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ABSTRACT. Efficient queue management plays an important role in enhancing customer
service delivery and operational efficiency in GCB Bank PLC, Tamale branch. Long cus-
tomer waiting times arising from inadequate teller capacity can adversely affect customer
satisfaction and the overall performance of banking operations. This study evaluated the
performance of an M /M /¢ queueing model and determined the optimal teller capacity for
improving customer service delivery in a GCB Bank PLC, Tamale branch. Specifically, the
study sought to determine the steady-state performance measures of the banking queueing
system, examine the effect of increasing teller capacity through sensitivity analysis, and
determine the optimal teller capacity that minimizes customer waiting while maintaining
efficient utilization of banking resources. The study employed the classical M /M /c queue-
ing model under the assumptions of Poisson customer arrivals, Exponential service times,
First-Come, First-Served (FCFS) service discipline, infinite calling population, unlimited
queue capacity and steady-state operating conditions. An arrival rate of 45 customers per
hour and a service rate of 12 customers per hour per teller were used in the analysis. The
steady-state performance measures comprising traffic intensity, probability of waiting, ex-
pected queue length, average waiting time in the queue, average time spent in the system
and expected number of customers in the system were computed for teller capacities ranging
from eight to twelve. In addition, sensitivity analysis was conducted to evaluate the effect of
increasing teller capacity on the performance of the banking queueing system. The results
revealed that increasing teller capacity from eight to twelve progressively reduced traffic in-
tensity from 0.46875 to 0.31250, the probability of waiting from 0.01473 to 0.00025, and the
expected queue length from 0.01296 to 0.00011 customers. Similarly, the average waiting
time in the queue decreased from 0.00029 hours to 0.0000024 hours, while the average time
spent in the system reduced slightly from 0.08362 hours to 0.08334 hours. Sensitivity analy-
sis further showed that increasing teller capacity substantially improved queue performance,
although the magnitude of improvement decreased as more tellers were added. Additionally,
the data showed that teller idle capacity was continuously increasing, indicating diminishing
gains in service enhancement above a particular staffing level. Ten tellers were found to be
the ideal staffing level for the banking system under the projected arrival and service rates
based on the trade-off between queue performance and teller utilization. According to the
study’s findings, the M /M /c queueing model offers a useful framework for making decisions
on how best to staff tellers and assess the performance of banking services. The results show
that while retaining effective use of banking resources, optimal teller allocation can greatly
minimize customer wait times. The study recommends the adoption of queueing models
in banking operations to support evidence-based staffing decisions and improve customer

service delivery.
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1. INTRODUCTION
Queueing theory is a branch of operations research and applied probability that studies con-
gestion and waiting lines in service systems. It provides mathematical models for analysing

the interaction between customers arriving for service and the service facilities available to
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attend to them. Since its introduction by Agner Krarup Erlang in the early twentieth cen-
tury to analyse telephone traffic congestion, queueing theory has evolved into one of the
most important analytical tools for solving service-related problems in banking, healthcare,
transportation, manufacturing, telecommunication, computer networks and public admin-
istration. The banking industry is one of the major sectors where queueing systems are
frequently encountered. Customers continuously arrive at banking halls seeking different
services including cash withdrawals, deposits, account opening, loan enquiries, cheque pro-
cessing and customer support. Since the number of service personnel (tellers) is limited,
customers often experience delays before receiving service. Long waiting times reduce cus-
tomer satisfaction, lower service quality, increase operational costs and may eventually result
in customer attrition. Modern banking institutions therefore seek efficient mechanisms for
balancing customer waiting time with operational cost. Increasing the number of tellers in-
discriminately reduces waiting time but significantly increases labour and operational costs.
Conversely, reducing the number of servers minimizes operating expenses but leads to longer
queues and customer dissatisfaction. Queueing theory provides a scientific approach for
determining the optimal balance between these competing objectives. Among the various
queueing models developed in the literature, the multi-server Markovian queue, denoted by
the M /M /c model, has gained considerable attention because it closely represents many
banking environments where multiple tellers simultaneously serve customers arriving ran-
domly. The model assumes that customer arrivals follow a Poisson process, service times
follow an exponential distribution, there are c¢ identical servers operating in parallel, the
calling population is infinite and customers are served according to the First-Come-First-
Served (FCFS) discipline. Several empirical studies have demonstrated the usefulness of
queueing models in improving banking operations. Odirichukwu et al. (2014) developed a
queue management system for Nigerian banks using the First-In-First-Out (FIFO) principle
and reported improvements in service organisation and reductions in customer congestion.
Similarly, Afolalu et al. (2019) reviewed the application of queueing theory in banking and
concluded that models such as M/M/1, M/G/1, M/M/c, Artificial Neural Networks and
Erlang formulations have significantly improved productivity and customer service, although
additional improvements remain necessary due to changing banking environments. Recent
empirical studies have increasingly focused on multi-server systems because they better rep-
resent modern commercial banks. Akande et al. (2022) applied the M /M /c queueing model
to Automated Teller Machine (ATM) services and demonstrated that the model effectively
evaluates server utilization, average waiting time, queue length and service efficiency. Their
findings further showed that queueing analysis assists management in determining whether
additional servers are economically justified. In addition to mathematical modelling, techno-

logical advancements have introduced automated queue management systems that improve



