follows:
    and 
Note: Elements of  have different forms of  and , as shown in the proofs.

Theorem 5.2 If   is a W1LI of  and  is a right ideal of , then
  is a W2RI of 
 is a W1I of .
Proof.  be a W1LI and a right ideal of 
Take two elements  where  and 
For  and .
Now
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Therefore,   is a W2RI of  
(2) We have and  for   and 
Now
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Therefore,   is W1I (weak-1 ideal) of .
Remark 5.3 According to the statement of the above theorem, two questions arise:
(1) Is  W2I (weak-2 ideal)  in the above theorem?  (2)  Is  an ideal in the above theorem?
The following example answers these questions in the negative.
Example 5.4 Let be a -semiring defined by the following table
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Theorem 5.5.  If    is a weak-1 right ideal of  and  is a right ideal of , then
(a) is a right ideal of 
(b)  is a W1RI of .
Proof.  (a) For a W1RI    and a right ideal  of ,    is a W2RI of  by  and
in Theorem 6. Now let 



Thus,   is a right ideal of .
(b) By equation  and  in Theorem 4.1, is a W1RI of  .

Remark 5.6  According to the statement of the above theorem, the following question arises:
For a W1RI    and a right ideal   in :
(1) Is a right ideal of ?
The following example answers this question in the negative.
Example 5.7 Let  be a  semiring defined by the following table.
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Choose  and  as a W1RI and a right ideal of S.
Now {, } but . Thus,  fails to be a W2RI of  .
Therefore,    is not a right ideal of .

6     Product and roduct of weak ideals with left ideals


In this section, we give characterisations of the  product and the  product of left
ideals with different weak ideals.

Theorem 6.1 If   is a left ideal of  and   is a W2RI of , then
(1) is a W2I of 
(2)    is a W1LI of .
Proof. (1) Let     be a left ideal and   be a W2RI of 
For  and .
Now
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Also

                                                                         .
Therefore,   is a W2I of   
(2) Now for   and .






Also

                                                                           
Therefore,   is W1LI of  .

Remark 6.2 According to the statement of the above theorem, two questions arise:
(1) Is   a W1I of  ? (2) Is  an ideal of  when   is a left ideal and  is a weak-2 right
ideal of ?

The following example answers these questions in the negative.
Example 6.3 Let  be a -semiring defined by the following table.
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Choose    as a left ideal and   as a W2RI of . Now
but . Thus, fails to be a W1RI of .
Take   as a left ideal and as a W2RI of .
Now,   but  , which implies that is not
a W1RI of .

Theorem  6.4.  If   is a left ideal of    and     is a W2LI of  , then
(1)  is a W2LI of 
(2)  is a left ideal of 
Proof.  (1) Let   be a left ideal and     be a W2LI of 
For  and .
Now



Therefore,   is a weak-2 left ideal of 
(2) For  and  .


Also


Therefore,    is a left ideal of .
Remark 6.5 If     is a left ideal of  and is a W2LI of , then   is not an ideal of  
Example 6.6 Let  be the same -semiring defined in the previous example.
Clearly,   is a left ideal and   is a W2LI of     in the
previous example. Now,  but  . Thus, fails 
to be a W1RI of . Hence it is not an ideal.

                                                7   Conclusion

The characterisation of b-semirings is established through the study of the *-product and o-product of weak ideals. The structural properties of these products are investigated to understand their role in characterising b-semirings. In particular, weak ideals generated by a single element are introduced and studied, and several theorems are established to describe their properties and relationships. Furthermore, the products of weak-1 right ideals, weak-1 left ideals, weak-2 right ideals, weak-2 left ideals, left ideals, and right ideals are examined systematically. These product relations are used to obtain inclusion results and formulate suitable characterisations of b-semirings. Theorems are developed and proved based on the interactions among these different classes of ideals, providing useful structural insights into b-semirings. Suitable examples and counterexamples are included to illustrate and support the theoretical results.


Limitations
The analysis is restricted to b-semirings and to the weak-1 and weak-2 right and left ideals, together with the two product operations defined in the manuscript. The structural conclusions therefore apply within this specified framework. The examples and counterexamples illustrate the stated cases, but the manuscript does not extend the characterisation to other classes of semirings, additional ideal notions, or alternative product constructions. These boundaries define the scope of the present theoretical results.
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