EFFECTIVE NUMERICAL SCHEME FOR HANDLING LINEAR FOURTEENTH-ORDER BOUNDARY VALUE PROBLEMS
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Abstract 

This study develops a numerical scheme for solving linear fourteenth-order boundary value problems by combining the variational iteration method with shifted Chebyshev polynomials of the fourth kind. A correction functional is constructed for the governing differential equation, and the corresponding Lagrange multiplier is determined through variational principles. Shifted fourth-kind Chebyshev polynomials are then generated and employed as basis functions to represent the approximate solution, while the unknown coefficients are obtained by imposing the prescribed boundary conditions. The scheme is applied to three benchmark linear fourteenth-order boundary value problems for which exact solutions are available. Its numerical performance is assessed through absolute-error calculations and graphical comparisons between the approximate and exact solutions. At the tabulated points, the absolute errors range from 0 to 1.0 × 10⁻⁹ for the first example, from 1.41 × 10⁻⁷ to 2.27 × 10⁻⁷ for the second example, and from 0 to 2.0 × 10⁻¹⁰ for the third example. The computed solutions closely agree with the corresponding exact solutions across the selected test points. Comparisons with previously reported numerical results further indicate that the proposed scheme provides competitive accuracy for the considered problems. These findings demonstrate the practical suitability of combining the variational iteration framework with shifted fourth-kind Chebyshev polynomial approximation for this selected class of high-order linear boundary value problems.
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1. Introduction

Consider the following generalised boundary value problem:
	
       (1)

subject to the boundary conditions

,,                    (2)
.

where  are constants,  is continuous on [, ], and  and  denote the prescribed boundary values. 

Higher-order boundary value problems (BVPs) arise in several branches of applied mathematics, engineering, fluid mechanics, astrophysics, structural analysis, and mathematical physics. These problems are associated with applications such as beam theory, hydrodynamic stability, viscoelastic flows, and electromagnetic wave propagation. Because exact analytical solutions to higher-order differential equations are often difficult or impossible to obtain, the development of efficient numerical techniques remains an important area of research. Numerous numerical and semi-analytical methods have consequently been proposed, including the Adomian decomposition method, homotopy perturbation method, spline techniques, differential transformation method, wavelet approaches, Petrov–Galerkin methods, variational iteration methods, power-series approximation, and tau-collocation procedures (Mamadu & Njoseh, 2016; Njoseh & Mamadu, 2016). Noor and Mohyud-Din (2007) applied the variational iteration decomposition method to eighth-order boundary value problems. For ninth-order problems, Viswanadham and Reddy (2015) employed a Petrov–Galerkin formulation with spline basis functions, Otaide et al. (2022b) used a reformulated variational iteration method with shifted Legendre polynomials, Reddy (2016) developed a quintic B-spline approach, and Akram and Sadaf (2017) applied the homotopy analysis method. Siddiqi and Iftikhar (2015) also used a variational iteration formulation for seventh-order boundary value problems. Patel and Meher (2015) applied a modified Adomian decomposition method to eleventh-order initial- and boundary-value problems, further illustrating the applicability of decomposition-based schemes to high-order differential systems. Considerable attention has also been devoted to tenth-, twelfth-, thirteenth-, and fourteenth-order boundary value problems. Iqbal et al. (2015) applied polynomial and non-polynomial cubic spline techniques to linear tenth-order problems, whereas Otaide et al. (2022a) implemented a modified variational iteration method with Hermite polynomials. For twelfth-order boundary value problems, the reported techniques include the homotopy perturbation method (Mirmoradi et al., 2009; Othman et al., 2010), variational iteration procedures (Noor & Mohyud-Din, 2010), non-polynomial spline approximation (Siddiqi & Akram, 2008), series-based approximation (Mohyud-Din et al., 2008), a Haar-wavelet numerical technique (Amin et al., 2020), and a Chebyshev polynomial-based method (Tsetimi et al., 2022). Thirteenth-order boundary value problems have likewise been examined using the variational iteration method (Adeosun et al., 2013), differential transformation method (Iftikhar et al., 2014), modified Adomian decomposition method (Opanuga, 2017), optimal homotopy asymptotic and homotopy perturbation methods (Islam et al., 2019), and a wavelet-based approach (Arifeen et al., 2021). For fourteenth-order problems, Khalid et al. (2023) employed the Adomian decomposition method, Khalid and Naeem (2018) developed cubic spline solutions, and Kharrat and Toma (2019) applied the differential transform method to linear and nonlinear differential equations. More recently, Ayansiji et al. (2026) used a Laplace decomposition framework to obtain approximate solutions for nonlinear twelfth-, thirteenth-, and fourteenth-order boundary value problems. Although these methods provide useful approximations, some involve discretisation, linearisation, extensive computation, or convergence constraints. The variational iteration method (VIM), introduced by He (1999), constructs correction functionals with Lagrange multipliers determined through variational principles and does not require perturbation assumptions. Its use in higher-order boundary value problems has been demonstrated in several studies (Noor & Mohyud-Din, 2010; Otaide et al., 2022a; Otaide et al., 2023). Orthogonal polynomials can also serve as effective basis functions in numerical approximation because of their orthogonality and convergence properties. Chebyshev polynomials are therefore suitable for representing solutions of high-order differential equations. Otaide and Oluwayemi (2024) combined fourth-kind Chebyshev polynomials with a variational iteration-collocation procedure for linear Volterra integro-differential equations, Mohamed (2025) examined a second-kind Chebyshev collocation method with convergence and error analysis for ordinary differential equations, and Khalid et al. (2025) developed polynomial and non-polynomial cubic spline formulations for eleventh-order boundary value problems. However, the reviewed studies do not provide a formulation that explicitly combines the variational iteration method with shifted Chebyshev polynomials of the fourth kind for linear fourteenth-order boundary value problems and evaluates the resulting approximations against exact and published numerical solutions. This methodological gap motivates the present investigation. Accordingly, this study develops an effective numerical scheme for linear fourteenth-order boundary value problems by combining the variational iteration method with shifted Chebyshev polynomials of the fourth kind. The correction functional is formulated, the Lagrange multiplier is determined using variational theory, and the shifted Chebyshev polynomials are generated and used as basis functions in the approximation. The method is then applied to illustrative numerical examples to assess its accuracy and computational performance.

