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sufficient conditions for the φ-|B; δ|k summability of an infinite series are established.

Keywords: summability factors, infinite series, absolute matrix summability, Minkowski’s

inequality, Riesz mean, Hölder’s inequality.
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1 Introduction

A positive sequence (hη) is called almost increasing if there exist a positive increasing sequence

(aη) together with positive constants K and L satisfying, (see [1])

Kaη ≤ hη ≤ Laη

It is clear that every increasing sequence is also almost increasing, whereas the converse does not

necessarily hold. For example, the sequence hη = ηe(−1)η is almost increasing but is not increasing.

For the infinite series
∑

dη, let (sη) represent the corresponding sequence of partial sums.

Suppose thatB = (bηω) is a normal matrix, that is, a lower triangular matrix whose diagonal entries

are all nonzero. The matrix B induces the sequence transformation s = (sη) 7−→ Bs =
(
Bη(s)

)
,

where

Bη(s) =

η∑
ω=0

bηωsω, η = 0, 1, . . . .
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Consider the positive sequence (φη). The infinite series
∑

dη is φ-|B; δ|k summable, provided

that [8]
∞∑
η=1

φδk+k−1
η |Bη(s)−Bη−1(s)|k < ∞, k ≥ 1 and δ ≥ 0.

The infinite series
∑

dη is called |N̄ , qη|k summable, if

∞∑
η=1

(
Qη

qη

)k−1

|αη − αη−1|k < ∞, k ≥ 1 (see [2])

where

αη =
1

Qη

η∑
ω=0

qωsω,

and (qη) is a positive sequence satisfying

Qη =

η∑
ω=0

qω −→ ∞, η → ∞ (Q−ω = q−ω = 0, ω ≥ 1).

If φη =
Qη

qη
and δ = 0, then the φ-|B; δ|k summability method coincides with the |B, qη|k

summability method (see [15]). Furthermore, by taking φη =
Qη

qη
, δ = 0 and bηω = qω

Qη
, one

obtains the |N̄ , qη|k summability method.

2 Known Result

The result below, established in [5], characterizes the
∣∣N̄ , qη

∣∣
k
summability factors of an infinite

series.

Theorem 1 Suppose that (Xη) is an almost increasing sequence and that the following conditions

are satisfied:

|ξµ|Xµ = O(1) as µ → ∞, (1)

µ∑
η=1

ηXη|∆2ξη| = O(1) as µ → ∞, (2)

µ∑
η=1

Qη

η
= O(Pµ) as µ → ∞, (3)
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µ∑
η=1

|zη|k

η
= O(Xµ) as µ → ∞, (4)

and

µ∑
η=1

qη
Qη

|zη|k = O(Xµ) as µ → ∞ (5)

where ∆2ξη = ∆(∆ξη), ∆ξη = ξη − ξη+1, and (zη) is the sequence of (C, 1) means associated with

(ηdη). Under these assumptions, the series
∑

dηξη is |N̄ , qη|k summable for k ≥ 1.

3 Main Result

For related results on the absolute matrix summability factors of an infinite series, the reader is

referred to [3, 4, 7, 9–14]. The main objective of the present paper is to extend Theorem 1 to the

more general setting of φ-|B; δ|k summability.

To formulate our main theorem, we first introduce some additional notation. For a given normal

matrix B = (bnω), define the two lower semimatrices B̄ = (b̄ηω) and B̂ = (b̂ηω) by

b̄ηω =

η∑
v=ω

bηv, η, ω = 0, 1, ... (6)

and

b̂00 = b̄00 = b00, b̂ηω = b̄ηω − b̄η−1,ω, η = 1, 2, ... (7)

The transformations from series to sequences and from series to series are given by the matrices

B̄ and B̂, respectively. Hence,

Bη(s) =

η∑
ω=0

bηωsω =

η∑
ω=0

b̄ηωaω (8)

and

∆̄Bη(s) =

η∑
ω=0

b̂ηωaω. (9)

Theorem 2 Consider a positive normal matrix B = (bηω) satisfying

b̄η0 = 1, η = 0, 1, ..., (10)

bη−1,ω ≥ bηω, for η ≥ ω + 1, (11)
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bηη = O

(
qη
Qη

)
, (12)

η−1∑
ω=1

|b̂η,ω+1|
ω

= O(bηη), (13)

µ+1∑
η=ω+1

φδk
η |b̂η,ω+1| = O

(
φδk
ω

)
as µ → ∞, (14)

µ+1∑
η=ω+1

φδk
η |∆ω b̂ηω| = O

(
φδk−1
ω

)
as µ → ∞, (15)

where ∆ω(b̂ηω) = b̂ηω − b̂η,ω+1. Assume that (Xη) is an almost increasing sequence satisfying

φηqη = O(Qη). Furthermore, suppose that conditions (1) and (2) of Theorem 1, together with

µ∑
η=1

φδk
η

1

η
|zη|k = O(Xµ) as µ → ∞, (16)

µ∑
η=1

φδk−1
η |zη|k = O(Xµ) as µ → ∞ (17)

hold. Under these assumptions, the series
∑

dηξη is φ-|B; δ|k summable for 0 ≤ δ < 1/k and

k ≥ 1.

