Some results on Generalized Fractional Calculus Operators
Associated with the Product of the general class of
Polynomials and extended Mittag-Leffler type Function

Abstract

This study evaluates four image formulae involving generalized fractional calculus operators, comprising
left-sided and right-sided fractional integration and fractional differentiation. The operators are applied to the
product of a general class of polynomials, also known as Srivastava polynomials, and an extended
Mittag-Leffler type function. The derivations use the defining series representations of the functions together
with established fractional-calculus formulae for power functions. The resulting expressions are represented
in terms of the generalized Wright hypergeometric function. For the generalized fractional integration
operators, two principal image formulae are obtained for the left-sided and right-sided cases, and
corresponding results are developed for generalized fractional differentiation. A sequence of corollaries
follows by suitable specialisation of the parameters and the coefficient sequence, including reductions
associated with extended and Prabhakar-type Mittag-Leffler functions, Saigo fractional calculus operators,
and Riemann-Liouville fractional calculus operators. Because the Srivastava polynomial family contains
several familiar polynomial systems as special cases, the derived formulae provide a common framework for
obtaining related identities under appropriate parameter choices. The results are theoretical and are
formulated under the parameter and convergence conditions stated for the respective operators and series.
Thus, the study organises fractional integration and differentiation formulae for the specified product within
a unified generalized Wright hypergeometric representation.
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1 Introduction
In 1903, the Swedish mathematician Gosta Mittag-Leffler [15] studied the function E, (z) and
defined it as

o0

Eﬂ(z)=§ﬁ,(u,ze€,‘ﬁ(y)>0), (1.1)

The Mittag-Leffler function (1.1) g 5 generalisation of gy ( Z) for u=1.

A generalisation of  the function £, (z) was introduced by Wiman [34] and expressed as

Eﬂ’u(z)zrz(;ﬁ,(,u,u,zeC,*R(,u)>O,ER(u)>0), (1.2)

Further, in 1971, a new generalisation of the Mittag-Leffler function was studied by Prabhakar [20] in
terms of the following series representation:



V

, (1,0,2,2€ C,R(u)>0,R(v)>0,R(1)>0) (1.3)
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where (4 (—) denotes the Pochhammer symbol (see [5], [7]).
T (4

In 2015, Parmar [19] defined the extended Mittag-Leffler type function as follows (see also [2, 3, 27]):

2 B (Aera-aip) 2
X

o) (.
B )= 2 B(A.1-1)

r=0

(1.4)

F(,ur+u)’

k’ le N, i
wherez,u,/i e C;R (,U) >0,R (U) > 0,R (/1) >1;p>0 and B({ } U) (a,ﬂ;p) is the extended beta
function defined by Srivastava et al. [29] in the following integral form:

1

B({kr}/gwo) (a,ﬂ;p):-"o L

H(1-z2)"" x@({k/}/6N0 ;Z(l Z)]dz (1.5)

where min{R (a),R(B)}> 0;p=0and ®({k/~}feNo ;y) 5 & G of an appropriately

bounded sequence (i} of arbitrary numbers (real or complex) defined as (see  [29], p-243
Eq. (2.1))

0

Zkﬂy_ﬂ (|y|<r;0<r<oo;kO:1)
R 1.6
O ({k ), v)= | (1.6)

Moy"exp(y){l-i-O(LH (R(y)> o.M, >0,peC)
y

Here, " denotes the radius of conyergence for some suitable constants M, and p, depending on the

sequence{k }

(eN,

E'O)/ (K c N )m (1 4) then E( Hreny’ ﬂ) (z;p) reduces to another form f
9),
(p.o)iA

extended Mittag-Leffler function Eﬂ,,’,

Remark 1: If we take &, =

(z:p) (see [19], p-1072, eq. (17)) as (see also [2, 3, 27])

2 B (A+7,1- 4 p) z
pO’
B (5p) Z B(4,1-1) XF(/MH))’

=

(1.7)
(z,0,2eC;R(p)>0,R(c)>0,R(1)>0,R(v)>0,R(1)>Lp=0).

Remark 2: If we setk,=1(¢eN,) in (1.4), then Egkf}wo‘l)(z;p) reduces to

S0



E%, (z;p)given by Ozarslan 54 Yilmaz [17] as (see also [2, 3, 27])
iB (A+r,1-2; p)X 4
/1 1- /”L) F(,ur+u)’

r=0

(1.8)

(z,v,1 € C;%(,u)>0,9%(u)> O,‘R(/l)>1;p >0).

Remark 3: If we take &, =1(¢e N,)and p=0,in (1.4), then E({ e’ )(Z;p) B the
Prabhakar-type  Mittag-Leffler function E; ,(z)(see [6, 11, 25]).

Remark 4: If we put i=1 and A=p=1in Prabhakartype Mittag-Leffler function
E% (z;p),then it reduces to Wimantype — \ittag-Leffler function E! (z)=E,, (z)and Gosta

Mittag-Leffler function E,  (z) = E, (z)respectively (see [6, 11, 25]).