UNDER PEER REVI EW

service delivery by electronically managing customer flow, allocating service tokens and moni-
toring service performance. Automated systems provide useful operational data that support
queueing analysis and informed managerial decision-making. Despite these developments,
long customer waiting times remain common in many commercial banks, particularly during
peak operating hours. Consequently, there is a continuing need to develop mathematical
models capable of analysing banking queue performance and recommending optimal service
configurations. This study therefore applies the M /M /¢ queueing model to analyse customer
waiting times in a banking system with the aim of improving service efficiency while minimiz-
ing customer waiting time and operational cost. Kendall (1953) introduced a standardized
notation for describing queueing systems. Kendall’s notation simplified the classification of
queueing models and remains the universally accepted framework for describing arrival pro-
cesses, service distributions, number of servers, queue capacity and service discipline. Over
the past several decades, queueing theory has experienced remarkable growth due to advances
in stochastic processes, probability theory, Markov chains and computer simulation. Accord-
ing to Bolch et al. (2006), advances in computational approaches have enabled researchers
to analyse complex multi-server systems that were previously difficult to solve analytically.
Computer-based queueing analysis now supports decision-making in banks, cloud computing,
telecommunication networks, manufacturing industries, transportation systems and health-
care institutions. Within the banking industry, queueing theory has become an essential tool
for analysing customer flow and improving service efficiency. Banks experience considerable
fluctuations in customer arrivals throughout the working day, often resulting in congestion
during peak periods and idle service capacity during quieter periods. Giambene (2014) ar-
gues that queueing models assist financial institutions in determining the optimal number
of service counters required to minimize waiting time while ensuring efficient utilization of
available tellers. The introduction of electronic banking technologies has changed customer
service delivery but has not eliminated physical queues in banking halls. According to Sztrik
et al. (2021), although internet banking, automated teller machines and mobile banking have
reduced the number of routine transactions conducted inside banking halls, customers still
visit banks for withdrawals, cash deposits, account opening, loan applications and customer
support services. Consequently, queue management remains a major operational concern
for commercial banks. Recent empirical studies continue to demonstrate the usefulness of
queueing theory in improving banking operations. Chakraborty & Honnappa (2022) ap-
plied a multi-server queueing model to evaluate customer waiting time in retail banking and
found that increasing the number of active tellers during peak periods significantly reduced
congestion and improved customer satisfaction. Their findings also showed that queueing
analysis provides managers with objective evidence for service and workforce planning and

optimization. Similarly, Bunyaminu et al. (2023) examined customer waiting behaviour in
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financial institutions and concluded that prolonged waiting time negatively affects customer
satisfaction, loyalty, and organizational performance. The study recommended that banks
regularly evaluate their service systems using queueing models to determine whether existing
service facilities adequately meet customer demand. Although substantial progress has been
made in the development and application of queueing theory, there remains limited empiri-
cal evidence regarding the application of the M /M /c queueing model within the Ghanaian

banking sector.

2. THE M /M /c QUEUEING MODEL

Queueing theory is a branch of applied probability and operations research concerned with
the mathematical analysis of waiting lines or queues. It studies the stochastic behaviour of
customers arriving at a service facility, waiting for service when the service facility is occu-
pied, receiving service, and departing from the system. The theory provides quantitative
methods for analysing congestion, estimating waiting times, determining service capacity
and evaluating the overall performance of service systems. The origin of queueing theory
dates back to the pioneering work of Agner Krarup Erlang in 1909 during his investigation
of congestion in telephone exchanges. Erlang developed probabilistic models that enabled
engineers to determine the number of telephone circuits required to achieve satisfactory
service quality. Since then, queueing theory has become one of the most widely applied
analytical techniques in operations research. According to Shortle et al. (2018), queueing
theory provides mathematical tools for modelling service systems characterized by random
customer arrivals and random service times. The theory enables decision-makers to estimate
important system characteristics such as server utilization, average queue length, customer
waiting time, probability of waiting and system stability. In service-oriented industries, par-
ticularly commercial banking, queueing theory serves as an indispensable decision-support
tool because customer arrivals are generally random while service facilities are limited. Con-
sequently, customers frequently experience waiting before receiving service. Mathematical
analysis of such systems assists managers in determining the optimum number of servers
required to balance customer satisfaction with operational cost. Yeboah (2026) investigated
teller staffing optimization during peak banking hours using the M /M /c queueing model.
The study was motivated by the need to improve customer service delivery while ensuring
the efficient utilization of teller resources during periods of high customer demand. His
work employed the classical M /M /c queueing framework to analyse customer arrival and
service processes and to evaluate the effect of varying teller capacity on queue performance.
The study demonstrated that increasing the number of tellers during peak periods signif-
icantly improved the efficiency of the banking system by reducing customer waiting times

and queue congestion. The findings further highlighted that an appropriate balance between
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service capacity and customer demand is essential for minimizing delays while avoiding the
unnecessary operational costs associated with overstaffing. Little & Graves (2008) intro-
duced the celebrated relationship now known as Little’s Law, establishing that the average
number of customers in a queueing system is equal to the product of the customer arrival
rate and the average time spent within the system. This theorem has become one of the cor-
nerstones of modern queueing analysis because it enables researchers to relate queue length
directly to customer waiting time irrespective of the underlying probability distributions.
Although Little’s contribution provides an essential mathematical foundation for evaluating
queue performance, the theorem itself does not determine the operational policies required

to minimize congestion in practical service systems.

3. METHODOLOGY

This chapter describes the methodology employed in conducting the study. It outlines the
research design, study area, target population, sources of data, data collection procedures,
assumptions underlying the queueing model, mathematical formulation of the M /M /c queue-
ing system, model validation techniques, and methods of data analysis. The methodological
framework adopted in this study was carefully selected to ensure that the research objectives
were achieved systematically and scientifically. The study employs the multi-server Markov-
ian queueing model, denoted by M/M/c, to analyse customer waiting lines in a selected
commercial bank. The model was chosen because banking operations are characterized by
multiple service counters where customers arrive randomly and are attended to by several
tellers simultaneously. Under such circumstances, the M /M /c queueing model provides an
appropriate mathematical framework for evaluating system performance and determining
whether the existing service capacity adequately satisfies customer demand (Shortle et al.,
2018). The methodology integrates both observational data collection and stochastic mod-
elling.

3.1. Data Collection Procedure

The data collection procedure was designed to obtain reliable and comprehensive operational
data required for modelling and evaluating the queueing system at GCB Bank PLC, Tamale
Branch. The procedure focused on collecting accurate information on customer arrivals,
service processes, queue characteristics, and teller operations to facilitate the estimation
of the parameters of the M /M /c queueing model and the computation of its performance
measures. The objectives of the study were explained to the management and assurance was
given that all information collected would be used exclusively for academic purposes. To
maintain confidentiality and comply with ethical standards, no personal information capable

of identifying individual customers was recorded during the study. The study adopted a
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direct observational method of data collection because queueing analysis requires actual
operational data generated during the normal functioning of the service system. Data were
collected continuously over a period of four consecutive weeks, comprising 20 working days
from Monday to Friday during the official banking hours of 8:30 a.m. to 4:00 p.m. The
four-week observation period was selected to ensure that sufficient operational data were
obtained to capture both daily and weekly variations in customer arrival patterns and service
activities. This duration was considered adequate to include both peak and off-peak periods

and to produce representative estimates of the queueing parameters.

