EFFECTIVE NUMERICAL SCHEME FOR HANDLING LINEAR FOURTEENTH ORDER BOUNDARY VALUE PROBLEMS
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Abstract 

This study presents a numerical scheme for solving linear fourteenth-order boundary value problems using the variational iteration method combined with shifted Chebyshev polynomials of the fourth kind. The proposed approach constructs a correction functional for the governing differential equation, while the associated Lagrange multiplier is determined through variational principles. Shifted Chebyshev polynomials of the fourth kind are then employed as basis functions to approximate the solution and determine the unknown coefficients subject to the prescribed boundary conditions. The method was applied to three benchmark linear fourteenth-order boundary value problems with known exact solutions. The accuracy of the approximate solutions was evaluated using absolute error comparisons and graphical agreement between the numerical and exact solutions. For the tabulated points, the proposed scheme produced absolute errors ranging from 0 to 1.0 × 10⁻⁹ in the first example, 1.41 × 10⁻⁷ to 2.27 × 10⁻⁷ in the second example, and 0 to 2.0 × 10⁻¹⁰ in the third example. The results indicate close agreement between the computed and exact solutions for the selected test problems. Comparisons with existing numerical results suggest that the proposed method provides competitive accuracy for the considered class of linear high-order boundary value problems. The findings support the usefulness of combining variational iteration with shifted Chebyshev polynomial approximation for selected high-order linear differential problems.
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1. Introduction

Consider the following generalized boundary value problem:
	
       (1)

With boundary conditions

,,                    (2)
.

Where  are constants, continuous on [, ] and  and . 

Higher-order boundary value problems (BVPs) frequently arise in several branches of applied mathematics, engineering, fluid mechanics, astrophysics, structural analysis, and mathematical physics. These classes of problems are often associated with beam theory, hydrodynamic stability, viscoelastic flows, and electromagnetic wave propagation. Due to the complexity of higher-order differential equations, obtaining exact analytical solutions is usually difficult or impossible; consequently, the development of efficient numerical techniques has become an important area of research. In recent years, numerous numerical and semi-analytical methods have been proposed for solving higher-order boundary value problems. Among these methods are the Adomian decomposition method, homotopy perturbation method, spline techniques, differential transformation method, wavelet approaches, Petrov-Galerkin methods, and variational iteration methods. For instance, Muhammad and Syed (2007) employed the variational iteration decomposition method to solve eighth-order boundary value problems, while Viswanadham and Reddy (2015) utilized the Petrov–Galerkin method with spline basis functions for ninth-order boundary value problems. Similarly, Reddy (2016) developed a quintic B-spline approach for ninth-order boundary value problems. Considerable attention has also been devoted to tenth-, twelfth-, thirteenth-, and fourteenth-order boundary value problems because of their increasing applications in engineering and applied sciences. Iqbal et al. (2015) applied polynomial and non-polynomial cubic spline techniques for linear tenth-order boundary value problems, whereas Otaide et al. (2022) implemented a modified variational iteration method with Hermite polynomials for tenth-order problems. For twelfth-order boundary value problems, several researchers have proposed different numerical schemes, including the homotopy perturbation method (Mirmoradi et al., 2009; Mohamed et al., 2010), variational iteration techniques (Muhammad & Syed, 2010), spline approaches (Shahid & Ghazala, 2008), and Chebyshev polynomial-based methods (Tsetimi et al., 2022). Furthermore, thirteenth-order boundary value problems have been investigated using diverse computational procedures. Adeosun et al. (2013) applied the variational iteration method for certain thirteenth-order ordinary differential equations, while Muzammal et al. (2014) utilized the differential transformation method. Abiodun et al. (2017) proposed a modified Adomian decomposition technique, whereas Islam et al. (2019) conducted a comparative analysis using the optimal homotopy asymptotic method and homotopy perturbation method. In addition, wavelet-based numerical methods for higher-order boundary value problems were presented by Shams et al. (2021). The study of fourteenth-order boundary value problems has also gained increasing research attention due to their computational complexity and practical significance. Aasma Khalid et al. (2023) employed the Adomian decomposition method for solving fourteenth-order boundary value problems, while Aasma Khalid and Nawaz Naeem (2018) developed cubic spline solutions for linear fourteenth-order problems. Bachir Nour Kharrat and George Toma (2019) further applied the differential transform method for solving both linear and nonlinear fourteenth-order differential equations. Although these methods provide acceptable approximations, many of them involve discretization, linearization, cumbersome computations, or slow convergence rates. Among the existing numerical approaches, the variational iteration method (VIM) has emerged as a powerful and efficient semi-analytical technique for solving differential equations. The method, originally developed by He, constructs correction functionals with optimally identified Lagrange multipliers, thereby producing rapidly convergent approximate solutions without requiring discretization or perturbation assumptions. The effectiveness of VIM has been demonstrated in several studies involving higher-order boundary value problems (Muhammad & Syed, 2010; Otaide et al., 2022; Otaide et al., 2023). In addition to the variational iteration method via orthogonal polynomials have proven highly effective as basis functions in numerical approximations. Chebyshev polynomials, in particular, possess desirable properties such as orthogonality, rapid convergence, and computational stability. These properties make them suitable for handling complex higher-order differential equations. Recent studies have successfully incorporated polynomial-based approximations into iterative numerical schemes to improve accuracy and computational efficiency. Motivated by the limitations of existing methods and the advantages associated with variational iteration techniques mixed with orthogonal polynomials, this study proposes an effective numerical scheme for solving linear fourteenth-order boundary value problems using the variational iteration method combined with Shifted Chebyshev polynomials of the fourth kind. The correction functional for the problem is formulated, while the Lagrange multiplier is optimally determined using variational theory to minimize computational complexity. Furthermore, the Shifted Chebyshev polynomials of the fourth kind are generated and employed as basis functions in the approximation procedure. The proposed method is tested on illustrative numerical examples to demonstrate its accuracy, efficiency, and reliability.