£n112018, Agarwal et al. [1] introduced a useful extension of the Wright-type hypergeometric function as
ollows:

A), (A
({k’fw) Ve, (al’ lm’ (£
m1 W+ ' (5 p) m+ l//n+ O 5(§3p)
1 1 1 1 (b],B ’(d,l)
o ﬁr a +A7" ({kl ) gr
Z l:l B te Ny (ﬂ,+r,d—/1;p)>< E (19)

- r!
T(b,+B,r)
Jj=1
whereé, 1 e C,R(d)>R(1);p>0.
In 2015, Sharma and Devi [26] extended the Wright-type hypergeometric function as follows:

a,A,),, (4,1
m+1Wn+l (é:’p): m+ll//n+1 (bj,B] )1n,(d’1)’(§9p)
N LRI
= = A+r,d—A)x=, .
F(d_ﬂ) =0 Hr(b/ +B/r) p I’!

where £,1e C,R(p)>0,%(d)>R(1)>0and B, (x,y)iS the extended beta function (see
[26], p. 46 , Eq. (3) )

The generalized Wright hypergeometric function was defined by Wright [35] in the following

series:



), . HF(a +A4r)
mw,,@mw{ﬁ,f‘ B‘))””J >———< (L)
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where£,a,,b, € Cand 4,,B, € R—{0},(i=1,...,m;j = 1,...,n) with condition ) B, > 4 >-1.
Jj=1 i=1

Remark S: If we take k, =1(/ e N, ), then (1.9) reduces to (1.10); further, if we put p = 0, then
(1.9) reduces to (1.11). (see [2, 3])

The general class of polynomials (also known as Srivastava polynomials) S”[&£] 18 defined by
Srivastava [30, 31] as follows: (see also [8, 12, 25])

S"i[s*]:[mZm]—(_n)“ 4,8,  (1=0,12,.) (1.12)
n g S! n,s 5 9Ly lygece )y .

where m is an arbitrary positive integer and the coefficients 4, (n,s 2 0) are arbitrary constants,

real or complex. On suitably Specialising  the coefficients 4

n,s

the polynomial family S"[&]

yields a number of known polynomials as its special cases. These include, among others, the
Hermite polynomials, the Jacobi polynomials, the Laguerre polynomials, the Bessel
polynomials and several others (see [32, 33]).

2 Generalized fractional calculus operators

For g.a',n,n',6eC,x>0 and R(S)>0,the generalized fractional integral and differential
operators involving Appell’s function (also known as Horn’s function) F,(.) are defined by
Saigo and Maeda (see [22], P- 393 | Ea. (4.12) and (4.13)) as follows: (see also [12, 14, 23, 24, 25])

([g;“""’”"‘sf)(x) = Fx(_é‘) J':(x—t)(s_l tF, (0{,05’,77,77'; 0;1 —i,l—;jf(r) dt, (2.1)

a,a'.nn',8 _ - *® 61 _q ’ Q. t
(1 f)(x)—r"(g)jx (t=x)" ¢ E(Ow,n,n,5,1—§,1—;jf(t)dt, (2.2)
(D2 £) () = (L7 ) (x) 2.3)
(;Q (Lo ‘“kf)(x),(in(5)>o;k =[m(5)+1]) (2.4)



and

(Dix,a’,n,n',éf)(x) — (I:a',*a,*fl'ﬁﬂﬁb‘f)(x) (25)
—d ' -a',—a,-n',-n+k,—5+
:(E] (romemmhodt 1) (x), (R(8) > 05k =[R(8)+1]) (2.6)
For ¢ n,6eC and x>0, theSaigo fractional calculus operators [21] associated ™™ the Gauss

Gauss hypergeometric function , 7, (.) are defined for ‘.R(a) >0, as follows:

(5 )= g e A om0 @)
(1272 1)(x) = ﬁ [(t=x)" o7 R, (a +17,~8; 031 —%) f(t)dt, (2.8)
(D57 £ ) (x) = (L £ ) (x) = (%} (Zoetmhess ™ £)(x), (k = [ R(a)+1]), (2.9)
and

(D= £)(x) = (127 £ ) (x) = (%j (e hesd ) (x), (e =[ R(a) +1)). (2.10)

Remark 6: If we take a=a+n,a'=n'=0,7=-6 and 6 = «a, operators given in (2.1)-(2.6)
reduce to the Saigo fractional calculus operators as given by (2.7)-(2.10). (see [4, 9, 10])
Remark 7: If we set 7 =—« , then operators (2.7)-(2.10) reduce to Riemann-Liouville fractional

calculus operators [,] as follows: (see [4, 9, 10])

(757 £ ) (%) = (761 ) (%), 2.11)
(172 1)) = (177) (). 212)
(D57 £)(x) = (Dgf) (), (2.13)
and
(Do f)(x) = (D2 )(x), (2.14)

Further, the following image formulas for a power function under operators (2.1) and (2.2) are
given by (see [5, 6, 24, 25])

S , o,0+0—-a—-a -no+n—-do
(Ig:a,f],r],bta—l)(x):xo‘—a—a+5—1F 77 '77 e (215)
c+o—-a-ad,c+6—-a -np+n
where R(5) > 0,R(0) > max[0,R(a +a' +17-8),R(a' -],
and
S , l+ta+a'-6-o,l+a+n'-6-0c,1-n—-0o
(Ift,a .07 ,bta—l )()C) _ xo‘—a—a +5-1 r n n , (216)
l-o,l+ta+a'+n'-6-o,1+a—n-o
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where R(6) > 0, R(o) <1+min[R(-7), R(a+a'—-5), Rla+1'-5)].

a,B.y

Here, the Symbol 1{
0,4

} will be used to represent the ratio of product of gamma functions

. T@r@ro)
FEI A

Research Gap: Related studies have examined fractional differential equations, Mittag-Leffler-type functions,
Srivastava polynomials, Saigo fractional calculus operators, Riemann-Liouville-type operators, and generalized
fractional-operator frameworks (Gupta et al. [5-7]; Shaktawat et al. [25]; Kumar et al. [10]; Nishant et al. [16]; Pandey
et al. [18]; Singh et al. [28]; Kumar [13]; Sharma et al. [27]; Bhadana et al. [2, 3]). However, the image formulae for
fractional integral and differential operators acting on the product of a general class of polynomials (Srivastava
polynomials) and Parmar's extended Mittag-Leffler-type function, expressed through the generalized Wright
hypergeometric function, have not yet been consolidated in the existing literature.

