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Method Article
Exact Damped Bessel Dynamics and Inverse Identification of Linear Mass Depletion in a Time-Varying Oscillator	Comment by USER: Derived Representation of Damped Bessel Dynamics and Identification of Linear Mass Depletion in Time Dependent Oscillator.
The title suggested is stated above.
The use of the word ‘exact’ as used in the title is technically questionable.  This manuscript addresses damped dynamics, exact solutions and Bessel functions, but the computational study comes with relative errors which knocks out exactness in the data generated.
ABSTRACT	Comment by USER: Problem statement is obviously not addressed in your abstract, that is the backbone of the study and the reason for the research in the first place
Aims: To derive an exact analytical representation for a viscously damped oscillator with linearly decreasing mass and to determine whether mass-depletion rate and damping can be identified reliably from transient displacement records when spring stiffness is independently constrained.	Comment by USER: Bessel dynamics
Study design: Analytical and computational method-validation study using reproducible stochastic computational experiments.	Comment by USER: Analytical and simulation
Place and Duration of Study: Department of Education in Science and Mathematics, Regional Institute of Education, Bhopal (NCERT), India; computational work conducted during 2026.
Methodology: The open-system equation for a linearly depleting damped oscillator was transformed to a Bessel equation of order . Twenty-four independent computational runs were generated at nominal depletion rates of ,  and  with run-to-run variability, 0.50 mm displacement noise and 0.40 g gravimetric noise. Constant-mass damped, undamped variable-mass and damped variable-mass models were compared using residual error and information criteria. Identifiability, observation-window sensitivity, and noise/sampling robustness were also evaluated.	Comment by USER: State the precise relative error for every simulation run. It is mandatory to state the relative error for every simulation result establish reliability and validation. For simplicity, state the maximum relative error as Relative Error, RE ≤ 0.5
Results: Mean inverse depletion estimates were ,  and , with recovered damping near the prescribed . Direct and inverse rate estimates showed . The damped variable-mass model retained trajectory RMSE near the imposed noise level (0.490-0.505 mm), whereas incomplete models produced multi-millimetre errors. Joint estimation of spring stiffness and depletion rate produced strong negative correlation ( over the full record).	Comment by USER: Mean depletion rate
Conclusion: The non-zero-order Bessel formulation provides an efficient forward model for inverse identification. Independent stiffness calibration and explicit model discrimination are essential for defensible depletion-rate inference.
Keywords: variable-mass oscillator; time-varying inertia; Bessel function; inverse identification; damping; uncertainty quantification; computational physics
[bookmark: I1]1. INTRODUCTION
Variable-mass systems occupy a distinctive place in applied mechanics because the inertial parameter changes while momentum is simultaneously transported across the system boundary. The governing equation therefore depends not only on the time history of mass but also on the kinematics of the transferred material. Treating a variable-mass body as a closed system by merely replacing a constant mass with  can lead to incorrect dynamics unless the momentum-flux convention is stated explicitly (Plastino & Muzzio, 1992; Cveticanin, 2016, 2026). Classical spring–mass demonstrations with granular or leaking containers established that variable inertia produces measurable changes in amplitude and phase and that dissipation can materially alter the response (Flores et al., 2003; Digilov et al., 2005; Rodrigues et al., 2014).	Comment by USER: Introduction to Bessel dynamics is missing
Analytical studies have examined periodic, nonlinear and linearly varying mass laws (van Horssen et al., 2006; Pischanskyy & van Horssen, 2012; Correa et al., 2011). More recently, Wang et al. (2026) developed an end-to-end analytical framework for vibration systems with time-varying mass, including Bessel transformations and vibration-isolation metrics. These developments make it important to distinguish the existence of a closed-form solution from the separate problem of parameter inference. In practice, an observed trajectory can be influenced by mass depletion, viscous damping, initial conditions, stiffness uncertainty and measurement error. A physically useful identification method must therefore determine whether these effects can be separated rather than simply producing a visually satisfactory fit.	Comment by USER: 2006, 2011 and 2012 References are too old to support this statement
This problem connects naturally with modern time-varying system identification. Recent studies have proposed wavelet, autoregressive, Kalman-filter, stochastic-subspace and uncertainty-aware methods for non-stationary systems (Yang et al., 2022; Bui et al., 2022; Kang & Zeng, 2023; Zhang et al., 2024). Damping estimation and uncertainty quantification have likewise become central to reliable vibration inference (Silva et al., 2022; Ebbehøj et al., 2023; Gong et al., 2025). Work on response-dependent inertia further shows that changes in effective mass can be inferred from measured oscillations when the model structure is sufficiently informative (Harduf et al., 2024). These studies motivate an explicit analysis of identifiability for a linearly depleting oscillator.
