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Some results on Generalized Fractional Calculus Operators
Associated with the Product of the general class of
Polynomials and extended Mittag-Leffler type Function

Abstract

The main objective of this paper is to evaluate four image formulas using generalized fractional
calculus operators, specifically covering both fractional integration and fractional differentiation
operators. In this study, these operators are applied to the product of the general class of
polynomials (also known as Srivastava polynomials) and the extended Mittag-Leffler type
function. The analytical results derived in this work are explicitly expressed in terms of the
generalized Wright hypergeometric function. Because of the general nature and flexibility of the
extended Mittag-Leffler function, the general class of polynomials, and the Wright
hypergeometric function, many existing formulas in the literature as well as several new results
can be easily obtained as special cases of our main findings. The theoretical framework
established here provides useful tools for applications in fractional differential equations, applied
mathematics, and mathematical physics.

Keywords and phrases: Generalized fractional calculus operators, extended Mittag-Leffler type
function, generalized Wright hypergeometric function, Srivastava polynomials and special
functions.
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1 Introduction
In 1903, the Swedish mathematician Gosta Mittag-Leffler [14] studied the function E, (z) and

defined as

o0

Eﬂ(z)=§ﬁ,(y,ze€,‘ﬁ(y)>0), (1.1)

the Mittag-Leffler function (1.1) is a generalization of exp(z) for u=1.
A generalization of the function £, (z) was introduced by Wiman [30] and expressed as
0 Zr
E (z)=) — . (1,0,ze C,R(u)>0,R(v)>0). 1.2
I L (4)>0.(v)>0) (12

Further, in 1971 the new generalization of Mittag-Leffler function was studied by Prabhakar [17]
in terms of the sereis representation as
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E. (z)= Z—F(ﬂrw)r‘ , (1,0,4,2€ C,R(1)>0,R(0)>0,R(4)>0) (1.3)
where (1) =-————= denotes the Pochhammer symbol (see [5], [7]).

r( )

In 2015, Parmar [16] defined the extended Mittag-Leftler type function in the following manner
as (see also [2, 3, 24])

) B({k;}/avo)(,ﬂr,l—/i;p) z
X

o) (.
B )= 2 B(A.1-1)

r=0

(1.4)

F(,ur+u)’
wherez,0,2€ C;R(u)>0,R(v)>0,R(2)>1;p=0and B({k’}’g‘“’) (a,p; p) be the extended beta

function defined by Srivastava et al. [25] in the integral form as follows:

1

B({kr}/gwo) (a,ﬂ;p):-"o L

H1-z)" x@({k b - Z)]dz (L.5)

where min{R (a),R(f)}>0;p=0and ®({k/~}feNo ;y) be a function of an appropriately
bounded sequence {kf}[gNo of arbitrary numbers (real or complex) defined as ([see [25], p-243,
eq.(2.1)) //

iok,% (Iv|<r;0<r<oosk, =1)

O ({k},.,,:7)= (1.6)

Moy"exp(y){l-i-O(LH (R(y)> o.M, >0,peC)
y

Here, ‘r’ be the radius of convergence for some suitable constants M, and p, depending on the

sequence{k }

(eN,

Ep)/ (¢eN,)in (1.4), then E( reno’ )(z;p) reduce to another form of
o (
(p.o)iA

extended Mittag-Leffler function Eﬂ,,’,

Remark 1: If we take &, =
(Z;p) (see [16], p-1072, eq. (17)) as (see also [2, 3, 24])

2 B (A+7,1- 4 p) z
”’V (zp) Z B(4,1-1) XF(/MH))’

=

(1.7)
(z,0,2eC;R(p)>0,R(c)>0,R(1)>0,R(v)>0,R(1)>Lp=0).

Remark 2: If we setk,=1(¢eN,) in (1.4), then Egk(}ff”“;l)(z;p) reduce to

S0
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E’ , (z; p)8given by Ozarslan and Yilmaz [15] as (see also [2, 3, 24])
iB (A+r,1-2; p)X 4
/11 /”L) F(,ur+u)’

r=0

(1.8)
(z,v,1 € C;%(,u)>0,9%(u)> O,‘R(/l)>1;p >0).

Remark 3: If we take &, =1(¢e N,)and p=0,in (1.4), then E({ e’ )(Z;p) reduce to the
Prabhakar type Mittag-Leffler function E;, (z)(see [6, 11, 22]).