3 Main results

3.1 Generalized fractional integration of product of extended Mittag-Leffler
function and Srivastava polynomials

In this section, we establish two image formulae for left-sided and right-sided generalized fractional
integration involving the product of the general class of polynomials (also known as Srivastava
polynomials) and an extended Mittag-Leffler type function in terms of the generalized Wright
hypergeometric function. These formulae are stated in the following theorems:

Theorem 1 Let o,a',n,n'.6,u,0,4,peC,R(u)>0,R(v)>0,R%(1)>1,p>0,¢,x>0 and
a, e R such that ®(5)>0and R (v)> max{O,iR (a+a'+n-5),R (a’—n')}.Then the left-
sided generalized fractional integration 1&77*° of the Product of the general class of polynomials

({k"‘}fﬂ’o ;]”)

M0
xu+5—a—a'—1 [n/m] (_n)

() %< s

S"[z] and extended Mittag-Leffler type function E

{zgyw(zuls: [wﬁ]Eﬁfi‘;M(at;p>j}(x):

(z; p) and is given by

s
ms AI” (C()Xﬂ)

cllienl| (BD)(0x Bsl) (o fs v d—a-al=nl)(or fsn'=all) ol
(v,u),(v+ps+6—a—-a'1),(v+ps+5-a' —n,1),(v+ fs+n',1)

Proof: Using the series representation  of extended Mittag-Leffler type function (1.4), the general
class of polynomials (1.12) and left-sided fractional integration power function formula (2.15),
the LHS of theorem leads to



g1 [ Te ) (arp) )

[n/m] ( — ¢ ) ({ te "0) "
= [67:,!1',77,77',5 tU*I z ( n)ms An ) (a)tﬁ ) % z B (2' +r, 1 ﬂ' p) % (Clt)
= 5! . g B(4,1-1) I'(ur+v)

(x):

By interchanging  the order of integration and summations, which is valid under the conditions of
Theorem 1 we get

[n/

3,

B eriaip)  w
B(L1-1) Xr(ﬂrﬂ))(

ey o3
. r=0

](t)x-;a’,n,q’,ﬁtu+ﬁs+r—l )(x)

I
(=]

N

(vroma—a-] [n/m](_n) R B({k’}‘ENO)(/Hr 1-4; p)
ms (4 B > i
I'(4) 2 o) Xzo: B(4,1-4)

s=0 S! (
C(v+ps+r)T(v+Bs+S—a—a' —n+r)T(v+Bs+n' —a'+r) y (ax)’
F(U+ﬁs+5—a—a'+r)F(u+ﬂs+5—a’—77+r)F(u+,Bs+77’+r) F(,ur+u)’

(3.2)

Next, by interpreting the terms of the above equation (3.2), in view of definition (1.9)  "we arrive at
the result (3.1), which completes the Proof of Theorem 1

On setting n =0, 4,, =1 then S;'[z] —»1 I Theorem 1 we obtain the following result:

Corollary 1.1 Let a,a',n,n".6,u,0,2,pe C,R(u)>0,R(v)>0,R(1)>1,p=0,,x>0 and
a, e R such that R(5)>0and R (v)>max{0,R(a+a'+n-35),R(a’-n')}. Then We have

the formula:
R ) 18

e [ (G, (0 —a—al=n). (v —al)

Ty {(Uaﬂ),(v+5—a—a',l),(u+§—a'—77,1)(u+77 pilesp)) G

Ontaking g =g+n o' =n'=0,n=-5 and S=a, Theorem 1 reduces to the following
corollary:

Corollary 1.2 Let o,B,7,4,0,4,peC,R(u)>0,%(v)>0,R%(1)>1,p>0,¢,x>0and
a,0 € R such that R (a)>0and R (v)> max{0,R (n - 5)}. Then the following integral formula
holds:

o o-n-t [ml () s
e R L ) T RE Sy (o)

s=0 S!




)| (D)o (0+ Bsd) (o fs+o-n1)
v {(Uaﬂ)’(UJrﬂs—77,1),(0+,3s+5+a,1)’(ax’p) (34)

Now, on putting 77=—q in Corollary 1.2 'wye get the following result:

Corollary 1.3 Let o,u,0,2,peC,R(u)>0,R(v)>0,R(1)>1L,p20,t,x>0 anda, w e R
such that ® () >0 Then We have the following formula:

R

_xre @l (=n) oy o i) | (BD)s(0tBs,)
- T(A) 2 A o) o (v,ﬂ),(wﬂswal)’(ax’p) (3.5)

Next, if we put k, = Ef_;/ (€ IS No)in (3.1), then EEL{,IZ}'ENM) (z;p) reduces to E(yp,;a);i (Z;p),we

arrive at the following result:

Corollary 1.4 Let o,a',n,n'.6,p,0,1,0,2,pe C,R(p)>0,R(c)>0,R(x)>0,R(v)>0,
R(1)>1,p=0,t,x>0 and a,weR such that R(5)>0and
R(v)> max{O,iR(a +a'+n-58),% (a'-n')}. Then e have  the following formula:

o ' u+5—a—a'—11—w(0) [1n/m] (_n)
JEEnN ,0 U*ISm B E(P,O‘)JL . — X
2 (et [er JEL (ats p) () T (p) 2

N
ms An . (a)xﬂ)

(ﬂ,l),(u+ﬂs,1),(u+ﬂs+5—a—0{'—77,1),(0+ﬁ5+,7'_a"1)’(p’1) L
XsWs |:(U,lu),(l)+ﬂs+5—0!—a',1),(l)+ﬂs+5—&’—77,1),(1)+ﬂs_}.77',1)’(0,1):(61)6,[7) (3.6)

Again, if we set k, =1(¢ < N,) B @D then (bt pyreducesto g7 (z; ). we get the
fOllOWing corollary:

Corollary 1.5 Let «,a'.7.,7".6,4,0,4,peC,R(1)>0,R(v)>0,R(1)>1,p>0,t,x>0

and a, we Rsuch that ®(5)>0and R(v)>max{0,R(a+a'+n-5),R(a'-n")}. Then the
following result holds:

o v+6-a—a'-1 [n/m] (_ s
e (o787 [t JES (ats p) (x) == T SZ(;( :,) A, (o)



(ﬁal)a(u+ﬂ5,1),(0+ﬂS+5—(Z—0['—77’1),(0+IBS+77!_O{¢’1) . .
X4W4{(Uu")’(WrﬂS+5—0¢—a',l),(U+,Bs+5—a’—n,1),(u+ﬂs+,7r,1)’(ax’17) (3.7)

Further, if we takek, =1(/ e N,)and p = 01in (3.1), then glden) (z;p) reduce toE’  (z),then

M0
we obtain the following result:

Corollary 1.6 Let o,a',n,57',6, u,0,A € C,R(u)>0,R(v)>0,R(1)>Ls,x>0 and a, weR
such that ®(5)>0and R(v)>max{0,R(a+a'+n-5),R(a'-n")}. Then i L the
following formula:

a8 [ -1 y; Xt [n/m](_n) g
(1o (tu S [a)tﬂ}Ew(at))}(x) = D ZO S! w4 (a)xﬂ)

(3.8)

" (ﬂ,l),(u+ﬂs,1),(u+ﬂs+5—a—a'—n,l),(u+ﬂs+n'—a',l) ‘
X4Y, (

u,y),(u+,8s+5—a—a',l),(u+ﬂs+§—a'—n,1),(u+,b’s+77’,1)’ax

Theorem 2 Let «,a'.n,n'.6,4,0,2,peC,R(1)>0,R(v)>0,R(1)>1,p>0,7,x>0,and

a, ®e R such that R (5) >0 and
R(A-6-v)<l+min{R(-n),R(a+a'-5),R(a+n'-05);.Then the right-sided generalized
fractional integration %77 of the product of the 9eneralclass of polynomials S”[z]and

extended Mittag-Leffler type function EET‘E‘“M) (z; p) is given by

) —v-a-a' [n/m] ( _
{Ifz,a',n,n',é (tuﬁSnm [a)tﬁ}E(j’ka}wo ,A) (atl;p)j}(x) _X i ( n)ms N (a)xﬁ )s

r@a) = s

“ (ko[ (A1), (0=Bs+a+a’l),(v-Bs+a+n.1),(v-Bs+5-n1)
e LU’#)’(U_'BS+5’1)’(U_'BS+05+0!'+77',1),(U—ﬂs+§+a—77’1)’(ax ,p) (3.9

Proof: Using the series representation of the extended Mittag-Leffler function (1.4), the general class of

polynomials (1.12), and the right-sided fractional-integration power-function formula (2.16), the left-hand side
of Theorem 2 can be written as

{[f{’a”ﬂ’”,"s (t—u—ﬁS’:n I:a)tﬂ:|E(:’ka}fEN0;/1 (al‘_l ; p)j} (X)

r

' ' [n/m] (—I’Z) s o B({k(}ng()) (/1"']" l—ﬂ/.p) (at_l)

— Ia,a BBy t—u—& ms A tﬂ > > 5

; 2 o) < B4 Twro) |

By interchanging  the order of integration and summations, which is valid under the conditions of

Theorem 2 , we have



e ( ({ N N°)(/1+r 1-4; r
— mv p) a a,a' "0 J1—v—0+fs—r—1
A I o ,n,1,
z @ XZ (2,,1—/1) XF(,ur+U)( ! )(x)

Said 5 SRS sl CRIART)

ray < st < B(A41-2)
)

F(v-fBs+5—n+r) y (axfl)r
( -fPs+o+a-— 77+r) F(yr+u)

F(v-ps+a+a’+r)T(v-Ps+a+n'+r
F(U—ﬂs+§+r)F(U—ﬂs+a+a'+77'+r)F

. (3.10)

Now, interpreting the terms of the above equation (3.10), in view of definition (1.9), we arrive at
the result (3.9), which completes the Proof of Theorem 2

On setting n=0, 4,, =1 then S;'[z] > 1 in (3.9), we obtain the following corollary:

Corollary 2.1 Let a,a',n,n'.6,u,0,2,pe C,R(u)>0,R(v)>0,R(1)>1,p20,¢,x>0, and
a, e R such that R(5)>0 and

R(1-6-v)<l+min{R(-n),R(a+a'-5),R(a+n'-5);. Then wehave — the formula:
( ) (=n), % ( )% ( )