The present work develops a compact computational method centered on four questions. First, can the damped linearly depleting equation be reduced to a closed Bessel form that is efficient inside an inverse algorithm? Second, can depletion rate  and damping coefficient  be recovered simultaneously from noisy displacement histories? Third, does a damped variable-mass model remain distinguishable from both constant-mass damping and an undamped variable-mass description after penalizing model complexity? Fourth, how strongly does uncertainty in spring stiffness confound the inferred depletion rate? To answer these questions, a reproducible stochastic computational experiment is constructed with independent displacement and gravimetric channels, followed by model comparison, agreement analysis and local identifiability tests.	Comment by USER: Not captured in the abstract
[bookmark: I3]2. MATERIALS AND METHODS
[bookmark: X12b17d1f911fea691b7cf0661cc6d1681b3815a]Open-system equation and linear depletion
For a one-dimensional subsystem moving with velocity , a Meshchersky-type momentum balance may be written as
   (1)
where  is the laboratory-frame velocity of the transferred material. Equation (1) makes clear that mass transfer is a momentum-flux problem rather than only a time-dependent inertia problem (Plastino & Muzzio, 1992; Cveticanin, 2026). For a linear spring and viscous force,
   (2)
The working convention considered here assumes negligible horizontal velocity of the transferred material at the boundary, . The resulting equation is
   (3)
The mass decreases linearly as
   (4)
The adopted flux convention is a model assumption, not a universal law for every leaking container. Physical experiments should therefore measure or constrain the horizontal outlet velocity if the model is to be interpreted mechanistically.
[bookmark: exact-damped-bessel-reduction]Exact damped Bessel reduction
Since , using  temporarily as the independent variable gives	Comment by USER: The parameter is defined here but what is m?
   (5)
Substitution into Eq. (3) gives
   (6)
Define
   (7)
Equation (6) becomes
   (8)
With , one obtains
   (9)
which is Bessel’s equation of order . Therefore,
   (10)
where
   (11)
The constants  and  are determined from  and . In the limit ,  and Eq. (10) reduces to the order-zero – solution. The exact non-zero-order representation avoids repeated numerical integration within the optimizer and is therefore well suited to Monte Carlo and identifiability calculations.
A dimensionless depletion number is defined as
   (12)
which compares the depletion and oscillation time scales. The nominal computational regimes correspond to ,  and .
[bookmark: reproducible-computational-experiment]Reproducible computational experiment
The computational design used , ,  and nominal initial displacement . Three nominal depletion rates were considered: ,  and . Eight independent runs were generated at each rate, giving 24 runs in total. The run-specific true depletion rate was perturbed with a 2% coefficient of variation to avoid an unrealistically identical parameter within each condition.
For each run, displacement was evaluated for 30 s at 30 Hz from Eq. (10) and independent zero-mean Gaussian noise with standard deviation 0.50 mm was added. Moving mass was sampled independently at 2 Hz with 0.40 g Gaussian noise. The random-number seed was fixed at 20261022 so that every dataset, table and figure is reproducible. The calculations were implemented in Python using NumPy, SciPy and Matplotlib; the complete workflow is also supplied as a Google Colab notebook.	Comment by USER: Make this a sub heading to highlight and recognize the programs used for the computational analysis
[bookmark: competing-models-and-inverse-estimation]Competing models and inverse estimation
Three models were fitted to every noisy displacement history. The constant-mass damped model was
   (13)
The undamped variable-mass model used Eq. (10) with  and estimated . The full damped variable-mass model estimated  using Eq. (10). Spring stiffness and initial mass were treated as independently known in the primary inversion. The direct depletion estimate, , was obtained separately from ordinary least-squares regression of the noisy mass history.