Remark 4: If we put A1=1 and A=ov=1in Prabhakar type Mittag-Leffler function
E%, (z; p),then it reduces to Wiman type Mittag-Leffler function E! (z)=E,, (z)and Gosta

Mittag-Leffler function E,  (z) = E, (z)respectively (see [6, 11, 22]).

In 2018, Agarwal et al.[1] introduced an useful extension of the Wright type hypergeometric
function in the following manner as

LA, L(A])
( leN )( ({kf"}fav ) (al’ t/1,m > ) .
m+ n+ ‘ 5 p) m+ l//n+ 0 ,(gjp)
1Woan 17 n+1 (bj’Bj)ln ,(d,l)
1 " HF(aI+Alr) (1) o
B 2% BN (A+r,d = A p)x =, (1.9)
F(d-2)i= F(b. +B./.r) r!

whereé, 1 e C,R(d)>%R(1);p=0.

In 2015, Sharma and Devi [23] extended the Wright type hypergeometric function as follows

a,A;),, (4.1
m+1Wn+l (é:’p): m+ll//n+1 (bj,Bj)ln,(djl),(gjp)
N LRI
= = A+r,d—A)x=, .
F(d_ﬂ) =0 Hr(b/ +B/r) p I’!

where £,1e C,R(p)>0,R(d)>R(1)>0and B, (x,y)be the extended beta function (see
[23], p-46, eq. (3)).

The generalized Wright hypergeometric function was defined by Wright [31] in the following
series as
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), . HF(a +A4r)
mw,,@mw{ﬁ,f‘ B‘))””J >———< (L)
sy rOHr(b +Br) "

q p
where£,a,,b, € Cand 4,,B, € R—{0},(i=1,...,m;j = 1,...,n) with condition ) B, > 4 >-1.

j=1 i=1
Remark S: If we take k, =1(¢ e N,), then (1.9) reduce to (1.10); further, if we put p =0, then
(1.9) reduce to (1.11). (see [2, 3])

The general class of polynomials (also known as Srivastava polynomials) S”[{] defined by
Srivastava [26, 27] as follows: (see also [8, 12, 22])

S"i[s*]:[mZm]—(_n)“ 4,8,  (1=0,12,.) (1.12)
n g S! n,s 5 9Ly lygece )y .

where m is an arbitrary positive integer and the coefficients 4, (n,s 2 0) are arbitrary constants,

real or complex. On suitably specializing the coefficients 4

n,s

the polynomial family S"[&]

yields a number of known polynomials as its special cases. These include, among others, the
Hermite polynomials, the Jacobi polynomials, the Laguerre polynomials, the Bessel’s
polynomials and several others (see [28, 29]).

2 Generalized fractional calculus operators

Let a,a',n,n',6 eC,x>0 and R(J)>0,the generalized fractional integral and differential
operators involving Appell’s function (also known as Horn’s function) F,(.) are defined by
Saigo and Maeda (see [19], p-393, eq.(4.12) and (4.13)) as follows: (see also [12, 13, 20, 21, 22])

([g;“""’”"‘sf)(x) = Fx(_é‘) J':(x—t)(s_l f”"F3 (0{,05’,77,77'; 0;1 —i,l—;jf(r) dt, 2.1

a,a'.nng',o _ - @ 51 _qo i 1. Q. t
(11 f)(x)—ljc(g).[x (t-x)""4 zg(a,a,n,n,5,1—§,1—;jf(z)dz, 2.2)
(D7 £)(x) = (£ 72 £) (%) (2.3)
(A e ) o), (5(0) = k= [0 1) e
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and
(Dix,a’,n,n’,sf)(x) _ (I:a’,farn'rn,fﬁf)(x) (25)
_ (%] ([_—a’,—a,—fi',—rz+k,—5+kf)(x)’(m(é‘) >0k= [SR(5) + l:l) (26)

Let a,n,0 e C and x>0, then the Saigo fractional calculus operators [18] associated with

Gauss hypergeometric function , 7, (.) are defined for ‘.R(a) >0, as follows:

(5 )= g e A om0 @)
(1272 1)(x) = ﬁ [(t=x)" o7 R, (a +17,~8; 031 —%) f(t)dt, (2.8)
(D5 £ ) (x) = (Lo £ ) (x) = (%} (Loem b £)(x), (k = [ R(a)+1]), (2.9)
and