2. Materials and Methods 

2.1 Variational Iteration Method (VIM)

To illustrate the basic idea of the approach, consider the following general differential equation:

                                                                                 (3)

where  is the inhomogeneous term, L is a linear operator, and N is a nonlinear operator. The variational iteration technique can then be used to construct the following correction functional:

                                                     (4) 

The Lagrange multiplier, denoted by , is determined using the variational iteration technique. The subscript  denotes the th approximation; that is, . Equation (4) defines the correction functional. Once the Lagrange multiplier has been identified, a linear problem can be solved in a single iteration step. The multiplier  should therefore be determined as efficiently as possible, after which successive approximations of the solution can be generated by combining it with the initial approximation 
The resulting expression is



The solution procedure depends strongly on the Lagrange multiplier, which is determined as follows:
 

2.2 Chebyshev Polynomials of the Fourth Kind

Chebyshev polynomials of the fourth kind are orthogonal with respect to the weight function . The Chebyshev polynomial of the fourth kind is defined by , where  satisfies the recurrence relation
 for , with  and .

Consequently, the first several fourth-kind Chebyshev polynomials are listed below:

                                         (5)

2.3 Shifted Chebyshev Polynomials of the Fourth Kind

Shifted Chebyshev polynomials of the fourth kind are orthogonal with respect to the weight function  and are normalised by the condition 
They are denoted by  and defined as , where  denotes the corresponding Chebyshev polynomial of the fourth kind. 
Thus,  satisfies the recurrence relation  
for , with initial values  and .
Accordingly, the first several shifted Chebyshev polynomials of the fourth kind are given below:

…                                                                   (6)

2.4 VIM Using Shifted Chebyshev Polynomials of the Fourth Kind          

Assume an approximate solution of the form given in (7), based on equations (3) and (4).

                                 (7)

where  are constants to be determined,  is the degree of approximation, and  denotes a shifted Chebyshev polynomial of the fourth kind. Consequently, the following iterative scheme is obtained:

                                                                               (8)

2.5 Convergence of the Method

This section applies Banach’s fixed-point theorem to examine the convergence of the variational iteration method using shifted Chebyshev polynomials of the fourth kind. The method generates a sequence of functional recurrences from the given differential equation, and the limit of this sequence is assumed to provide a solution of the equation.

Theorem 1. 

Let :  be a linear mapping, and let  be a Banach space. Suppose that
, for , where                                                                      (9)
Then  has a unique fixed point. Hence, the sequence
                                                                                                         (10)
for an arbitrary choice of  converges to the fixed point of , and



                                                             (11)
where , under the assumption that  This yields  as .
It follows that the sequence  is Cauchy. Because  is a Banach space, the sequence converges to a fixed point. Applying the linear mapping in Theorem 1 gives
 
                                           (12)
                                                    (13)

For the variational iteration method based on shifted Chebyshev polynomials of the fourth kind to converge, this condition must be satisfied. The mapping  is a strict contraction. Consequently, sequence (10) converges to a fixed point of , which also solves equation (3).