3.2. Assumptions of the M /M /c Queueing Model

The performance analysis presented in this study is based on the classical M /M /c queueing

model. The model was adopted under the following assumptions:

(1) Customer arrivals follow a Poisson process with a constant mean arrival rate, denoted
by A customers per hour.

(2) Customer service times are independently and identically distributed according to an
Exponential distribution with a constant mean service rate, denoted by p customers
per hour per teller.

(3) The banking system operates with ¢ identical tellers, each providing service at the
same average rate.

(4) Customers are served on a First-Come, First-Served (FCFS) basis, meaning that
customers are attended to in the order of their arrival.

(5) The calling population is assumed to be infinite, implying that the number of po-
tential customers arriving at the bank is sufficiently large that the arrival process is
unaffected by the number of customers already in the system.

(6) The queue has unlimited waiting space; therefore, all arriving customers are allowed
to join the queue regardless of its length.

(7) Customer arrivals and service times are mutually independent.

(8) No customer leaves the queue before receiving service (no reneging), and customers
do not switch between queues (no jockeying). Furthermore, customers do not decide
against joining the queue upon arrival (no balking).

(9) The system operates under steady-state conditions such that

(3.1) A < cp,
ensuring that the traffic intensity satisfies
A
(3.2) p="1<1.

cp
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This condition guarantees the stability of the queueing system and the existence of

finite queue performance measures.

3.3. Queue Performance Measures

The performance of an M/M/c queueing system is commonly evaluated using a number of
steady-state performance measures. These measures include the probability that the system
is empty, the probability that an arriving customer waits, the expected queue length, the
expected waiting time in the queue, the expected time spent in the system, and the expected
number of customers in the system. These measures are classical results in queueing theory
and have been extensively discussed by (Shortle et al., 2018; Medhi, 2002; Kleinrock, 1975).

3.3.1. Probability of an Empty System

The probability that there are no customers in the system, denoted by F,, is obtained
from the steady-state probabilities of the M /M /c queueing model. Probability of an Empty

System is given as

(3.3) Py =

3.3.2. Erlang-C Probability

The probability that an arriving customer waits for service is the probability that all ¢ tellers

are occupied. This is given as

[

a
3.4 P(wait) = ———F,.
( ) (Wal ) C'(l _p) 0
3.3.3. Fxpected Queue Length
The expected queue length is given as

I Fo <%L> P
3.5 -\

3.3.4. Ezpected Number of Customers in the System

The total number of customers in the banking system consists of

e customers waiting.

e customers currently receiving service.
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The average number receiving service equals

A
(3.6) o

because every arriving customer eventually receives service. Therefore,
A

(3.7) L=L,+—.
1

gives the expected number of customers inside the banking system.

3.3.5. Average Waiting Time in the Queue

The average waiting time in the queue is given as

Lq

which represents the average time a customer spends waiting before receiving service.

3.3.6. Average Time Spent in the System

Each customer spends

1
(3.9) -
L
time receiving service after waiting.
Therefore,
1
(3.10) W=W,+ —
1

represents the expected time a customer remains in the banking system.

3.3.7. Average Number of Busy Tellers

The expected number of busy tellers equals

A
3.11 —.
(3.11) .
Consequently, the expected number of idle tellers is
A
(3.12) c— 2.
i

These measures enable management to determine whether existing teller resources are under-

utilized or over-utilized.
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3.3.8. Server Utilization

Server utilization measures the proportion of available service capacity that is being used.
It is defined as

A
3.13 = —.
(3.13) =
The utilization satisfies
(3.14) 0<p<l.
Three operational situations may arise.
(1) If
(3.15) p=1,
the tellers operate close to full capacity and congestion is likely.
(2) If
(3.16) p>1,
customer arrivals exceed service capacity and the queue grows indefinitely.
(3) If
(3.17) p<1,

the tellers remain idle for substantial periods, indicating excess service capacity.

Hence, server utilization provides an important managerial indicator for determining whether

additional tellers should be employed or whether existing resources are excessive.
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DATA PRESENTATION AND ANALYSIS

4.1. Introduction

This chapter presents the analysis of the banking queueing system using the multi-server
Markovian queueing model (M/M/c). The customer arrival process and service mechanism
established in Chapter Three are employed to evaluate the operational performance of the
banking system. The principal objective is to determine the effect of increasing teller capacity
on customer waiting time and other important queueing performance measures. To illustrate
the impact of increasing service capacity, two operational scenarios are investigated. The
first scenario represents the existing banking system with eight active tellers, while the
second scenario considers an improved service configuration consisting of twelve tellers. The
customer arrival rate and service rate are assumed to remain unchanged in both scenarios so
that any observed improvement in system performance is solely attributable to the increase

in teller capacity.

4.2. Estimation of performance measures for different tellers capacity
4.2.1. Traffic Intensity for the 8 to 12 tellers capacity

The traffic intensity is given by

(4.1) p= i,

where

(4.2) A = 45 customers/hour

and

(4.3) i = 12 customers/hour per teller.

The traffic intensity is computed for different numbers of tellers while keeping the arrival
and service rates constant.
With ¢ = 8 tellers and by equation (4.1), we have

45 45
4.4 = =— =04 .
(44) P= g1z gp AT
With ¢ = 9 tellers and by equation (4.1), we have

45 45
4.5 = = — = (0.41667.
(45) P=9x12 " 108
With ¢ = 10 tellers and by equation (4.1), we have

45 45
(4.6) P = =2 — 0.37500.

T10x12 120
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With ¢ = 11 tellers and by equation (4.1), we have

45 45
4. = = — = (0.34091.
(4.7) P =Tz 132 00
With ¢ = 12 tellers and by equation (4.1), we have

45 45
4. = = — = 0.31250.
(4.8) P=Toxiz  1aa A

The results indicate that traffic intensity decreases steadily as the number of tellers increases
from 8 to 12. Specifically, server utilization decreases from 46.88% when eight tellers are
available to 31.25% when twelve tellers are available. This reduction implies that the work-
load is distributed among more tellers, thereby reducing congestion and providing additional
service capacity. Consequently, customers are expected to experience shorter waiting times,
lower queue lengths, and improved service efficiency as teller capacity increases.

4.3. Performance measures for the 8 tellers capacity

For the banking system with eight tellers,

c =38, A = 45 customers/hour, p = 12 customers/hour per teller.