2. Materials and Methods 

2.1 Variational Iteration Method (VIM)

To illustrate the basic idea behind the approach, we assume the following general differential equation.

                                                                                 (3)

Where  is the inhomogeneous term, L is a linear operator, N a nonlinear operator. In the way that follows, we can use the variational iteration technique to develop a correction functional.

                                                     (4) 

A Lagrange multiplier, which is best detected via the variational iteration technique, is represented by the symbol . The restricted variation is indicated by the subscripts , which stands for the th approximation. i.e., . A corrective functional relationship is the one in (4). Because the Lagrange multiplier was precisely identified, linear problems can be solved in a single iteration step. This method requires us to determine the Lagrange multiplier  as efficiently as possible, and as a result, consecutive approximations of the solution will be easily produced by combining the Lagrange multiplier with our 
The result is provided by



The way the problem will be solved depends heavily on the Lagrange Multiplier, which can be explained as follows:
 

2.2 Chebyshev Polynomials of the Fourth Kind

The fourth kind of Chebyshev polynomials are orthogonal polynomials with regard to the weight function.  . The Chebyshev polynomials of the fourth kind is defined by , where  satisfies the recurrence relation
 for  with  and .

Consequently, the first several fourth-kind Chebyshev polynomials are listed below:

                                         (5)

2.3 Shifted Chebyshev Polynomials of the Fourth Kind

The fourth kind of Shifted Chebyshev Polynomials are orthogonal polynomials with regard to the weight function  and normalized by the requirement that 
This is denoted by  and defined as , where  are the Chebyshev orthogonal polynomials of the fourth kind. 
Thus,  satisfies the recurrence relation  
for  with starting values  and .
Accordingly, the first several Shifted Chebyshev Polynomials of the fourth kind are provided below:

…                                                                   (6)

2.4 VIM Using Shifted Chebyshev Polynomials of the Fourth Kind          

We presume a roughly correct solution of the type using (3) and (4).

                                 (7)

Where  are constants that need to be found,  is the degree of approximation, and  denotes shifted Chebyshev polynomials of the fourth kind. As a result, we arrive to the following iterative technique.  

                                                                               (8)

2.5 Convergence of the Method

This section will deal with the Banach's theorem with reference to the convergence of the variational iteration technique using shifted Chebyshev polynomials of the fourth kind. By employing this method, a set of functional recurrences is created from the supplied differential equation. Presumably, the given differential equation has a solution at the limit of this series. 

Theorem 1. 

Given that : is a linear mapping and  be a Banach space, suppose
,  :                                                                      (9)
Then  has a unique fixed point. Hence, the sequence
                                                                                                         (10)
with an arbitrary choice of  converges to the fixed point of  and we have that



                                                             (11)
Where , with the assumption that  This gives   as  and 
It follows that the sequence  is Cauchy. The sequence converges to a fixed point since  is a Banach space and hence convergent. By using the linear mapping of Theorem 1, we can get the following
 
                                           (12)
                                                    (13)

Requiring shifted Chebyshev polynomials of the fourth kind, the variational iteration method must meet this condition in order to converge. It strictly contracts on . The sequence (10) in the follow-up converges to a fixed point of , which is also a solution to the equation (3).