For observed displacement  at time , the objective function was
   (14)
Model comparison used root-mean-square error (RMSE), Akaike information criterion (AIC) and Bayesian information criterion (BIC), with
   (15)
where  is the number of fitted parameters. Information criteria were used because apparent improvement in trajectory fit can otherwise result merely from adding parameters.
[bookmark: Xc6f8f367dca4d735b31081feeb93e047448dbea]Identifiability, robustness and uncertainty
Local identifiability was examined through the sensitivity Jacobian
   (16)
and covariance approximation
   (17)
A representative intermediate-depletion record was re-estimated using 15, 25, 40, 60, 80 and 100% of the available observation window. Two cases were compared:  fixed at its independently calibrated value and  estimated jointly with  and . Additional Monte Carlo tests evaluated displacement-noise standard deviations of 0.2–2.0 mm and sampling rates from 30 down to 2 Hz. The use of uncertainty-aware identification follows the broader direction of current non-stationary system-identification research (Silva et al., 2022; Kang & Zeng, 2023; Xu et al., 2024).
[bookmark: X8ff76e39bcf529813ef4885f3b738bc9fbc2d46]Analytical and numerical consistency checks
The closed-form expression was verified independently against direct numerical integration of Eq. (3). For the intermediate condition (, ,  and ), a high-accuracy adaptive Runge-Kutta solution was generated over 30 s with relative and absolute tolerances of  and , respectively. The maximum absolute displacement difference between the exact Bessel expression and direct time integration was , with root-mean-square difference . The  specialization was also evaluated independently and reproduced the order-zero  expression to machine precision. These checks establish that subsequent inversion errors arise from stochastic perturbations and parameter confounding rather than from disagreement between the analytical and numerical forward solvers.
A second consistency check concerns limiting physics. For sufficiently small  over a finite observation interval,  changes slowly and the local phase scale approaches . The exact Bessel representation therefore connects continuously with the familiar constant-mass oscillator over short intervals while retaining the accumulated phase change required for long-window identification. This limiting behavior is important because it explains why depletion is difficult to identify from very short records even when the forward model is exact.
[bookmark: J]3. RESULTS AND DISCUSSION
[bookmark: Xf71193130c8f8ae47385aa21c793330c065dddf]Parameter recovery and independent agreement
The inverse method recovered both run-to-run depletion variation and viscous damping. Mean inverse depletion rates were ,  and  for the three conditions, compared with corresponding true means of ,  and  (Table 1). Recovered damping means were ,  and  around the prescribed value . These results demonstrate numerical recoverability under the controlled model assumptions; they should not be interpreted as laboratory accuracy.
Table 1. Condition-wise parameter recovery and model discrimination. Values are means across eight independent computational runs per condition. Depletion-rate units: kg s^-1; damping: N s m^-1; RMSE: mm.
	Condition
	
	
	
	
	
	
	

	C1
	0.008
	0.008013
	0.008009
	0.060202
	5.436
	5.477
	0.490

	C2
	0.014
	0.014063
	0.014061
	0.060128
	9.822
	6.026
	0.498

	C3
	0.020
	0.019925
	0.019924
	0.059979
	11.075
	6.747
	0.505


Direct gravimetric and inverse dynamic estimates were evaluated from independent noisy channels. Across all 24 runs the correlation was , while the mean inverse-minus-direct bias was approximately . The 95% limits of agreement extended from about  to . The near-identity relation in Fig. 1 is expected because both channels are generated from the same known run-specific depletion rate; the purpose is to verify that the inverse algorithm does not require reuse of the gravimetric observations to recover .
[image: Fig2_Alpha_Agreement.png]
Fig. 1. Agreement between the independently noisy gravimetric depletion-rate estimate and the dynamic inverse estimate. The dashed line is the identity relation.
