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An application of absolute matrix summability to infinite

series

ABSTRACT. In this paper, a known result concerning the absolute Riesz summability factors of
an infinite series is extended to the more general framework of absolute matrix summability and
sufficient conditions for the ¢-|B; 4|, summability of an infinite series are established.
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1 Introduction

A positive sequence (hy) is called almost increasing if there exist a positive increasing sequence

(ay) together with positive constants K and L satisfying, (see [1])
Ka, < h, < La,

It is clear that every increasing sequence is also almost increasing, whereas the converse does not

n . . . . . .
D" is almost increasing but is not increasing.

necessarily hold. For example, the sequence h, = nel=

For the infinite series ) d,, let (s,) represent the corresponding sequence of partial sums.
Suppose that B = (b,,,) is a normal matrix, that is, a lower triangular matrix whose diagonal entries
are all nonzero. The matrix B induces the sequence transformation s = (s,) — Bs = (B,(s)),

where

n
BU(S):anwaa 77:0,1,
w=0
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Consider the positive sequence (y,). The infinite series ) d, is ¢-|B;d|, summable, provided
that [8]

oo

Z k+k1|B (s) — B,,_1(5)|k<oo7 k>1 and §>0.

The infinite series Y d,, is called |N, g, |, summable, if

o] Q k—1
S (%) ey araF <o k21 e )

where
Ly
= 5 quSw,
Qn w=0

and (g,) is a positive sequence satisfying

n
Qn:quHOO, N — 00 (Q—w:q—wzovwzl)-
w=0

If o, = %7 and ¢ = 0, then the ¢-|B;d|, summability method coincides with the |B,gy|x

summability method (see [15]). Furthermore, by taking ¢, = =2, § = 0 and by, = one

o
obtains the |N, g, | summability method.

2 Known Result

The result below, established in [5], characterizes the |J\7 ,q,,|’C summability factors of an infinite

series.

Theorem 1 Suppose that (X)) is an almost increasing sequence and that the following conditions

are satisfied:

€. X, =0(1) as p— oo, (1)
m
D onX,|A%, =0(1) as p— oo, (2)
n=1
m
Z % = as pu— oo, (3)
n=1
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— Jzl*
Z T =0(X,) as p— oo, (4)
—
and
~ g
Z n|n|k O(X,) as p— o0 (5)

where A%¢, = A(AE,), A, =&, — &1, and (2,) is the sequence of (C,1) means associated with

(ndy). Under these assumptions, the series Y. dn&, is |N,qy|x summable for k > 1.

3 Main Result

For related results on the absolute matrix summability factors of an infinite series, the reader is
referred to [3,4,7,9-14]. The main objective of the present paper is to extend Theorem 1 to the
more general setting of ¢-|B; |, summability.

To formulate our main theorem, we first introduce some additional notation. For a given normal

matrix B = (b ), define the two lower semimatrices B = (by,,) and B= (IA)W) by

n
an:anvv nw=0,1,.. (6)
v=w
and
IA)OO = BOO = bOO’ an = 677‘*) - 677*1,&77 n= 17 27 (7)

The transformations from series to sequences and from series to series are given by the matrices

B and B, respectively. Hence,

7 Ul
= Z bnwsw = Z anaw (8)
w=0 w=0

and

n
= Z anaw. 9)
w=0

Theorem 2 Consider a positive normal matriv B = (by.,) satisfying

bn—l,w Z bnwa fOT n Z w + 17 (11)
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4n
b o(), (12)
nn QU
— w+l|
Z b O(byn), (13)
pt1 R
Z Sﬁgk|bn,w+l| =0 (%‘i’“) as p— o0, (14)
n=w+1
pt1 R
Z <pf7k|Awa\= (¢ Ok Y as p— oo, (15)
n=w-+1
where Aw(I;W) = an — IA)WJ_H. Assume that (X,) is an almost increasing sequence satisfying

©ntn = O(Qy). Furthermore, suppose that conditions (1) and (2) of Theorem 1, together with

Zgo Ll = 0(X,) as = (16)

Zg@‘”‘ YzylF = O(X,) as p— o (17)

hold. Under these assumptions, the series ) dn&, is ¢-|B;d|, summable for 0 < 6 < 1/k and
k>1.

Before proving Theorem 2, we state the following lemma.

Lemma 1 ( [5]) Whenever the conditions of Theorem 2 hold, it follows that

nXy|AE| =0(1) as n— oo, (18)
DX Ag| < oo (19)
n=1

4 Proof of Theorem 2

Let the B-transform of the series ) d,&, be (6,). Using (8) and (9), we obtain

-
AY, = Z%wdw.

w=1
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Using Abel’s formula, we get
n—1 7 w 7 n
~ brwée b
Af, = E A, (" ¢ ) E rdT+7n;§n g rd,
w
w=1 r=1

1
- %bﬂngn% ZMJF Ao ("‘“)5“2“

w=1
n—1 n—1
w41, 1-
7() w A wcw *b w w w
+wz::1 w1 Alw? +wz::1w nw+18w+12
= 1+ 0On2+0n3+0na