From Equation (4.1),

A 45

4.9 =— = = 0.46875.
(4.9) P cp 8 x 12
Also,
A 45
(4.10) a=— = — = 3.7500.
w12

4.3.1. Probability of an Empty System (Pp)

The probability that there are no customers in the system is an equation (3.3). Substituting

the values,

7 -1

3.7500" 3.7500°
Py =
b=t R1(1 — 0.46875)

(4.11)

Expanding the summation,

—1

(4.12) Py = [14 37500 3.75002 n 3.75003 N 3.7500% n 3.7500° N 3.7500° N 3.75007 n 3.7500%
' 0~ 1 21 3! 41 51 6! 7! 81(0.53125)
Evaluating,
4.13 Py = ——=— = 0.02477.
(4.13) 40.37090
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4.3.2. Probability that an Arriving Customer Waits (P(wait))

The Erlang-C probability is given by equation (3.4). Substituting the values, we have

3.75008
414 Plwait) = — 20 (0.02477).
(4.14) (wait) 8!(0.53125)( )
Therefore,
(4.15) P(wait) = 0.01473.

4.3.3. Expected Queue Length (L)

The expected queue length is given as equation (3.5). Substituting the values, we have

(0.02477)(3.7500)5(0.46875)

(4.16) ba = 81(0.53125)?2
Hence,

(4.17) L, = 0.01296.
Therefore,

(4.18) L, = 0.01296 customers.

4.3.4. Average Waiting Time in Queue (W)

By equation (3.8), we have

0.01296
(4.19) W, = YT
Converting into minutes,
(4.20) W, = 0.00029 x 60 = 0.01728 minutes.
Converting into seconds,
(4.21) W, = 0.01728 x 60 = 1.03680 seconds.
Therefore,
(4.22) W, = 1.03680 seconds

4.3.5. Average Time in the System (W)

The average time spent in the system is given by equation (3.10). Since

1 1
(4.23) — = — = 0.08333 hours,
w12
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then
(4.24) W = 0.00029 + 0.08333 = 0.08362 hours.

Converting into minutes,

(4.25) W =0.08362 x 60 = 5.01720 minutes.
Therefore,
(4.26) W = 5.01720 minutes.

4.3.6. Ezpected Number of Customers in the System (L)

The expected number of customers in the system is given by equation (3.7). Substituting

the parameters into equation, we have

(4.27) L = 0.01296 + %.
(4.28) L = 0.01296 + 3.75000
Therefore,

(4.29) L = 3.76296 customers.

The results indicate that when the banking system operates with eight tellers, the probability
that an arriving customer waits is only 0.01473, while the expected queue length is 0.01296
customers. On average, a customer waits approximately 1.03680 seconds before service
begins and spends about 5.01720 minutes in the system, including service time. The expected
number of customers in the system is approximately 3.76296, demonstrating that the banking

system operates efficiently under the given arrival and service rates.

4.4. Performance measures for 9 tellers capacity
For the banking system with nine tellers,
c=29, A = 45 customers/hour, i = 12 customers/hour per teller.

From Equation (4.1),

A 45
4.30 =— = = 0.41667.
(4.30) Pl T 9x 12
Also,
A 45
(4.31) a=2=—2=3.7500.
w12
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4.4.1. Probability of an Empty System (Py)

The probability that there are no customers in the system is an equation (3.3). Substituting
the values,

28: 3.7500" 3.7500?

4.32 Py =
(4.32) 0 al T OI(1— 0.41667)

n=0
Expanding the summation, we have

3.7500  3.7500%2  3.7500%  3.7500*  3.7500° 3.7500%  3.75007  3.75008 3.7500° 17!

(4.33) Po:[1+ T T T TR = E = R - R =T +9!(0.58333)
Evaluating,
(4.34) 0= 2056797

4.4.2. Probability that an Arriving Customer Waits (P(wait))

The Erlang-C probability is given by equation (3.4). Substituting the values, we have.
Substituting the values, we have

3.757

4.35 P(wait) = ——12__(0.02465).
(4:35) (wait) = 510 58333) )
Therefore,

(4.36) P(wait) = 0.00514.

4.4.3. Expected Queue Length (L,)

The expected queue length is given by equation (3.5). Substituting the values, we have
(0.02465)(3.75000)%(0.41667)

(4:87) ba = 91(0.58333)2
Hence,

(4.38) L, = 0.00367.
Therefore,

(4.39) L, =0.00367 customers.

4.4.4. Average Waiting Time in Queue (W,)

By equation (3.8), we have

~0.00367

4.4 W,
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Thus,

(4.41) W, = 0'02567 = 0.00008 hours.
Converting into minutes,

(4.42) W, = 0.00008 x 60 = 0.00489 minutes.
Converting into seconds,

(4.43) W, = 0.00489 x 60 = 0.29333 seconds.
Therefore,

(4.44) W, = 0.29333 seconds.

4.4.5. Average Time in the System (W)

The average time spent in the system is given by equation (3.10). We have,
1 1

(4.45) " =13 0.08333 hours,

then

(4.46) W = 0.00008 + 0.08333 = 0.08341 hours.
Converting into minutes,

(4.47) W = 0.08341 x 60 = 5.00489 minutes.
Therefore,

(4.48) W = 5.00489 minutes.

4.4.6. Ezxpected Number of Customers in the System (L)

The expected number of customers in the system is given by equation (3.7). Substituting

the values into the equation, we have
45

(4.49) L = 0.00367 + .
(4.50) L = 0.00367 + 3.75000 = 3.75367.

Therefore,

(4.51) L = 3.75367 customers.



UNDER PEER REVI EW

The results indicate that increasing the number of tellers from eight to nine reduces the
probability that an arriving customer waits from 0.01473 to 0.00514. Similarly, the expected
queue length decreases to 0.00367 customers, while the average waiting time in the queue
reduces to approximately 0.29333 seconds. The average time spent in the system is approx-
imately 5.00489 minutes, and the expected number of customers in the system decreases to
3.75367 customers. These results demonstrate that increasing teller capacity enhances the

efficiency of the banking system by reducing congestion and improving service delivery.

4.5. Performance measures for 10 tellers capacity
For the banking system with ten tellers,
c =10, A = 45 customers/hour, p = 12 customers/hour per teller.