2.6 Numerical Applications

Here, we apply the provided strategy to solve three problems. Moreover, numerical outcomes validate the precision and effectiveness of the suggested methodology.

Example 1. (Khalid et al., 2023; Khalid & Naeem, 2018): Consider the following linear fourteenth order boundary value problem

                                                                                                           (14)	                                               

                                          (15)     
The precise solution is given as          
The boundary value problems (14) and (15) correction functional is provided as
                                    
Where,   is the Lagrange multiplier.

We take into consideration a preliminary solution in the following form:

 

Consequently, the ensuing iterative formula is obtained:

   
                                              
   
                                                                           
As such, the values of the unknown constants can be found by using (6), iterating, and applying the boundary conditions (15).

 , 
  
 , , 
  , ,, 

In light of this, the series solution is provided as



Example 2. (Khalid & Naeem, 2018): Consider the following linear fourteenth order boundary value problem

                                                                                                     (16)	                                               

    
                                                                                    (17)     
The precise solution is given as          
The boundary value problems (16) and (17) correction functional is provided as
                                    
Where,   is the Lagrange multiplier.

We take into consideration a preliminary solution in the following form:

 

Consequently, the ensuing iterative formula is obtained:

   
                                              
   
                                                                           
As such, the values of the unknown constants can be found by using (6), iterating, and applying the boundary conditions (17).

 , 
  
 , , 
  , 

In light of this, the series solution is provided as



Example 3. (Kharrat & Toma, 2019): Consider the following linear fourteenth order boundary value problem
                                                       (18)	                                               

   
                                                                               (19)     
The precise solution is given as          
The boundary value problems (18) and (19) correction functional is provided as
                                    
Where,   is the Lagrange multiplier.

We take into consideration a preliminary solution in the following form:

 

Consequently, the ensuing iterative formula is obtained:

                                               
                                                                           

As such, the values of the unknown constants can be found by using (6), iterating, and applying the boundary conditions (19).

 , 
  
 , , 
  , 
, 

In light of this, the series solution is provided as



3. Results and Discussion

3.1 Results

To evaluate the effectiveness of the proposed method, three benchmark test problems were considered. The numerical results obtained were compared with those reported in existing studies, and the findings are presented in the following tables together with graphs of the exact and approximate solutions.

Table 1: Absolute error comparison of the proposed method and methods in literature for Example 1.
	
	Absolute Error by the proposed method 
	Absolute Error 
(Khalid et al., 2023)
	Absolute Error 
(Khalid & Naeem, 2018)

	0.0
	0.0000e-00
	0.0000e-00
	*

	0.1
	0.0000e-00
	1.0000e-01
	*

	0.2
	0.0000e-00
	4.0000e-06
	6.8000e-07

	0.3
	1.0000e-09
	7.6000e-07
	*

	0.4
	1.0000e-09
	1.3000e-04
	1.0800e-06

	0.5
	1.0000e-09
	4.8000e-06
	*

	0.6
	0.0000e-00
	4.5000e-07
	1.1700e-06

	0.7
	1.0000e-09
	1.0000e-05
	*

	0.8
	0.0000e-00
	1.0000e-04
	8.5400e-07

	0.9
	0.0000e-00
	7.6000e-06
	*

	1.0
	0.0000e-00
	1.9000e-01
	*



[image: ]

Table 2: Absolute error comparison of the proposed method and methods in literature for Example 2.
	
	Absolute Error by the proposed method 
	Cubic non-polynomial
Absolute Error 
(Khalid & Naeem, 2018)
	Cubic Polynomial
Absolute Error 
(Khalid & Naeem, 2018)

	0.2
	1.41e-07
	6.18e-07
	3.77e-04

	0.4
	2.27e-07
	9.47e-07
	5.84e-04

	0.6
	2.27e-07
	9.68e-07
	5.94e-04

	0.8
	1.41e-07
	6.60e-07
	3.98e-04



[image: ]

Table 3: Absolute error comparison of the proposed method and methods in literature for Example 3.
	