(D2 £)(x) = (127 £ ) (x) = (%j (e £) (x), (e =[ R(a) +1)). (2.10)

Remark 6: If we take a=a+n,a'=n'=0,7=-6 and 6 = «a, operators given in (2.1)-(2.6)
reduce to the Saigo fractional calculus operators as given by (2.7)-(2.10). (see [4, 9, 10])
Remark 7: If we set 7 =—« , then operators (2.7)-(2.10) reduce to Riemann-Liouville fractional

calculus operators [,] as follows: (see [4, 9, 10])

(757 £ ) (%) = (261 ) (%), 2.11)
(172 1)) = (177) (). 212)
(D57 £)(x) = (Dg.f) (), (2.13)
and
(Do f)(x) = (D2 S )(x), (2.14)

Further, the following image formulas for a power function, under operators (2.1) and (2.2) are
given by (see [5, 6, 21, 22])

(Ig;a .1 ,bta—l )()C) — xo‘—a—a +0-1 1—~|:

o,0+0—-a—-a -no+n—-do
o } (2.15)

c+o—-a-d,c+o—-a' -np+n'
where R(6) > 0,R(0) > max[0,R(a+a'+17-5),R(a'-n")],

and
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(2.16)

(Ia,a',q,r]’,b'to—l )()C) _ xo‘—a—a’+5—1 1—~|:

l+a+a'-0-o,l+a+n'-6-0o,1-n-o
l-o,l+ta+a'+n'-6-o,l+a—n-o ’

where R(6) >0, R(o) <1+min[R(-7), R(a+a'-6), Rla+1'-5)].

a’ 2 . . .
Here, the Symbol F{ p q will be used to represent the ratio of product of gamma functions
78

a5 @A)
T(uCO)(A)

3 Main results

3.1 Generalized fractional integration of product of extended Mittag-Leffler
function and Srivastava polynomials

In this section, we establish two image formulas for left-sided and right-sided generalized
fractional integration involving the product of the general class of polinomials (also known as
Srivastava polynomials) and extended Mittag-Leffler type function in terms of the generalized
Wright hypergeometric function. These formulas are given by the following theorems:

Theorem 1 Let a,a',n,n'.6,u,0,4,peC,R(u)>0,R(v)>0,R(1)>Lp20,t,x>0 and
a, o e R such that ®(s5)>0and R(v)> max{O,iR (a+a'+n-56),R (a’—;y')},Then the left-
sided generalized fractional integration 1&“77*° of the product of general class of polynomials

({ e <Ny’ )(

S,'[z] and extended Mittag-Leffler type function E
v+é-a-a'-1 [n/m] (_n)

i 52T o s ) ) 5

s=0 S!

z;p) and is given by

K
ms An’s (a)xﬂ)

(14} eno) (ﬂ,l),(u+ﬂs,1),(u+ﬂs+5—a—a'—n,l),(u+ﬂs+77'—a' 1)
e (v,u),(v+ps+6—-a—-a'1),(v+fs+5—-a'—n,1),(v+ fs+7',1

X

y ;(ax; p)} (3.1

Proof: By using series representation of extended Mittag-Leffler type function (1.4), the general
class of polynomials (1.12) and left-sided fractional integration power function formula (2.15),
the LHS of theorem leads to

(It (z“S,;” [a)tﬂ]EEjif}“”";ﬂ) (at; p)j} (x)

B e o) (@)
= 10’41'37577'55 v-1 ms A p ) ’
0+ Z (a)t ) XZ B(//L,l—i) Xr(ﬂr+v)

r=0

(x),

by interchanging the order of integration and summations, which is valid under the conditions of

6
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the theorem 1, we get

[n/m] —-n ) B
= ( S!)ms A,,,S a)SXZ
r=0

3

(e ) (/1+r,1—ﬂ;p) y a (

la,a’,n,q’,b‘ v+ Bs+r-1
B(2,1-1) T (pr+v) ! )(x)

0+

I
(=]

N

xu+§—a—a’—1 [n/m] (_n) \ w B({kf};eNo) (ﬂ_’_r l—ﬂp)
ms A B s 5
I'(2) Zo: s! (o) XZO“ B(4,1- 1)

y C(v+ps+r)T(v+Bs+S—a—a' —n+r)T(v+Bs+n' —a'+r) y (ax)’
F(U+ﬁs+5—a—a'+r)F(u+ﬂs+5—a’—77+r)F(u+,Bs+77’+r) F(,ur+u)’

(3.2)

next, by interpreting the terms of the above equation (3.2), in view of definition(1.9), we arrive at
the result (3.1), which completes the proof of theorem 1.