From Equation (4.1), we have

A 45
4.52 =— = =0. .
(4.52) p o 10 % 12 0.37500
Also,
A 45
4. =—-—=—=3. :
(4.53) a PRRT 3.7500

4.5.1. Probability of an Empty System (Py)

The probability that there are no customers in the system is an equation (3.3). Substituting

the values,

9 -1

Z 3.7500™ 3.75001°

4.54 P
(4.54) 0 nl T 101(1 = 0.37500)

Expanding the summation,

(4.55)

Py = |14 37300 3.75002 N 3.7500% N 3.7500% N 3.7500° N 3.75006 N 3.75007 N 3.75008 N 3.7500° N 3.750010 17"
0~ 1 2! 3! 4! 5! 6! 7! 8! 9! 10!(0.62500)
Evaluating,

(4.56) Py = 0.02459.

~ 10.66816

4.5.2. Probability that an Arriving Customer Waits (P(wait))

The Erlang-C probability is given by equation (3.4). Substituting the values, we have.

Substituting the values, we have

(4.57) Plwait) = — 50 (0.02450)
‘ ~10!(0.62500) '



UNDER PEER REVI EW

Therefore,

(4.58) P(wait) = 0.00185.

4.5.3. Expected Queue Length (L,)

The expected queue length is given as equation (3.5). Substituting the values, we have

(0.02459)(3.7519)(0.37500)

(4.59) ba= 101(0.62500)?
Hence,

(4.60) L, = 0.00111.
Therefore,

(4.61) L, =0.00111 customers.

4.5.4. Average Waiting Time in Queue (W)

By equation (3.8), we have

0.00111
4.62 =
Thus,
.00111
(4.63) W, = 0 025 = 0.00002 hours.

Converting into minutes,
(4.64) W, = 0.00002 x 60 = 0.00148 minutes.

Converting into seconds,

(4.65) W, = 0.00148 x 60 = 0.08880 seconds.
Therefore,
(4.66) W, = 0.08880 seconds.

4.5.5. Average Time in the System (W)

The average time spent in the system is given as equation (3.10). Since

1 1
(4.67) = 13 = 0:08333 hours,

then

(4.68) W = 0.00002 + 0.08333 = 0.08336 hours.
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Converting into minutes,

(4.69) W =0.08336 x 60 = 5.00148 minutes.
Therefore,
(4.70) W = 5.00148 minutes.

4.5.6. Ezxpected Number of Customers in the System (L)

The expected number of customers in the system is given by equation (3.7). Substituting

the values, we have

(4.71) L =0.00111 + %
(4.72) L = 0.00111 + 3.75000
Therefore,

(4.73) L = 3.75111 customers.

The results indicate that increasing the teller capacity from nine to ten further improves
the performance of the banking system. The probability that an arriving customer waits
decreases to 0.00185, while the expected queue length reduces to only 0.00111 customers.
Consequently, the average waiting time in the queue falls to approximately 0.08880 seconds,
and the average time spent in the system is about 5.00148 minutes. The expected number
of customers in the system also decreases to 3.75111 customers, confirming that increasing

teller capacity continues to reduce congestion and enhance service efficiency.

4.6. Performance measures for the 11 Tellers

For the banking system with eleven tellers,
c=11, A = 45 customers/hour, i = 12 customers/hour per teller.

From Equation (4.1),

= 0.34091.

4.74 _ A
(4.74) P T 1 x 12

Also,

A
(4.75) a =2 =g = 3750
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4.6.1. Probability of an Empty System (Pp)

The probability that there are no customers in the system is an equation (3.3). Substituting

the values,

10 -1

3.75" 3.75M
2

4. Py =
(4.76) 0 o 11!(1 — 0.34091)

n=»

Expanding the summation, we have

3.7500  3.7500%2  3.7500° 3.75004+3.75005 3.75006  3.75007  3.75008  3.7500°  3.750010 3750011 17!
1! 2! 3l 4 51 6! 7! 8! 9! 10! 11!(0.65909)

P0:[1+

(4.77)

Evaluating, we have

(4.78) Py = 0.02453.

~ 40.76664

4.6.2. Probability that an Arriving Customer Waits (P(wait) )

The Erlang-C probability is given by equation (3.4). Substituting the values, we have.
Substituting the values, we have

(4.79) Plwait) = — 50 (0.02453)

. wal = — (U, .
111(0.65909)

Therefore,

(4.80) P(wait) = 0.00068.

4.6.3. Expected Queue Length (L,)

The expected queue length by equation (3.5). Substituting the values, we have
(0.02453)(3.7511)(0.34001)

4.81 L,=

(481) I 111(0.65909)2
Therefore,

(4.82) L, = 0.00035 customers.

4.6.4. Average Waiting Time in Queue (W,)

By equation (3.8), we have

~0.00035

4. W,
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Thus,

(4.84) W, = 0'02235 = 0.00001 hours.
Converting into minutes,

(4.85) W, = 0.00001 x 60 = 0.00047 minutes.
Converting into seconds,

(4.86) W, = 0.00047 x 60 = 0.02800 seconds.
Therefore,

(4.87) W, = 0.02800 seconds.

4.6.5. Average Time in the System (W)

The average time spent in the system is given by equation (3.10). Since

1 1
(4.88) — = — = 0.08333 hours,
w12
then
(4.89) W = 0.00001 + 0.08333 = 0.08334 hours.
Converting into minutes,
(4.90) W = 0.08334 x 60 = 5.00047 minutes.
Therefore,
(4.91) W = 5.00047 minutes.

4.6.6. Ezpected Number of Customers in the System (L)

The expected number of customers in the system is given by equation (3.7). Substituting

the values, we have

45
(4.92) L = 0.00035 + 2
(4.93) L = 0.00035 + 3.75000
Therefore,

(4.94) L = 3.75035 customers.
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The results indicate that increasing the teller capacity from ten to eleven further improves
the performance of the banking system. The probability that an arriving customer waits
decreases to 0.00068, while the expected queue length reduces to only 0.00035 customers.
Consequently, the average waiting time in the queue is approximately 0.02800 seconds, and
the average time spent in the system is about 5.00047 minutes. The expected number of
customers in the system decreases to 3.75035 customers, demonstrating that the addition of
an eleventh teller further minimizes queue congestion and enhances the efficiency of service
delivery.

4.7. Performance measures for 12 tellers
For the banking system with twelve tellers,
c=12, A = 45 customers/hour, i = 12 customers/hour per teller.