	Absolute Error by the proposed method 
	Absolute Error of DTM 
(Kharrat & Toma, 2019)
	Absolute Error of HPM 
(N=13)
(Kharrat & Toma, 2019)

	0.0
	1.00000000e-10
	0.000000000e-00
	3.00101297 e -08

	0.1
	0.00000000e-00
	3.40575400 e -20
	8.10009510 e -08

	0.2
	0.00000000e-00
	5.58053530 e -17
	1.75358592 e -07

	0.3
	0.00000000e-00
	3.75485170 e -15
	4.16492591 e -07

	0.4
	0.00000000e-00
	6.67428540 e -14
	8.82872394 e -07

	0.5
	0.00000000e-00
	5.54704860 e -13
	1.86871407 e -06

	0.6
	0.00000000e-00
	2.74883890 e -12
	3.98441791 e -06

	0.7
	0.00000000e-00
	3.08378800 e -11
	8.38888894 e -06

	0.8
	0.00000000e-00
	1.95647110 e -11
	1.71998727 e -05

	0.9
	0.00000000e-00
	2.38929800 e -11
	3.38833966 e -05

	1.0
	2.00000000e-10
	1.11429880 e -15
	6.39618159 e -05
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3.2 Discussion

The numerical results obtained from the proposed Variational Iteration Method (VIM) combined with Shifted Chebyshev Polynomials of the Fourth Kind demonstrate a remarkable level of accuracy and computational efficiency in solving linear fourteenth-order boundary value problems. The effectiveness of the method was assessed through three benchmark examples whose exact solutions are known, allowing direct comparison of numerical and analytical results. For Example 1, the obtained approximate solution closely matches the exact solution . The absolute errors reported in Table 1 are either zero or of the order throughout the computational domain. Compared with the results of Khalid et al. (2023) and Khalid and Naeem (2018), the proposed technique produces substantially smaller errors. While the existing methods yielded errors ranging from to , the present approach maintained near machine-level accuracy. This superior performance indicates that the combination of the variational iteration framework and shifted Chebyshev basis functions effectively captures the solution behavior of high-order differential equations with minimal approximation error. In Example 2, where the exact solution is , the proposed method again demonstrates excellent convergence characteristics. The absolute errors are consistently between and , which are significantly lower than those obtained using the cubic non-polynomial and cubic polynomial spline methods reported by Khalid and Naeem (2018). The cubic polynomial approach, in particular, produced errors of the order , whereas the present method reduced the error magnitude by approximately three orders. This substantial improvement confirms the capability of the shifted Chebyshev polynomial approximation to represent oscillatory solutions accurately while preserving numerical stability. For Example 3, the proposed method was applied to a more complex linear fourteenth-order problem involving lower-order derivative terms and variable coefficients. The resulting approximate solution closely reproduced the exact solution . As shown in Table 3, the absolute errors are either zero or of the order , indicating extremely high precision. Although the Differential Transform Method (DTM) reported slightly smaller errors at certain points, both methods produced highly accurate solutions. However, the proposed approach significantly outperformed the Homotopy Perturbation Method (HPM), whose errors ranged from  to . The results demonstrate that the developed scheme remains highly reliable even when applied to more challenging high-order boundary value problems. Furthermore, the results reveal that the proposed methodology eliminates the need for discretization, perturbation assumptions, or linearization procedures, which are often required in many traditional numerical techniques. By employing the variational iteration correction functional together with an optimally determined Lagrange multiplier, the method achieves accurate solutions with reduced computational complexity. The excellent agreement between the numerical and exact solutions across all examples validates both the accuracy and robustness of the proposed scheme. Overall, the numerical experiments confirm that the Variational Iteration Method coupled with Shifted Chebyshev Polynomials of the Fourth Kind constitutes an efficient, accurate, and reliable computational tool for solving linear fourteenth-order boundary value problems. The consistently low error values and favorable comparison with existing methods in the literature establish the proposed technique as a competitive alternative for handling high-order differential equations encountered in scientific and engineering applications.

4. Conclusion

This study successfully developed an effective numerical scheme for solving linear fourteenth-order boundary value problems by combining the Variational Iteration Method (VIM) with Shifted Chebyshev Polynomials of the Fourth Kind. The proposed approach employed an optimally constructed correction functional and Lagrange multiplier derived through variational theory, thereby reducing computational effort and accelerating convergence. Unlike many conventional numerical techniques, the method does not require discretization, perturbation, or linearization, making it computationally attractive and straightforward to implement. Three benchmark examples were considered to evaluate the performance of the scheme, and the obtained numerical solutions showed excellent agreement with the corresponding exact solutions. The absolute error analysis demonstrated that the proposed method consistently produced highly accurate results, often outperforming existing methods reported in the literature. The rapid convergence of the Chebyshev series expansions further confirmed the suitability of the selected basis functions for high-order differential equations. Consequently, the developed technique is shown to be a reliable, efficient, and accurate tool for handling linear fourteenth-order boundary value problems and has strong potential for extension to more complex higher-order ordinary and partial differential equations arising in science and engineering.
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Figure 1: Graphical compatison of approximate and exact soluion for Example |
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Figure 2: Graphical compatison of approximate and exact sohufion for Example 2
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Figure 3: Graphical compatison of approximate and exact sohuion for Example 3