{I_a,a',nﬂ'ﬁ( —u- ‘5E({ i) (atl;l?)]}(x)

—-v-a-a'

, A1 "1 1 o-n,1l
_x X4W‘(‘{k/},m,0) (A1), (v+a+a, ),(u+,a+,77, ).(v+5-n.1) ;(ax_l;p) G.11)
I'(1) (o,p),(v+6,1),(v+a+a +7',1),(v+5+a—n,1)

If we take a=a+n,a'=n'=0,n=-6 and 6=a, Theorem 2 reduces to the following
corollary:

Corollary 2.2 Leta,n,8, 40,2, pe C,R(1)>0,R(v)>0,R(1)>1,p>0,t,x>0and a, weR
such that R («) > 0and 9%(1—5—1))<1+min{SR(—;;),SR(—&)},Thenwe have

17 st ot |BL 0 arh p) (x) = o KR ), A, (ox”)
{ e arsp) )= S S ey ()

ri) = s!

X ({k’}’“’o) (/1’1)’(0_/%+a+77a1)’(U—ﬂS+5+a,1), -1,
i {(U,,u),(u—ﬂSwLa,l),(u—ﬂs+5+2a+;7,1)’(ax :p) (3.12)

Further, if we put 7 = — in Corollary 2.2 "we arrive at the following result:

10



Corollary 2.3 Let o, 1,0, A, pe C,ER(,U)>0,SR(U)> 0’9{(1)>1,p >0,x>0and a, ® € R such

that % (a ) > 0. Then the following result holds:

{Ifz (tuaS’:n [a)tﬂ:IEEJ{’]Z}weNO ;/1) (atl,p>]}(x)

e [%n:](_n)m ({kﬁ}{ymo){( (2,1),(v=Bs,1)

= T & 4, (a)xﬂ) 14! U,,u),(u—ﬂs+a’1);(ax_l;p) (3.13)

Next, if we put &, = (p), (¢ e N,)in(3.9), then E({k'}’f‘wl)(z;p) reduce to E(y’ff);i (Z;p),we

(@)

arrive at the following result:

Corollary 2.4 Let «,a',n,n'.8,p,ou,0,A4,pe C,R(p)>0,R(c)>0,R(u)>0,R(v)>0,
R(1)>1 p=20,1,x>0, and a, w e R such that R(5)>0and

R(1-6-v)<l+min{R(-n),R(a+a'-5),R(a+n'-5)}. Then Wehave

the following
formula:

a,a' g8 [ ,—v-5 am ,0); - ‘“_“"“']" Y " 7 '
et (s [t e ) (9= S 5 e, (o)

(21).(0-Bs+a+a' ). (v-fs+a+n.1).(v-Bs+5-n1).(p1)
x5W5[(u,,u),(u—ﬂs+5,1),(U—ﬂs+a+0{'+77’,1),(U_13S+5+a_77’1)’(051),(ax ,p) (3.14)

Again, if we set k, =1(¢ e N,)in (3.9), then EE,{Z}'E'\M) (z; p) reduces to E’ , (z; p),we obtain the
following result:

Corollary 2.5 Let a,a',57,5',6, 1,0, 2, p e C,R (1) >0,R(v)>0,R(2)>1L p=0,¢,x>0, and

a, e Rsuchthat R(5)>0and R(1-6-v)<l+min{R(-n),R(a+a'-5),R(a+n'-5)}.
Then the following formula holds:

—-v—-a-a' [n/m]

(o' (fuﬂsS};n [a)tﬂ]Ei,u (at—l;p))}(x) _X Z (_n)ms 4, (a)xﬁ )s

F(ﬂ’) s=0 S!

(41).(v=Bs+a+a'l),(v-Bs+a+n.1),(v-ps+5-n.1)
X4W4{(U”u)’(u_ﬂs+5’1)’(U_ﬂs+a+a'+ﬂ',l),(U—ﬂs+5+a—7y,1)’(ax ,p) (3.15)

Further, if we take k, = 1(5 € No) and p=0 in (3.9), then E(ﬂ{”z}wo;ﬂ) (Z; p) reduces to Eft,u (z), then
we obtain the following result:
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Corollary 2.6 Let o,a',n,n',6,u,0,2€ C,R(u)>0,R(v)>0,R(1)>1t,x>0, and q,w e R
such that % (5)>0and R (1-6 —v)<1+min{R(-n),R(a+a'-68),% (a +7'-5)}. Then ¥ e
holds the following formula:
) —v—-a-a' [n/m] (_n)
a,a'.nn', S [ ,—v-8 gm B A -1 _ X

s=0 S!

(/1,1),(0—,35+a+a’,1),(u—ﬁs+a+77’,1),(u—ﬂs+5—77,1) !
(v,u),(0=Ps+6,1),(v=Bs+a+a'+7',1),(v-Ps+5+a—n,1)

3.2 Left-sided and right-sided generalized fractional differentiation of the
product of an extended Mittag-Leffler type function and Srivastava polynomials

X, W, (3.16)

In this section, we establish two image formulae for left-sided and right-sided generalized fractional
differentiation involving the product of the general class of polynomials (also known as Srivastava
polynomials) and an extended Mittag-Leffler type function in terms of the generalized Wright
hypergeometric function. These formulae are stated in the following theorems:

a,a'\n,n,0,u,0,A,peC,R u >0, v >0,0R 1 >1,p=>0,t,x>0,
a,0 e R such that ®(5)>0and sR(z))>max{O,iR(é—oz—05'—77’),9%(77—oz)},Then the left-

sided generalized fractional differentiation D{*""° of the product of the general class of