From Equation (4.1),

A 45
4. =— = = 0.31250.
(4.95) p o T 12x 12 0.31250
Also,
A 45
4. =—=—=3. :
(4.96) a PRRRT 3.7500

4.7.1. Probability of an Empty System (Py)

The probability that there are no customers in the system is an equation (3.3). Substituting

the values,
" 3.75m 3.7512 -
4.97 Py = ' + '
(4.97) 2 nl ' 121(1 - 0.31250)
n=0
Expanding the summation, p - |1 o am o aner | om s ame s oo oty as ] ()
Evaluating, we have
(4.99) Py = 0.02450.

= 40.81557

4.7.2. Probability that an Arriving Customer Waits (P(wait))

The Erlang-C probability is given by equation (3.4). Substituting the values, we have.
Substituting the values, we have

(4.100) Plwait) = — 50 (0.02450)
. wal = — . .
121(0.68750)
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Therefore,

(4.101) P(wait) = 0.00025.

4.7.3. Expected Queue Length (L)

The expected queue length is given as equation (3.5). Substituting the values, we have

(0.02450)(3.75'2)(0.31250)

(4.102) Ly = 121(0.68750)2
Hence,

(4.103) L, = 0.00011.
Therefore,

(4.104) L, =0.00011 customers.

4.74. Average Waiting Time in Queue (W)

By equation (3.8), we have

0.00011
4.105 W, =
Thus,
0.00011
(4.106) W, = =z = 0.00000 houss.

Using more decimal places,

(4.107) W, = 0.00000244 hours.
Converting into minutes,

(4.108) W, = 0.00000244 x 60 = 0.00015 minutes.
Converting into seconds,

(4.109) W, = 0.00015 x 60 = 0.00880 seconds.
Therefore,

(4.110) W, = 0.00880 seconds.
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4.7.5. Average Time in the System (W)

The average time spent in the system is given as equation (3.10). Since

(4.111) % = 1—12 = 0.08333 hours,

then

(4.112) W = 0.00000244 + 0.08333 = 0.08334 hours.
Converting into minutes,

(4.113) W = 0.08334 x 60 = 5.00015 minutes.
Therefore,

(4.114) W = 5.00015 minutes.

4.7.6. Ezpected Number of Customers in the System (L)

The expected number of customers in the system is given as equation (3.7). Substituting
the values, we have

45
(4.115) L =0.00011+ 7.
(4.116) L = 0.00011 + 3.75000.
Therefore,
(4.117) L = 3.75011 customers.

The results indicate that increasing the teller capacity from eleven to twelve further improves
the performance of the banking system. The probability that an arriving customer waits
decreases to 0.00025, while the expected queue length reduces to only 0.00011 customers.
Consequently, the average waiting time in the queue is approximately 0.00880 seconds, and
the average time spent in the system is about 5.00015 minutes. The expected number
of customers in the system decreases to 3.75011 customers. These findings demonstrate
that increasing the teller capacity from eight to twelve progressively minimizes congestion,
virtually eliminates customer waiting, and significantly enhances the overall efficiency of the

banking service system.
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4.8. Graphical Representations of the Various Performance Measure

Traffic Intensity versus Number of Tellers

0.48 | | ‘ R
—o— Traffic Intensity
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3
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=
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FicUure 1. Traffic intensity for different teller capacities.
102 Probability of Waiting versus Number of Tellers
1.6 f T T =
—a— Probability of Waiting
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E
Ry |

| | | ]

8 9 10 11 12
Number of Tellers (c)

FI1GURE 2. Probability that an arriving customer waits.
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1072

Expected Queue Length versus Number of Tellers
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F1GURE 3. Expected queue length for different teller capacities.
Average Waiting Time versus Number of Tellers
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FIGURE 4. Average customer waiting time in the queue.
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Average Time in the System versus Number of Tellers
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FIGURE 5. Average time spent in the system for different teller capacities.

Expected Number of Customers in the System versus Number of Tellers
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FIGURE 6. Expected number of customers in the banking system.
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4.9. Sensitivity Analysis

Sensitivity analysis was conducted to investigate the effect of increasing the number of tellers
on the performance of the banking queueing system. During the analysis, the arrival rate

and service rate were held constant at
A = 45 customers/hour

and

p = 12 customers/hour per teller,

respectively, while the number of tellers was increased from eight to twelve. The objective
was to determine how changes in teller capacity influence the traffic intensity, probability of
waiting, expected queue length, average waiting time, average time spent in the system, and
the expected number of customers in the system.

4.9.1. Sensitivity Analysis of Traffic Intensity

This subsection presents the traffic intensity for different teller capacities together with the
percentage reduction relative to the preceding teller configuration. The percentage reduction

in traffic intensity was computed using

(4.118) %p = Lo " Prew o,
Pold

For example, when the number of tellers increased from eight to nine,

0.46875 — 0.41667
411 Ap = 100 = 11.11%.
(4.119) HAp 0.46875 x 100 %

Similarly,
0.41667 — 0.37500

4.12 100 = 10.
(4.120) e 100 = 10.00%,
0.37500 — 0.34091
4121 100 = 9.
(4.121) 03ms00 100 =9.09%,
and
34091 — 0.312
(4.122) 034091 = 0.31250 9 — §.33%.

0.34091
Furthermore, comparing the initial and final configurations,

0.46875 — 0.31250
412 100 = 33.33%.
(4.123) i x 100 = 33.33%
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TABLE 1. Sensitivity analysis of traffic intensity

Number of Tellers (¢) Traffic Intensity (p) Percentage Reduction (%)

8 0.46875 -

9 0.41667 11.11
10 0.37500 10.00
11 0.34091 9.09
12 0.31250 8.33

The results indicate that increasing the teller capacity from eight to twelve reduced the traf-
fic intensity by an overall 33.33%. This decrease signifies that the workload assigned to each
teller becomes progressively smaller as more tellers are introduced into the system. Conse-
quently, the utilization of each teller decreases, thereby reducing congestion and improving
the ability of the bank to accommodate incoming customers without excessive delays. The
relationship between traffic intensity and teller capacity is illustrated in Figure 1. The graph
shows a monotonic downward trend, confirming that increasing the number of tellers consis-
tently lowers the traffic intensity of the banking queueing system. This behaviour agrees with
queueing theory, which predicts that increasing service capacity while keeping the arrival rate

constant leads to lower server utilization and improved system performance.