Before proving Theorem 2, we state the following lemma.

Lemma 1 ( [5]) Whenever the conditions of Theorem 2 hold, it follows that

ηXη|∆ξη| = O(1) as η → ∞, (18)

∞∑
η=1

Xη|∆ξη| < ∞. (19)

4 Proof of Theorem 2

Let the B-transform of the series
∑

dηξη be (θη). Using (8) and (9), we obtain

∆̄θη =

η∑
ω=1

b̂ηωξω
ω

ωdω.
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Using Abel’s formula, we get

∆̄θη =

η−1∑
ω=1

∆ω

(
b̂ηωξω
ω

)
ω∑

r=1

rdr +
b̂ηηξη
η

η∑
r=1

rdr

=
η + 1

η
bηηξηzη +

η−1∑
ω=1

ω + 1

ω
∆ω

(
b̂ηω

)
ξωzω

+

η−1∑
ω=1

ω + 1

ω
b̂η,ω+1∆ξωzω +

η−1∑
ω=1

1

ω
b̂η,ω+1ξω+1zω

= θη,1 + θη,2 + θη,3 + θη,4.

To prove Theorem 2, we will show
∑∞

η=1 φ
δk+k−1
η | θη,r |k< ∞ for r = 1, 2, 3, 4. First, by using

(12), we obtain

µ∑
η=1

φδk+k−1
η | θη,1 |k =

µ∑
η=1

φδk+k−1
η

∣∣∣∣η + 1

η
bηηξηzη

∣∣∣∣k

= O(1)

µ∑
η=1

φδk+k−1
η bkηη|ξη|k|zη|k

= O(1)

µ∑
η=1

φδk−1
η

(
φηqη
Qη

)k

|ξη|k−1|ξη||zη|k.

Since (Xη) is an almost increasing sequence, condition (1) implies that |ξη|k−1 = O(1). Hence,

µ∑
η=1

φδk+k−1
η | θη,1 |k = O(1)

µ∑
η=1

φδk−1
η |ξη||zη|k

= O(1)

µ−1∑
η=1

∆|ξη|
η∑

ω=1

φδk−1
ω |zω|k +O(1)|ξµ|

µ∑
η=1

φδk−1
η |zη|k

= O(1)

µ−1∑
η=1

|∆ξη|Xη +O(1)|ξµ|Xµ = O(1) as µ → ∞,

by means of Abel’s transformation together with conditions (17), (19), and (1).

Next, by an application of Hölder’s inequality

µ+1∑
η=2

φδk+k−1
η | θη,2 |k =

µ+1∑
η=2

φδk+k−1
η

∣∣∣∣∣
η−1∑
ω=1

ω + 1

ω
∆ω

(
b̂ηω

)
ξωzω

∣∣∣∣∣
k

= O(1)

µ+1∑
η=2

φδk+k−1
η

(
η−1∑
ω=1

∣∣∣∆ω(b̂ηω)
∣∣∣ |ξω| |zω|)k

= O(1)

µ+1∑
η=2

φδk+k−1
η

η−1∑
ω=1

∣∣∣∆ω(b̂ηω)
∣∣∣ |ξω|k |zω

|k
(

η−1∑
ω=1

|∆ω(b̂ηω)|

)k−1

.
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Here using (6), (7), (10) and (11), it is clear that

η−1∑
ω=1

|∆ω(b̂ηω)| =
η−1∑
ω=1

(bη−1,ω − bηω) ≤ bηη.

Now, using (12), (15) and (1),

µ+1∑
η=2

φδk+k−1
η | θη,2 |k = O(1)

µ+1∑
η=2

φδk+k−1
η bk−1

ηη

(
η−1∑
ω=1

∣∣∣∆ω(b̂ηω)
∣∣∣ |ξω|k |zω |

k

)

= O(1)

µ+1∑
η=2

φδk
η

(
φηqη
Qη

)k−1
(

η−1∑
ω=1

∣∣∣∆ω(b̂ηω)
∣∣∣ |ξω|k |zω

|k
)

= O(1)

µ∑
ω=1

|ξω|k |zω
|k

µ+1∑
η=ω+1

φδk
η |∆ω(b̂ηω)|

= O(1)

µ∑
ω=1

φδk−1
ω |ξω||zω|k.

Proceeding as in the estimate for θη,1,

µ+1∑
η=2

φδk+k−1
η | θη,2 |k = O(1) as µ → ∞.