On setting n =0, 4,, =1 then S;'[z] -1 in theorem 1, we obtain the following result as:

Corollary 1.1 Let a,a',n,n".6,u,0,2,pe C,R(u)>0,R(v)>0,R(1)>1,p=0,,x>0 and
a,w € R such that ®R(5)>0and R (v)> max{O,iR(a+a’+77—5),9%(a’—77')}.Then there holds
the formula:

{Ig;a'),]ﬂ’,ﬁ (tu—l Egiﬁ}(emo;l) (at’p)j} ()C)

xu+§—a—a'—1 ({kf}fawo) |: (ﬂ,l),(t},l),(l)‘f‘g—a —a’_njl),(l)—{—n'_a’,l)

(u,,u),(u+5—a—a',l),(u+5—a’_77,1),(0+77,’1);(ax;p) (3.3)

— X

F(ﬂ,) 4!//4
on taking a=a+n,a'=n'=0,n=-6 and 6=a, Theorem 1 reduces to the following
corollary:

Corollary 1.2 Let o,B,7,4,0,4,peC,R(u)>0,%(v)>0,R%(1)>1,p>0,¢,x>0and
a,0 € R such that R (a)>0and R (v)> max{0,R (n - 5)}. Then the following integral formula
holds:

xU—U—l [”/m](—n)

i (’ 257 [ B (a p)j} =T &

s=0 S!

y ()| (Ao1).(0+ Bs,1),(0+Bs+5—1,1)
Vs (o,p),(+Bs—n1),(v+fs+5+a,l

s An,x (Q)Xﬁ )S
);(ax;p)} (3.4)

Now, on putting 77 = —« in corollary (1.2), we get the following result as:

Corollary 1.3 Let o,u,0,2,peC,R(u)>0,R(v)>0,R(1)>1,p20,t,x>0 anda, w e R
such that ® () > 0 Then there holds the following formula:

7
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R

et [l (en) oy o )| (BD)s(0tBs,1)
- T(A) 2 A o) o3 (v,ﬂ),(wﬂswal)’(ax’p) (3.5)

Next, if we put k, = Ep;” (¢ eN,)in (3.1), then EEI{TZ}’E”M)(z;p) reduce to E(y’ff);i (Z;p),we
o (

arrive at the following result as

Corollary 1.4 Let o,a',n,n'.6,p,0,1,0,2,pe C,R(p)>0,R(c)>0,R(x)>0,R(v)>0,
R(1)>1,p=0,t,x>0 and a,weR such that R(5)>0and
R(v)> max{O,iR(a +a'+n-6),R (a’—n')},Then there holds the following formula:

o ' u+5—a—a'—11—w(0) [1n/m] (_n)
J& ,0 U*ISm i E(P,O’),/1 . — X E
2 (et [er” JEL (ats p) () r(r(p) = s

N
ms An . (a)xﬂ)

(A1), (v+ Bs.1),(v+ Bs+S—a—a' —n,1),(v+ Bs+n'=a'1),(p.])
XsYs [(U”U)’(Wrﬂs+5—0‘_“’=1)’(U+ﬂs+5—a’—n,1),(u+ﬂs+77’,1),(a,1)’(ax’p) (3.6)

Again, if we set k, =1(¢ e N, )in (3.1),then E({kf}ff‘”“%) (z; p)reduce to E% | (z; p), we get the

M0
following corollary as

Corollary 1.5 Let «a.,a'.n,7.6,4,0,4,peC,R(u)>0,R(v)>0,R(1)>1,p=0,t,x>0
and a, we Rsuch that R(5)>0and R (v)>max{0,R(a+a'+n-5),R(a'-n")}. Then the
following result holds:

o v+6-a—-a'-1 [n/m] (_ s
g (eisy [ 1B, (atsp) i (x) = = T SZ(;( :,) w4, (o)

(/1’1)’(U+IBS’1)’(U+/35+5_05—05'—77,1),(U+[5’s+77’_a"1) . .
XM[(U,u),(wﬂs+5—a—a',1),(u+/3s+5_a'_77,1),(u+ﬂs+,7,’1)=(ax,p) (3.7)