[bookmark: why-incomplete-physical-models-fail]Why incomplete physical models fail
A representative trajectory is shown in Fig. 2. The full damped variable-mass solution follows the noisy displacement record at the imposed 0.5 mm noise scale. In contrast, the constant-mass damped model accumulates phase error because it cannot represent increasing frequency as inertia decreases. The undamped variable-mass model captures the changing inertial time scale but cannot reproduce the dissipative envelope. Thus, mass variation and damping are physically distinct effects and omitting either produces systematic model discrepancy.
[image: Fig1_Model_Fits.png]
Fig. 2. Representative computational displacement record and competing model fits for the intermediate depletion condition.
Across conditions, the damped variable-mass model retained mean RMSE between 0.490 and 0.505 mm, close to the imposed measurement noise. Constant-mass RMSE increased from 5.436 to 11.075 mm, whereas the undamped variable-mass model produced 5.477–6.747 mm (Table 1). The very large positive AIC differences favoring the full model reflect the deliberately well-controlled computational design. In a real experiment, unmodelled outlet kinematics, spring nonlinearity, non-Gaussian tracking error and time-dependent dissipation would reduce this separation.
The model hierarchy is consistent with the physical literature. Time-varying mass modifies the instantaneous inertial scale and can generate non-stationary vibration even when the spring is linear (Pischanskyy & van Horssen, 2012; Wang et al., 2026). Independent damping identification is also important in time-varying structures because changes in phase and amplitude can be confounded when the model does not separate their mechanisms (Ebbehøj et al., 2023; Gong et al., 2025). The present exact solution is useful because both mass depletion and linear damping remain embedded in a closed analytical forward map.
[bookmark: X6c1cb234f10cd9143be2a67c5bfba97114ce8be]Stiffness–depletion confounding and observation horizon
The most important inverse-problem result is the strong coupling between spring stiffness and depletion rate. When  was estimated jointly with , the local correlation  for the shortest 15% observation window and remained  over the full 30 s record. The corresponding local standard error of  decreased from  to  as the record length increased. When  was fixed independently, the uncertainty was much lower at every window, decreasing from  to  (Fig. 3).
[image: Fig3_Identifiability.png]
Fig. 3. Local standard error of the inferred depletion rate as a function of observation duration, with spring stiffness either independently fixed or jointly estimated.
This result has a direct experimental implication: independent stiffness calibration is part of the identification problem, not merely an apparatus detail. Related studies of time-varying physical parameters show that incomplete measurement information can produce strong parameter covariance and motivate constraints, state augmentation or uncertainty-aware estimators (Yang et al., 2022; Zhang et al., 2024; Harduf et al., 2024). The present single-degree-of-freedom system provides a transparent example in which that confounding can be seen directly from the sensitivity matrix.
[bookmark: noise-and-sampling-robustness]Noise and sampling robustness
Monte Carlo tests further characterized the numerical estimator. For the intermediate depletion condition, increasing displacement-noise standard deviation from 0.2 to 2.0 mm increased the standard deviation of recovered  from approximately  to . At a fixed 0.5 mm noise level, reducing the sampling rate from 30 to 2 Hz increased the standard deviation from about  to . The slow oscillator and 30 s observation interval therefore contain substantial phase information even at modest sampling rates.	Comment by USER: What is the relative error of the result from these tests? Any experimental result based on random sampling procedure without an accompanied and stated relative error is null and void.
These values are best interpreted as a baseline for experiment design rather than performance guarantees. Camera-based vibration measurement has advanced substantially and can support non-contact tracking, but real measurements contain optical distortion, camera movement, missing frames and colored noise (Cheng et al., 2025). Bootstrap and model-based uncertainty approaches are consequently valuable when moving from computational validation to physical data (Silva et al., 2022; Xu et al., 2024). A future laboratory study should combine optical displacement, independent stiffness calibration, gravimetric mass history and outlet-region imaging so that both the inverse parameters and the momentum-flux convention can be tested.