2.6 Numerical Applications

The proposed strategy is applied to three problems. The numerical results are then used to assess the accuracy and effectiveness of the method.

Example 1. (Khalid et al., 2023; Khalid & Naeem, 2018): Consider the following linear fourteenth-order boundary value problem:

                                                                                                           (14)	                                               

                                          (15)     
The exact solution is given by         
The correction functional for boundary value problems (14) and (15) is given by
                                    
where  is the Lagrange multiplier.

Consider an initial approximation of the following form:

 

Consequently, the following iterative formula is obtained:

   
                                              
   
                                                                           
Accordingly, the unknown constants are determined using (6), performing the iteration, and applying the boundary conditions (15).

 , 
  
 , , 
  , ,, 

Thus, the series solution is given by



Example 2. (Khalid & Naeem, 2018): Consider the following linear fourteenth-order boundary value problem:

                                                                                                     (16)	                                               

    
                                                                                    (17)     
The exact solution is given by         
The correction functional for boundary value problems (16) and (17) is given by
                                    
where  is the Lagrange multiplier.

Consider an initial approximation of the following form:

 

Consequently, the following iterative formula is obtained:

   
                                              
   
                                                                           
Accordingly, the unknown constants are determined using (6), performing the iteration, and applying the boundary conditions (17).

 , 
  
 , , 
  , 

Thus, the series solution is given by



Example 3. (Kharrat & Toma, 2019): Consider the following linear fourteenth-order boundary value problem:
                                                       (18)	                                               

   
                                                                               (19)     
The exact solution is given by         
The correction functional for boundary value problems (18) and (19) is given by
                                    
where  is the Lagrange multiplier.

Consider an initial approximation of the following form:

 

Consequently, the following iterative formula is obtained:

                                               
                                                                           

Accordingly, the unknown constants are determined using (6), performing the iteration, and applying the boundary conditions (19).

 , 
  
 , , 
  , 
, 

Thus, the series solution is given by



3. Results and Discussion

3.1 Results

To evaluate the proposed method, three benchmark test problems were considered. The numerical results were compared with those reported in existing studies and are presented in the following tables, together with graphs comparing the exact and approximate solutions.

Table 1: Absolute error comparison of the proposed method and methods in literature for Example 1.
	
	Absolute Error by the proposed method 
	Absolute Error 
(Khalid et al., 2023)
	Absolute Error 
(Khalid & Naeem, 2018)

	0.0
	0.0000e-00
	0.0000e-00
	*

	0.1
	0.0000e-00
	1.0000e-01
	*

	0.2
	0.0000e-00
	4.0000e-06
	6.8000e-07

	0.3
	1.0000e-09
	7.6000e-07
	*

	0.4
	1.0000e-09
	1.3000e-04
	1.0800e-06

	0.5
	1.0000e-09
	4.8000e-06
	*

	0.6
	0.0000e-00
	4.5000e-07
	1.1700e-06

	0.7
	1.0000e-09
	1.0000e-05
	*

	0.8
	0.0000e-00
	1.0000e-04
	8.5400e-07

	0.9
	0.0000e-00
	7.6000e-06
	*

	1.0
	0.0000e-00
	1.9000e-01
	*



[image: ]

Table 2: Absolute error comparison of the proposed method and methods in literature for Example 2.
	
	Absolute Error by the proposed method 
	Cubic non-polynomial
Absolute Error 
(Khalid & Naeem, 2018)
	Cubic Polynomial
Absolute Error 
(Khalid & Naeem, 2018)

	0.2
	1.41e-07
	6.18e-07
	3.77e-04

	0.4
	2.27e-07
	9.47e-07
	5.84e-04

	0.6
	2.27e-07
	9.68e-07
	5.94e-04

	0.8
	1.41e-07
	6.60e-07
	3.98e-04



[image: ]

Table 3: Absolute error comparison of the proposed method and methods in literature for Example 3.
	