(tehenyi2)
RY
v-5+a+a'~1 [n/m] (—I’l)

a8 | o-1gm (e} ey 4 . X
Dy ””(l S, [a”ﬁ}E(ﬂ,U )(at,p)j}(x)— D 2

s=0 S!

polynomials §”[z] and extended Mittag-Leftler type function E (z; p) is given by

X AN
ms A,,’S (C()x )

o en) (A.1),(v+Bs.1),(v+ Bs=S6+a+a'+7'1),(v+ Bs+a-n,1) ,
e {(U,ﬂ),(wﬂs—5+a+a',l),(uws—am+n',1),(u+ﬂs_n,l)’(ax,p) (3.17)

Proof: Using (1.4) and (1.12), writing the function in series form, and applying (2.3) and (2.15), the left-hand
side of Theorem 3 becomes

(Do (t“lS,f’ [a)tﬂ } E :,k:}“”"ﬂ (at; p)j}(x)
[n/m]

({kf}/,eNo) . r
o - - s < B (/1+r,1—/1,p) (at)
=J p®ainn 0| 4o-1 2 : ( n)ms A s
o t = 5! ”""(a)t ) er:o B(4,1-14) ><F(ur+u)

(x),

By interchanging  the order of differentiation and summations, which g valid under the conditions
of Theorem 3, we have

12



[n/m] ( — 0 ({k’}’ENO) _ 7. r
_ ( n)ms Ansa)ssz (/1+r,1 /I,p)>< a
= 5! ’ s B(/I,l—/’t) F(yr+u)

D(z)x+a n.n', 5tu+ﬁ’v+r 1 X
(x)

n/m] ({ /"’0)(/14_7,.1 Z p) ar

—z "”A L XZ (2,,1—/1)

]—a —a,—1n,—n,—8 ,o+Ps+r—1
XF(,ur+U)( o ! )(x)

) o eB e (141 20p)
oy
TR R G B(41-2)

F(v+Bs+r)T(v+Bs-S+a+a'+n'+r)[(v+Bs+a—n+r) y (ax)’
F(v+ps—6+a+a'+r)T(v+ps—6+a+n'+r)T(v+fs—n+r) T(ur+v)

: (3.18)

Now, by interpreting the terms of the above equation (3.18), in view of definition (1.9)  "\ye arrive
at the result (3.17), which completes the Proof of Theorem 3

On setting n=0, 4,, =1 then S;'[z] -1 in (3.17), we obtain the following result:

Corollary 3.1 Let a,a'n,n'.6,u,0,4,peC,R(u)>0,R(v)>0,R(1)>1Lp=20,7,x>0,and
a,0 € R such that % (5)>0and ER(U)>max{O,‘R(é'—a—a'—n'),iR(n—a)}.Thenweha"e
the formula :

{D&“"”"""y( gt )(at;p)j}(x)

(o-oraa (6,00) { (A1), (0,1),(v=-6+a+a +1'1),(v+a-n1)
=,

rA (w),(v—cﬂa+a',1),(u—5+a+n',1),(u_,7,1);(ax;p)} (3.19)

Ifweput a =a+n,0'=1n"=0,n=-0 and 6 = «, Theorem 3 reduces to the following result:

Corollary 3.2 Let o,5,6, 40,4, pe C,R(1)>0,R(v)>0,R(1)>1,p>0,t,x>0and a,weR
such that % (a)>0and R (v)> max{0,R (n —5)}. Then the following integral formula holds:

o 152 [T ) 0

e WZM] Ry (x) x ") (2:1),(0+Bs1),(v+ Bs+5+a+n,1)
r(A) = s! ’ (o, 1), (v+ Bs+n,1),(v+ fs+6,1)

;(ax; p)
(3.20)

Now, if we set 7=—q in Corollary 3.2 'we arrive at the following result:

13



Corollary 3.3 Leta, y,0,4,pe C,R(u)>0,R(v)>0,R(1)>1,p>0,¢,x>0 and a,w € R such
that R (a ) > 0. Then the following result holds:

(D2 (z“‘lS;" [a)tﬂ}E(jﬁ}(EM) (at; p)j}(x)

et (<) gy (k)| (A1) (04 Bs1)
= D z An,s(a)x ) XL ¥, (U,ﬂ),(U+,BS_a’1)’

s=0 S!

(ax;p) (3.21)

Next, if we put k/ 2%(6 e No)in (317), then ngi}rswo;ﬂ)(z;p) reduce to Eif;a)é/'{ (Z;p),we
(o2

arrive at the following result:

Corollary 3.4 Let ) ' 'y 0’ S, 1,0, 4, p,0,p € C.R(p)>0,R(c)>0,R(u)>0,R(v)>0,

R(A)>Lp=0,t,x>0, and a, ®eR such that R (5)>0and
R(v)> max{O,SR (6-a-a'-n"),R(n- a)},Then the following formula holds:

v-5+a+a’'-1 [n/m] _
a.a'n.ay',8 o=l gm B g(e.o)l . _X F(O') ( n)ms AN
(D¢ (t S’ [a)t ]EM (at,p))}(x) T (p) SE:o o An,s(a)x )