4.9.2. Sensitivity Analysis of the Probability of Waiting

The probability that an arriving customer waits before receiving service is one of the most
important indicators of service quality in a banking system. A high probability of waiting
implies that customers are likely to experience delays, whereas a low probability indicates
that customers are served almost immediately upon arrival. The percentage reduction is
computed using

Po - Pnew
(4.124) %AP(wait) = 29— 10,

old

For example,

0.01473 — 0.00514
4.12 100 = 65.11%.
( 5) 001473 x 100 = 65.11%

Similarly,

0.00514 — 0.00185

4.12
( 6) 0.00514

x 100 = 64.01%,

0.00185 — 0.00068

4.12
(4.127) 0.00185

x 100 = 63.24%,

and
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0.00068 — 0.00025

(4.128) 0.00068 x 100 = 63.24%.
Overall,
0.01473 — 0.00025
(4.129) x 100 = 98.30%.

0.01473
Table 2 presents the probability of waiting for different teller capacities together with the

corresponding percentage reduction.

TABLE 2. Sensitivity analysis of the probability of waiting

Number of Tellers (¢) Probability of Waiting Percentage Reduction (%)

8 0.01473 -

9 0.00514 65.11
10 0.00185 64.01
11 0.00068 63.24
12 0.00025 63.24

The results demonstrate that increasing the number of tellers from eight to twelve reduces
the probability that an arriving customer waits by approximately 98.30%. This substan-
tial reduction indicates that the banking system becomes increasingly capable of serving
customers immediately upon arrival. Consequently, customer congestion is significantly re-
duced, resulting in improved service quality and enhanced customer satisfaction. Figure 2
illustrates this behaviour. The graph exhibits a sharp downward trend, indicating that even
a small increase in teller capacity leads to a considerable reduction in the probability of
waiting. This finding supports the conclusion that expanding service capacity is an effective

strategy for minimizing customer delays in the banking hall.

4.9.3. Sensitivity Analysis of Teller Utilization

The utilization of the banking service facility is measured by the traffic intensity, p, which
represents the proportion of time that each teller is busy serving customers. Consequently,

the proportion of idle teller capacity is given by
(4.130) Idle Capacity = 1 — p.

Using the computed traffic intensity values, the idle capacity for each teller configuration

was determined. The percentage increase in idle capacity is computed as

[neW - [0
(4.131) %A = I—ld x 100,
old
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where [ =1 — p.
For example, increasing the number of tellers from eight to nine gives
0.58333 — 0.53125

4.132 100 = 9.80%.
(4.132) o X 100 = 9.80%
Similarly,

0.62500 — 0.58333
4.1 100 = 7.14
(4.133) O5sazg < 100 = T14%,

0.65909 — 0.62500
4.134 100 = 5.4
(4.134) 062500 < 100 = 545%,
and

0.68750 — 0.65909
4.1 100 = 4.31%.
(4.135) 005000 ¢ 100=4.31%
Overall,

0.68750 — 0.53125
41 100 = 29.41%.
(4.136) 05aios 100 =2941%
Table 3.

TABLE 3. Sensitivity analysis of teller idle capacity

Number of Tellers (¢) Idle Capacity (1 — p) Percentage Increase (%)

8 0.53125 -

9 0.58333 9.80
10 0.62500 7.14
11 0.65909 5.45

12 0.68750 4.31
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Idle Capacity versus Number of Tellers
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FIGURE 7. Variation of idle teller capacity with the number of tellers.

The results indicate that increasing the number of tellers from eight to twelve increases the
available idle capacity by approximately 29.41%. This implies that the workload assigned
to each teller decreases steadily as additional tellers are introduced. Although a higher idle
capacity reduces customer waiting time and queue length, excessively high idle capacity may
result in underutilization of personnel and increased operating costs. Figure 7 illustrates the
relationship between teller capacity and idle capacity. The graph shows a steady upward
trend, indicating that additional tellers provide more spare service capacity, thereby reducing
the likelihood of congestion within the banking system. It also suggests that a greater
proportion of teller time is unused. Therefore, while increasing the number of tellers improves
customer service, excessive idle capacity may lead to underutilization of personnel and higher
operating costs. This observation reinforces the need to determine an optimal teller capacity

that balances service efficiency with resource utilization.

4.9.4. Comparative Sensitivity Analysis of Queue Performance Measures

The sensitivity analysis presented in the preceding sections demonstrates the effect of in-
creasing the number of tellers on each queue performance measure. For ease of comparison,
Table 4 summarizes all the computed performance measures for teller capacities ranging

from eight to twelve.
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TABLE 4. Comparison of queue performance measures under different teller
capacities

p P(wait) L, W, (sec) W (min) L
0.46875 0.01473 0.01296 1.03680 5.01720 3.76296
9 0.41667 0.00514 0.00367 0.29333 5.00489 3.75367
10 0.37500 0.00185 0.00111 0.08880 5.00148 3.75111
11 0.34091 0.00068 0.00035 0.02800  5.00047 3.75035
12 0.31250 0.00025 0.00011 0.00880 5.00015 3.75011

Table 4 shows that increasing the number of tellers consistently improves every performance
measure. The traffic intensity decreases steadily from 0.46875 to 0.31250, indicating that the
workload on each teller reduces as additional tellers are employed. Similarly, the probability
that an arriving customer waits decreases by more than 98%, while the expected queue
length and the average waiting time in the queue both reduce by approximately 99%. These
results demonstrate that increasing service capacity has a substantial impact on eliminating
customer congestion. In contrast, the average time spent in the system and the expected
number of customers in the system exhibit relatively small reductions. This behaviour is
expected because these two measures are dominated by the service component, which remains
constant throughout the analysis. As the queue becomes progressively smaller, the total time
spent in the system approaches the mean service time of five minutes, while the expected

number of customers in the system approaches the theoretical value
(4.137) A = 5 = 3.7500.
no 12

Furthermore, the improvements obtained from increasing the teller capacity become progres-
sively smaller beyond ten tellers. For example, increasing the number of tellers from ten to
eleven reduces the average waiting time by only 0.06080 seconds, while increasing the ca-
pacity from eleven to twelve yields an additional reduction of only 0.01920 seconds. Similar
diminishing improvements are observed for the probability of waiting and the expected queue
length. Therefore, although increasing the number of tellers continuously improves system
performance, the marginal benefits decrease after ten tellers. This suggests that operating
the banking system with ten or eleven tellers provides a practical balance between customer
service efficiency and resource utilization, whereas increasing the teller capacity beyond this

level yields only minimal operational improvements.