	Absolute Error by the proposed method 
	Absolute Error of DTM 
(Kharrat & Toma, 2019)
	Absolute Error of HPM 
(N=13)
(Kharrat & Toma, 2019)

	0.0
	1.00000000e-10
	0.000000000e-00
	3.00101297 e -08

	0.1
	0.00000000e-00
	3.40575400 e -20
	8.10009510 e -08

	0.2
	0.00000000e-00
	5.58053530 e -17
	1.75358592 e -07

	0.3
	0.00000000e-00
	3.75485170 e -15
	4.16492591 e -07

	0.4
	0.00000000e-00
	6.67428540 e -14
	8.82872394 e -07

	0.5
	0.00000000e-00
	5.54704860 e -13
	1.86871407 e -06

	0.6
	0.00000000e-00
	2.74883890 e -12
	3.98441791 e -06

	0.7
	0.00000000e-00
	3.08378800 e -11
	8.38888894 e -06

	0.8
	0.00000000e-00
	1.95647110 e -11
	1.71998727 e -05

	0.9
	0.00000000e-00
	2.38929800 e -11
	3.38833966 e -05

	1.0
	2.00000000e-10
	1.11429880 e -15
	6.39618159 e -05
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3.2 Discussion

The numerical results obtained using the proposed variational iteration method (VIM), combined with shifted Chebyshev polynomials of the fourth kind, indicate a high level of accuracy for the three linear fourteenth-order boundary value problems considered. The method was assessed using benchmark examples with known exact solutions, enabling direct comparison between the numerical and analytical results. For Example 1, the approximate solution closely agrees with the exact solution . The absolute errors in Table 1 are either zero or of order  throughout the computational domain. Compared with the results of Khalid et al. (2023) and Khalid and Naeem (2018), the proposed technique yields smaller errors at the reported points. Whereas the existing methods produced errors ranging from  to , the present approach yielded errors at or near machine precision. This comparison indicates that the variational iteration framework combined with shifted Chebyshev basis functions represents the solution of this test problem with low approximation error. In Example 2, where the exact solution is , the proposed method again shows close agreement with the analytical solution. The absolute errors range from  to , which are lower than those obtained using the cubic non-polynomial and cubic polynomial spline methods reported by Khalid and Naeem (2018). The cubic polynomial approach produced errors of order , whereas the present method reduced the error magnitude by approximately three orders at the tabulated points. This result supports the ability of the shifted Chebyshev polynomial approximation to represent the solution accurately. For Example 3, the method was applied to a linear fourteenth-order problem involving lower-order derivative terms and variable coefficients. The resulting approximation closely reproduced the exact solution . As shown in Table 3, the absolute errors are either zero or of order , indicating close numerical agreement. Although the differential transform method (DTM) reported slightly smaller errors at certain points, both methods produced highly accurate solutions. The proposed approach also yielded smaller errors than the homotopy perturbation method (HPM), whose errors ranged from  to . The results indicate that the developed scheme remains accurate for the three benchmark problems considered. The formulation does not require discretisation, perturbation assumptions, or linearisation. By using the variational iteration correction functional together with a Lagrange multiplier determined through variational principles, the method provides accurate approximations with a direct computational procedure. The agreement between the numerical and exact solutions across the examples supports the accuracy of the proposed scheme. Overall, the numerical experiments indicate that VIM coupled with shifted Chebyshev polynomials of the fourth kind is a competitive approach for the selected linear fourteenth-order boundary value problems.

4. Conclusion

This study developed a numerical procedure for linear fourteenth-order boundary value problems by combining the variational iteration method with shifted Chebyshev polynomials of the fourth kind. The formulation uses a correction functional and a Lagrange multiplier derived through variational principles, while the shifted polynomial basis represents the approximate solution and supports determination of the unknown coefficients from the boundary conditions. Application to three benchmark problems with known exact solutions produced close numerical agreement across the tabulated points. The absolute-error comparisons showed that the proposed procedure was competitive with the published methods considered in the manuscript and, for several reported points, yielded smaller errors. The graphical results also showed substantial overlap between the approximate and exact solution curves. Within the scope of the selected linear examples, the method therefore provides a direct and accurate approach that does not require discretisation, perturbation assumptions or linearisation. Broader computational assessment is nevertheless needed before its performance can be generalised to other coefficient structures, boundary conditions or classes of higher-order ordinary and partial differential equations.
Limitations
The assessment is limited to three linear fourteenth-order boundary value problems with known exact solutions. Accuracy is evaluated through absolute errors at selected points and graphical agreement for these benchmark cases. Consequently, the findings should be interpreted within this problem class and computational setting. Further applications involving different coefficient structures, boundary conditions and approximation degrees are required to establish the generality of the scheme beyond the examples examined.
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Figure 1: Graphical compatison of approximate and exact soluion for Example |
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Figure 2: Graphical compatison of approximate and exact sohufion for Example 2
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Figure 3: Graphical compatison of approximate and exact sohuion for Example 3