A further application of Hölder’s inequality gives

µ+1∑
η=2

φδk+k−1
η | θη,3 |k =

µ+1∑
η=2

φδk+k−1
η

∣∣∣∣∣
η−1∑
ω=1

ω + 1

ω
b̂η,ω+1∆ξωzω

∣∣∣∣∣
k

= O(1)

µ+1∑
η=2

φδk+k−1
η

(
η−1∑
ω=1

|b̂η,ω+1||∆ξω||zω|

)k

= O(1)

µ+1∑
η=2

φδk+k−1
η

η−1∑
ω=1

|b̂η,ω+1||∆ξω||zω|k
(

η−1∑
ω=1

|b̂η,ω+1||∆ξω|

)k−1

.
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Here

b̂η,ω+1 = b̄η,ω+1 − b̄η−1,ω+1

= bηη +

η−1∑
v=ω+1

(bηv − bη−1,v) ≤ bηη

by (7), (6) and (11).

And also using the condition (19), we get

µ+1∑
η=2

φδk+k−1
η | θη,3 |k = O(1)

µ+1∑
η=2

φδk+k−1
η bk−1

ηη

(
η−1∑
ω=1

|b̂η,ω+1||∆ξω||zω|k
)
.

Then using (12), (14), (16), (2), (19) and (18), we obtain

µ+1∑
η=2

φδk+k−1
η | θη,3 |k = O(1)

µ+1∑
η=2

φδk
η

(
φηqη
Qη

)k−1
(

η−1∑
ω=1

|b̂η,ω+1||∆ξω||zω|k
)

= O(1)

µ∑
ω=1

|∆ξω||zω|k
µ+1∑

η=ω+1

φδk
η |b̂η,ω+1|

= O(1)

µ∑
ω=1

φδk
ω ω|∆ξω|

|zω|k

ω

= O(1)

µ−1∑
ω=1

∆(ω|∆ξω|)
ω∑

r=1

φδk
r

1

r
|zr|k +O(1)µ|∆ξµ|

µ∑
ω=1

φδk
ω

1

ω
|zω|k

= O(1)

µ−1∑
ω=1

ωXω|∆2ξω|+O(1)

µ−1∑
ω=1

|∆ξω|Xω +O(1)µ|∆ξµ|Xµ

= O(1) as µ → ∞.
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As a final step, we derive

µ+1∑
η=2

φδk+k−1
η |θη,4|k =

µ+1∑
η=2

φδk+k−1
η

∣∣∣∣∣
η−1∑
ω=1

1

ω
b̂η,ω+1ξω+1zω

∣∣∣∣∣
k

≤
µ+1∑
η=2

φδk+k−1
η

(
η−1∑
ω=1

|b̂η,ω+1||ξω+1|
|zω|
ω

)k

≤
µ+1∑
η=2

φδk+k−1
η

(
η−1∑
ω=1

|b̂η,ω+1||ξω+1|k
|zω|k

ω

)(
η−1∑
ω=1

|b̂η,ω+1|
ω

)k−1

= O(1)

µ+1∑
η=2

φδk+k−1
η bk−1

ηη

(
η−1∑
ω=1

|b̂η,ω+1||ξω+1|
|zω|k

ω

)

= O(1)

µ+1∑
η=2

φδk
η

(
φηqη
Qη

)k−1
(

η−1∑
ω=1

|b̂η,ω+1||ξω+1|
|zω|k

ω

)

= O(1)

µ∑
ω=1

|ξω+1|
|zω|
ω

k µ+1∑
η=ω+1

φδk
η |b̂η,ω+1|

= O(1)

µ∑
ω=1

φδk
ω

1

ω
|ξω+1||zω|k

= O(1)

µ−1∑
ω=1

|∆ξω+1|
ω∑

r=1

φδk
r

1

r
|zr|k +O(1)|ξµ+1|

µ∑
ω=1

φδk
ω

1

ω
|zω|k

= O(1)

µ−1∑
ω=1

|∆ξω+1|Xω+1 +O(1)|ξµ+1|Xµ+1

= O(1) as µ → ∞,

by using (13), (12), (14), (16), (19) and (1). Accordingly, Theorem 2 is proved.

5 Conclusions

A direct consequence of Theorem 2 is obtained by choosing δ = 0 and φη =
Qη

qη
, yielding the result

on |B, qη|k summability established in (see [6]). Furthermore, if δ = 0, φη =
Qη

qη
and bηω = qω

Qη

Theorem 2 reduces to Theorem 1.
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functions. Trudy Moskov. Mat. Obšč. 5 (1956): 483-522 (in Russian).

[2] Bor, H. On two summability methods. Math. Proc. Cambridge Philos. Soc. 97(1) (1985):

147-149.
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