4.10. Optimal Teller Capacity Analysis

The primary objective of this study was to determine the effect of increasing the number of

tellers on the performance of the banking queueing system. Although the preceding sections
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established that all queue performance measures improve as additional tellers are employed,
an important managerial question remains ”What is the optimal number of tellers required
to achieve efficient service delivery without introducing unnecessary excess capacity?” To
answer this question, the improvements in each queue performance measure were examined
as the teller capacity increased from eight to twelve. The analysis focused on the marginal

improvement obtained by adding one additional teller at a time.

4.11. Marginal Improvement in Queue Performance

Table 5 summarizes the percentage reduction in the principal queue performance measures

resulting from each additional teller.

TABLE 5. Marginal improvement in queue performance measures

Increase in Tellers Reduction in P(wait) (%) Reduction in L, (%) Reduction in W, (%)

8 —=9 65.11 71.68 71.71
9 — 10 64.01 69.75 69.72
10 — 11 63.24 68.47 68.47
11 — 12 63.24 68.57 68.57

Table 5 indicates that increasing teller capacity produces substantial reductions in customer
waiting and queue congestion. However, the magnitude of these improvements becomes pro-
gressively smaller as more tellers are added. The most noticeable improvements occur when
the number of tellers is increased from eight to ten. Beyond ten tellers, the reductions in
queue length and waiting time become comparatively small because the system is already op-
erating under very light congestion. This behaviour is characteristic of the law of diminishing
marginal returns in queueing systems. Initially, adding tellers produces substantial reduc-
tions in queue congestion because service capacity increases faster than customer demand.
After the queue has been virtually eliminated, additional tellers contribute only marginal

improvements since most arriving customers are already receiving immediate service.

4.12. Evaluation of System Performance

The queue performance measures obtained for each teller capacity are summarized in Table 4.
Several important observations can be made. First, the traffic intensity decreases steadily
from 0.46875 when eight tellers are employed to 0.31250 when twelve tellers are employed,
indicating a continuous reduction in teller workload. sSecondly, the probability that an
arriving customer waits decreases dramatically from 0.01473 to 0.00025, representing an
overall reduction exceeding 98%. Similarly, the expected queue length decreases from 0.01296

customers to 0.00011 customers, while the average waiting time decreases from 1.03680
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seconds to 0.00880 seconds. In contrast, the average time spent in the system changes only
slightly, decreasing from 5.01720 minutes to 5.00015 minutes. Likewise, the expected number

of customers in the system approaches

A 45
(4.138) — = — = 3.7500,

w12
which represents customers receiving service rather than waiting in the queue. These obser-
vations indicate that once waiting is almost completely eliminated, additional tellers have

little influence on the remaining performance measures.

4.13. Determination of the Optimal Number of Tellers

From the foregoing analysis, employing eight tellers results in noticeable customer waiting,
although the banking system remains stable. Increasing the teller capacity to nine produces
a substantial improvement in all queue performance measures. A further increase to ten
tellers reduces the probability of waiting to less than 0.002, while the average waiting time
falls below 0.1 seconds. At this stage, customer waiting has become practically negligible.
Although increasing the teller capacity to eleven and twelve continues to improve the perfor-
mance measures, the improvements are relatively small when compared with the additional
staffing requirement. Therefore, from an operational perspective, employing more than ten
tellers produces only marginal improvements in customer waiting while increasing the num-
ber of service facilities. Consequently, ten tellers may be regarded as the optimal operating
point for the banking system because it provides an excellent balance between service effi-
ciency and teller utilization. Where the bank anticipates exceptionally high customer arrivals
during peak business periods, increasing the teller capacity to eleven may provide additional

operational flexibility with only a modest increase in staffing.

4.14. Summary of Findings

Based on the queueing analysis performed in this chapter, the following conclusions are

drawn:

(1) Increasing teller capacity consistently improves all queue performance measures.

(2) The probability of customer waiting, expected queue length and average waiting time
decrease rapidly as additional tellers are introduced.

(3) The average time spent in the system and the expected number of customers in the
system approach constant values because the service time remains fixed.

(4) The greatest operational improvements occur when teller capacity is increased from

eight to ten.
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(5) Beyond ten tellers, the banking system experiences diminishing marginal improve-
ments in performance.

(6) Based on the mathematical analysis of all queue performance measures, ten tellers
provide the most efficient balance between customer service and resource utilization

under the assumed arrival and service rates.

The findings of this chapter therefore provide quantitative evidence that increasing teller
capacity substantially improves the efficiency of banking operations while demonstrating

that the benefits obtained from additional tellers eventually diminish.

5. CONCLUSION

The application of the M/M/c¢ queueing model has demonstrated its important in eval-
uating customer service performance and supporting operational decision making in retail
banking. The calculated steady-state performance measures showed that the banking system
operates efficiently under the assumed arrival and service conditions. Increasing teller ca-
pacity significantly improves customer service by reducing the probability of waiting, queue
length and average waiting time. The sensitivity analysis further established that although
additional tellers improve queue performance, the corresponding benefits diminish as teller
capacity increases. Beyond ten tellers, only negligible improvements in queue performance
were observed, whereas teller idle capacity increased steadily. This indicates that simply
increasing the number of tellers does not always result in proportional improvements in
operational efficiency. The study therefore concludes that an optimal balance between cus-
tomer service quality and efficient resource utilization is achieved with ten tellers under the
estimated arrival and service rates. The M /M /c queueing model therefore serves as an ef-
fective decision support tool for determining appropriate teller staffing levels and improving

customer service delivery in retail banking.

6. LIMITATIONS OF THE STUDY

This study was deliberately limited to the application of the classical M/M/c queueing
model for evaluating customer service performance in GCB Bank PL.C, Tamale branch. The
study focused exclusively on a multi-server queueing system in which customers are served by
multiple tellers operating under the First-Come, First-Served (FCFS) queue discipline. The
analysis was restricted to the determination of the steady-state queue performance measures,
namely traffic intensity (p), probability of waiting (P(wait)), expected queue length (L,),
average waiting time in the queue (W), average time spent in the system (IV), and the

expected number of customers in the system (L).
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