A1), (v+ Bs,1),(v+Bs—S+a+a'+n',1),(v+ Bs+a—n,1),(p,1
(o,p),(v+fs—S+a+d 1),(v+fs—5+a+n,1),(v+ Bs—n,1),(o,1)
Again, if we set k, =1(/e N,)in ™ G-17) then ESTKENM)(Z;p)reduce toE; , (z;p),we get the
following corollary:

Corollary 3.5 Let a,a'n,n'.6,u,0,4,peC,R(u)>0,R(v)>0,R(1)>1Lp=20,7,x>0,and
a, e Rsuch that %R(5)>0and SR(U)>max{O,iR(&—a—a'—n'),iR(n—a)},Then the
following result holds:

o v-S+a+a'-1 [n/m] (_ P
(D& .78 (t“’lS;” [a)tﬂJEj;,u (at;p))}(x) =% I ; ( :')"” A, (a)xﬂ)

(/1,1),(0+,Bs,1),(u+ﬂs—5+a+a’+n',1),(u+ﬂs+a—7y,l)

X4 Wy (o,p),(v+ps—S+a+a'1),(v+fs—5+a+n1),(v+ fs—n,l

);(ax;p)} (3.23)

Further, if we takek, =1(¢ e N )and p =0in (3.1), then E({k;}f&vﬂ) (z;p) reduce toE  (z),then

78
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we obtain the following result:

Corollary 3.6 Let a,a'n,7',6,u,0,A€C,R(u)>0,R(v)>0,R(1)>Ls,x>0,and a, weR
such that %R (5)>0and ER(U)>max{O,iR’(é'—a—a'—n'),iR(n—a)}.Then we have the

following formula:

(Do (tu—lSnm [a)tﬂ]Efl,U (at))}(x) _ el [gn:] (-n), i (a)xﬂ )s

L = s

;ax (3.24)

(A1), (v+Bs.1),(v+ Bs=S+a+a'+1,1),(v+ Bs+a —n,1)
X
Vs (o,p),(v+fs—S+a+a'l),(v+Ps—5+a+n,1),(v+ Bs—n,1)

Theorem 4 Let a,a’,n,n',&,y,u,ﬂ,peC,iR(,u)>O,iR(U)>0,iR(ﬂ)>l,p20,t,x>0,and
a, e R such that R(5)>0and
R(A-6-v)<l+min{R(n'),R(6-a-a'),R(5—a’'—n)}.Then the right-sided generalized

fractional differentiation D*“*77*° of the product of the general class of polynomials S”[z] and

extended Mittag-Leffler type function E({ e’ )(z; p) is given by

—v+a+a’ [n/m]

ooy [ Qe ) ) = 1 8 e 4 ()

s=0 S!

. (tt)e)| (A1), (0= Bs—a—a'1),(v-ps—a ~n,1),(v-Bs =6 +7',1) '(axfl')
¥ (v,u),(v=Bs—=6,1),(v-Ps—a—-a'-n,1),(v-Ps-6—a'+1',1) P

Proof: Using (1.4) and (1.12), writing the function in series form, and applying (2.5) and (2.16), the left-hand
side of (3.25) can be written as

= Df‘»a’,rz,n’,ﬁ t(sU[%]%A .(a)tﬂ)“xiB( e NO)(ﬂ—i—l"l A p)x (atil)r

= s " g B(4,1-14) I'(ur+v) (x),

By interchanging  the order of differentiation and summations, which is valid under the conditions
of Theorem 4, we have

[n/m] ( te NO)(/1+7" 1 Z r
— E mv E p) a a,a'\n.n' 6, 6-v+Bs—r
A D S ,1,17
~ e B(4,1-2) F(,ur+u)( B ! )(x)
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[n/m]

({kf}(iNo) (i_{_r’l—l;p) % a”
B(4,1-2) Flar+o

—~

_n)ms S . B
4,0 %Y
r=0

[—0:’,—(1,—77’,—77,—5 (1+5—u+,3s—r)—1)
s=0 S! ) ( - t (X)

xfuﬂzﬂz' [n/m] (_n) s o B({kf‘}(eNo) (A«‘FV l—ﬂ;p)
= ms A Vi s 5
IR A Ve rr s

F(v-pBs—a-a +r)L(v=PBs—a' -n+r)L(v-Ps=5+n"+r) (axfl)r (3.26)
T(v-Bs=0+r)T(v-PBs—a-a —n+r)T(v-PBs-—a'+n'+r) T(ur+v)”

Now, by interpreting the terms of the above equation (3.26), in view of definition (1.9) * "we arrive
at the result (3.25), which completes the Proof of Theorem 4

On setting n =0, 4,, =1 then S;'[z] > 1 in equation (3.25), we get the following result:

Corollary 4.1 Let a,a',n,n'.6,u,0,2,pe C,R(u)>0,R(v)>0,R(1)>1,p20,¢,x>0, and

a,we R such that R(5)>0and
R(1-5-v)<l+min{R(n'),R(5-a-a'),R(5-a'~n);. Then Wehave the following
formula:

{Df’a,’ﬂﬂ"ﬁ (té—uE(i’k:}feNo ;ﬂ) (at_l : p)}} ()C)

vara A1), (v—a—a' 1), (v-a' —n,1),(v=5+7',1
X o) (A1) (0=a=a),(v @ (v +’n,? (a7 p) (3.27)
'(A) (v,u),(v=6,1),(v—a—a'-n,1),(v-6—-a'+7',1)

If we take a=a+n,a'=n"=0,n=-6 and 6=a, Theorem 4 reduces to the following
corollary:

Corollary 4.2 Leta,n,6, 40,4, pe C,R(1)>0,R(v)>0,R(1)>1,p=0,r,x>0and a,weR
such that R («) > 0and 9%(1—5—1))<1+min{SR(—;;),SR(—&)},Thenwe have

) —v+a+n [n/m] ( _
0 [or Telt ) (arsp) )= S5 sy (o)

e F(ﬂ‘) s=0 S!