To prove Theorem 2, we will show Zn 1 @nk““’l | 0, |F< 0o for r =1,2,3,4. First, by using
(12), we obtain

u
ngk-ﬁ-k—l ‘ 9?7,1 |k
n=1

nt1 *

m
ok+k—1
E :9%

n=1

o
5 _
= Z a 1b§n|§n‘k‘zn‘k

mn&nZn

n=1
$nd g
- oW e (5) el
st Qn
Since (X)) is an almost increasing sequence, condition (1) implies that |¢,|*~1 = O(1). Hence,
m

Z@f,“k_l | 6.1 |k = Z‘Pék 1|§n||zn|k
n=1

ZA|§n|Z@6k 1|Zw‘k+0 |§u|2@f7k 1|zn|k

n=1
,u,fl
= 0() Y A& IX, + O()[6,|X, = 0(1) as i — oo,
n=1

by means of Abel’s transformation together with conditions (17), (19), and (1).
Next, by an application of Holder’s inequality

Z L‘HA ( nw) EoZu

w=1

p+1 p+1 k

Ok+k—1 k Sk+k—1
> | 0,2 | E @
n=2

pt1 k

_ Zwk*“(Z\A ]mm)

k—1

pt1 n—1 A n—1 .
= O DA N A ()| 62 (Z |Aw<b,,w>|>
n=2 w=1 w=1
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Here using (6), (7), (10) and (11), it is clear that

n—1 n—1
Z |Aw(b"7w)| = Z(bnfl,w - bnw) S b’qn~
w=1 w=1

Now, using (12), (15) and (1),

pn+1 putl
S a1 = 0) Y e (Z\A el '“’“)
n=2 =2

p+1 o0 g k=1 /n— R
- oy ol (52) (Z\Aw<bnw>\|sw|’f|zw|’“>
w=1

n=2
1z p+1
k k 7
= o) > 1€l 21" Y @b 1Au(by)|
w=1 n=w+1

= Z@dk 1|§w |Zw|k

Proceeding as in the estimate for 0, 1,

ptl
Z@Z’“Jrk_l | 0,2 " = O(1) as p— oo

A further application of Hélder’s inequality gives

p+1 p+1 k
Ok+k—1 ko _ Ok+k—1

Z (1077 | 977,3 | - Z 90 Z Y] w-‘rlAngw

n=2 w=1

ptl k

n—1

= Z‘PMH{J ! <Z bn,w+1|A§w||2w|>
w=1

1 n—1 k—1

= ng’”k ! Z [bn,ot 111 A& |2 | (Z b, w+1|A§w|> :
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Here

bn,w+1 - bn w+1 — bn 1,w+1
= by + E , byo = by—1,0) < by
v=w+1

by (7), (6) and (11).

And also using the condition (19), we get

pt1 ptl

n—1
S ATt = oW el (z |bn,w+1||Agw|zw|k>.
w=1

Then using (12), (14), (16), (2), (19) and (18), we obtain

pt1 ptl ong k—1 /n—1 )
Z ‘Pf;k+k_1 | On,3 k= o(1) Z‘sz (577) <Z bn,w+1|A£w||ZW|k>
n w=1

n=2 n=2
pt1 R
= Z|A€w||zw|k Z ¢§7k|bn,w+1|
n=w-+1
k
= Zw WAL | |Z“|

= 0(1)ZA(w|A€w|)Z¢ *|Zr\k+0 IAfu\Zw *Izwlk
w=1 r=1

p—1 p—1
= 0(1) ) wXu| A% +0(1) Y |AL| Xy + O(1)u| AL X,
w=1 w=1

= 0(1) as p— .
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As a final step, we derive

pt1 ut1 _ 1. k
Zs&i’”’“’llen,lek = ZSDMHC Z;bn7w+1§w+1zw
n=2 n=2 w=1
pt+1 |Z | k
< Z‘P5k+k ' (Z |b77 w1 |l€wr| == )
S ST 2l (82 Buoal )
< ZSDMHC ! Z|bn,w+l||§w+l‘k% Z m:
w=1 w=1

pt1

_ _ Zw
= 01y lb’;n1<2|bw+l||sm| ! )
n=2
pt1 ong k—1 |Z |
= om3 e () (waumu )

k ptl

Zw N
. 0<1>Z|5w+1|'w—' > @byl

n=w+1

= Z% 2l

= O(I)Z|A§w+1|2@ |2r|k+0 \§u+1\Z</D Izwlk
w=1 r=1
p—1

= 0(1) ) 1A 11| Xuwi1 + O(1)[€ut1 ] Xt

w=1

= 0(1) as p— oo,

by using (13), (12), (14), (16), (19) and (1). Accordingly, Theorem 2 is proved.

5 Conclusions

A direct consequence of Theorem 2 is obtained by choosing § = 0 and ¢,, = %;’, yielding the result
on |B, ¢y, summability established in (see [6]). Furthermore, if 6 = 0, ¢, = % and by, = C%—“’
n n

Theorem 2 reduces to Theorem 1.
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