[bookmark: X4cd8442f6b20115fe8d938f8dd75fa189790efd]Experimental translation and decision criteria
The computational benchmark can be converted into a falsifiable laboratory study without altering the inverse framework. A suitable implementation would use a low-friction one-dimensional spring carriage or suspended hopper containing a free-flowing granular medium. Spring stiffness should be calibrated independently from static load–extension measurements or a separate constant-mass dynamic test. The moving mass history should be recorded with a balance or synchronized collection system, while displacement is measured optically using a calibrated camera. Recent developments in non-contact vibration measurement indicate that camera-based displacement data can provide adequate phase information when scale calibration, frame timing and camera motion are controlled (Cheng et al., 2025). The outlet region should additionally be imaged at high frame rate because the horizontal velocity of discharged material determines the appropriate momentum-flux term in Eq. (1).
A physically convincing test should not accept the preferred equation solely because it gives the smallest RMSE. Four independent criteria are recommended. First, the measured  must support an approximately linear interval before Eq. (4) is fitted. Second,  should agree with an independently estimated gravimetric rate within combined uncertainty. Third, residuals should be examined for phase drift, envelope structure and autocorrelation rather than summarized by one scalar metric. Fourth, adding damping or a different mass-flux convention should be justified by information criteria and parameter identifiability. This hierarchy prevents a more flexible model from being accepted simply because it contains more parameters.
The same framework can also discriminate between alternative outlet-velocity assumptions. If  is invalid, the residuals from Eq. (3) should exhibit systematic structure even when , ,  and  are optimized. A generalized model in which  is measured or parameterized could then be compared using the same AIC/BIC and agreement diagnostics. Such an experiment would move beyond demonstration of variable-mass oscillation and directly test the open-system mechanics emphasized in foundational treatments (Plastino & Muzzio, 1992; Cveticanin, 2016, 2026).
From a metrological perspective, the identifiability results also provide practical design guidance. The observation window should be long enough for depletion-induced phase curvature to accumulate, but it must end well before the moving mass approaches the singular limit . Sampling frequency should comfortably resolve the oscillation and synchronization with the mass channel, even though the present numerical study indicates that estimator variance remains low at modest rates. Repeated runs at multiple outlet sizes or granular flow rates would then permit a validity map in terms of the dimensionless depletion number , providing a stronger physical test than a single-condition curve fit.
[bookmark: X4be2f61f0bb62e28ac86f8a56f992fad4038507]Scope, limitations and physical interpretation
The current study is deliberately a computational method-validation study. The data-generating model lies within the fitted model family, the noise is Gaussian and the linear depletion law is exact by construction. These choices are appropriate for evaluating mathematical recoverability but do not prove that real granular discharge follows the assumed open-system equation. In particular, Eq. (3) corresponds to the adopted value  in Eq. (1). If discharged material retains horizontal velocity close to that of the moving container, the reactive term changes and the present model should be rejected in favor of a different momentum-flux formulation.
The work nevertheless provides three applied-physics contributions. First, it derives a compact exact solution for the simultaneously damped and linearly depleting case, with Bessel order controlled by the ratio . Second, it shows that a physically complete model can be discriminated from two plausible incomplete alternatives using only the transient response. Third, it quantifies the extent to which independent stiffness knowledge controls depletion-rate identifiability. Together these results define a reproducible benchmark for designing subsequent experiments and for testing more realistic mass-flux models.
[bookmark: conclusions]4. CONCLUSION
An exact Bessel-form solution provides an efficient forward representation for a viscously damped oscillator undergoing linear mass depletion. In the 24 computational runs examined, the inverse procedure recovered the prescribed depletion behaviour and damping while the complete variable-mass model maintained trajectory errors close to the imposed displacement-noise level. Constant-mass and undamped variable-mass descriptions produced systematic discrepancies, demonstrating the importance of representing both changing inertia and dissipation. The analysis also identified substantial coupling between spring stiffness and depletion rate, indicating that independent stiffness calibration is important for reliable parameter estimation. These findings support the proposed formulation as a computational benchmark for inverse identification. However, physical application requires experimental verification of mass history, displacement response and transferred-material kinematics before the adopted open-system momentum-flux assumption can be confirmed.
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