X (1) (A1).(v=Bs—a-n,1),(v=Bs+5,1) |
s |:(U"u)’(u_ﬂs_a,l),(l)—ﬁs+5—a_77,l)’(ax 9p) (328)

Now, if we take 77 = — in Corollary 4.2 "ye arrive at the following result:

Corollary 4.3 Let o,p,0,4,peC,R(u)>0,R(v)>0,R(1)>Lp=20,t,x>0 and a, w e R
such that ® () > 0. Then the following result holds:
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(D ( Al wtﬂ}E(:i}Wa) (ar p)J} (%)

xfu [n/m]

= (7)., py (W) (B1)s(0=Bs1)
_r(ﬁ,);‘ e, (0x) < (U,,U),(U—,Bs—a,l)’(ax . p) (3.29)

Next, {if we put £, zﬂ(ge No)il'l (3.25), then E({kﬁ}*e‘wl)(z;p) reduce to Eif;o);ﬂ (Z;p),we

(<)

have the following formula:

Corollary 4.4 Let a,a'\n,n', S8, p,ou,v,A,pe C,iR(p)> O,iR(O')> O,ER(,u)> O,ER(U)> 0,

R(A)>1Lp=0,tx>0, and a, w <R such that R(5)>0and
R(1-6-v)<l+min{R(n'),R(—a—-a'),R(5—a'—n)}. Then the following result holds:

—vta+a’ [n/m] ( _
(Dm0 (t‘HS;” [a)t”]EEff);ﬂ (afl;p))}(x) = xl"(/l) Flg,f?j) 2 ( ’;)”” A, (a)xﬂ )S

(1) Fs—a—a'1). (o= s =n1).(o=ps=5+n'D(p)
XsW¥s (u,y),(u—ﬂs—5,1),(U—ﬂs—a—a'—n,l),(U—,BS—5—a'+,7"1)’(051),(ax ,p) .

(3.30)

Again, if we set k, =1(/ e N,)in (3.25), then E(y{i}‘*‘W) (z; p)reduce to E’ , (z: p), we obtain the
following result:

Corollary 4.5 Let a,a',n,n'.6,u,0,2,pe C,R(u)>0,R(v)>0,R%(1)>1,p>0,¢,x>0, and
a,we R such that ®(s5)>0and R(1-5-v)<l+min{R(n'),R(6-a-a'),R(5—a'-n)}.
Then the following formula holds:

0 (52 T )= e (o

(A1), (v-Bs—a-a'1),(v-PBs—a'-n,1),(v-Ps—-5+1.1)

X4V (U,y),(u—ﬂs—5,1),(U—ﬂs—a—a’_n’l)’(l)_ﬂs_5_a,+77,,1);(ax_ ;p)}. (3.31)

Further, if we takek, =1(/e N,)and p=0in (3.25), then ngﬁ}’*”";l) (z;p) reduce to
E’ , (z),then we obtain the following result:

y7RY
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Corollary 4.6 Let a,a,a',n,n',6,u,0,2€ C,R(u)>0,R(v)>0,%(1)>1Lt,x>0,and a,w e R
such that % (§)>0and R(1-6-0v)<1+min{R(n'),R(6-—a-a'),R(5-a'-7)}. Then ¥eh>e
holds the following formula:

{th,a’,q,q’,b' (to‘—uS;n I:a)t,b’:l Ej;,u (at—l ))} (x) _ x;(*:; [f] (_n)

s=0 S!

K
ms An,s (a)xﬂ)

(A1), (v-Bs—a—-a'1),(v-Bs—a'-n,1),(v-Bs=5+1,1) ! (3.32)
v,u),(v=Ps-6,1),(v-Bs—a-a' —-n,1),(v-Ps—6—-a'+7',1) ’ ’

4. Conclusion

X4y (

This study establishes four principal image formulae for generalized fractional calculus operators
acting on the product of Srivastava polynomials and an extended Mittag-Leffler type function. Two
formulae concern left-sided and right-sided ?eneralized fractional integration, while the remaining
two address the corresponding generalized fractional differentiation operators. In each case, the
resulting expressions are represented in terms of the generalized Wright hypergeometric function
under the stated parameter restrictions. The corollaries obtained through appropriate choices of
parameters and the definin? coefficient sequence show how the principal results reduce to forms
involving related Mittag-Leffler type functions and to cases associated with Saigo and
Riemann-Liouville fractional calculus operators. The general class of Srivastava polynomials also
permits further specialisation to familiar polynomial families described in the manuscript. These
results therefore provide a unified theoretical representation for the fractional integration and
differentiation of the specified product. Further work may examine applications of the established
formulae to fractional differential equations and related mathematical-physics problems, subject to
the corresponding analytical conditions.

5. Limitations

The study is theoretical and is restricted to the generalized fractional calculus operators, parameter
conditions, convergence requirements, Srivastava polynomials, and extended Mittag-Leffler type
function considered in the manuscript. The results are presented as analytical image formulae and
corollaries; no numerical examples, computational validation, or explicit solutions of fractional
differential equations are developed. Consequently, applications to particular physical or engineering
moc}iels require separate verification of the relevant parameter restrictions and convergence
conditions.
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