Further, if we takek, =1(¢ e N,)and p = 0in (3.1), then E(ﬂ{’k;}"’“’;l) (z; p) reduce toE?  (z),then
we obtain the following result as:

Corollary 1.6 Let o,a',n,7',6, 4,0, € C,R(u)>0,%(v)>0,R(41)>1Ls,x>0 and a, weR
such that % (5)>0and R(v)>max{0,R(a+a'+n-5),R(a’'-n')}. Then there holds the

8
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following formula true:

a,a'\n,n v-1 gm xU+5*01*06'*1 ] (_n)mv .
{15 Jmﬁ(t 'S [a)tﬂ}Eiu(at))}(x)z D ; S! ‘An,s(a)xﬂ)
‘s (ﬂ,l),(u+ﬂs,1),(u+ﬂs+5—a—a'—n,l),(u+ﬂs+n'—a',l) ax (3.8)
(v,p),(v+ps+6—a—-a'1),(v+fs+5—a' —n,1),(v+ fs+n',1)
Theorem 2 Let a,a'.n,7'.6,p,0,2,peC,R(1)>0,R(v)>0,R(1)>1,p20,z,x>0,and
a, ®e R such that m(5)>0and

R(1-6-v)<l+min{R(-n),R(a+a'-5),R(a+n'-5)}. Then the right-sided generalized

fractional integration I“*""° of the product of the general class polynomials S”[z]and

extended Mittag-Leffler type function E({ e )(z; p) is given by

{Ia,a',n,n',é( —u- 5Sm I:a)tﬂ}E(:U}, Ny’ )(atl;P)j}(x) _ x U [g’l“] (—n)ms A”,s (a)xﬁ )s

r(A) < s

X

(tens (A.1),(v=-Bs+a+a'1),(v=-Ps+a+n.1),(v-ps+5-n1) ,
o LU’”)’(U_'BS+5’1)a(0—ﬁ5+a+0!'+77'91)a(0—ﬂs+5+a—77,1)’(ax p)| (3.9)

Proof: By using series representation of extended Mittag-Leffler function (1.4), the general class
of polynomials (1.12) and right-sided fractional integration power function formula (2.16), LHS
of theorem 2, can be written as

(e ‘5( s [a)tﬂ} ({U}’ N"ﬂ)(at_l;p)j}(x)
[n/m] ® ({k‘}”eNo) . at”! "
= | e pp y{t062( n)ms Ans(wtﬂ)ssz (’1""”1_/17}7))( ( ! ) )J (x),

s! ’ = B(/l,l—ﬁ,) F(,ur+u

by interchanging the order of integration and summations, which is valid under the conditions of
the theorem 2, we have

n/m] ({ /"’0)(/14_7,.1 ﬁp)x ar (

—Z WA ”XZ B(LI-1) T(wr+v)

]a,a',;y,f]',t)'tl—u—§+ﬁs—r—l )(X)

—v-a—a' [n/m] (_ B({k’”}’eNO) (;L +r,1-4, p)

_x (-n),., AN
r % o) <2 B(4,1-1)

5s=0 S r=0

9
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F(v-pBs+a+a’+r)I(v-Ps+a+n +r)T(v=Bs+5—n+r) (axfl)r (3.10)
X X .
F(u—ﬂs+5+r)F(U—ﬂs+a+a'+77'+r)r(u—ﬂs+§+a—77+r) F(,ur+u)’

now, interpreting the terms of the above equation (3.10), in view of definition (1.9), we arrive at
the result (3.9), which completes the proof of theorem 2.

On setting n =0, 4,, =1 then S;'[z] > 1 in (3.9), we obtain the following corollary as:

Corollary 2.1 Let a,a',n,n'.6,u,0,2,pe C,R(u)>0,R(v)>0,R(1)>1,p20,¢,x>0, and
a, ®e R such that m(5)>0 and
R(1-6-v)<l+min{R(-n),R(a+a'-5),R(a +n'-5)}. Then there holds the formula:

{If,a',mn’ﬁ (t“‘SESZ}IENO ;ﬂ) (afl 5 p)]} (x)

e (. { (A1), (v+a+a'l),(v+a+n.1),(v+5-n.1)
[(A) (

= (ax'; 11
L U,,u),(u+§,1),(u+a+a'+77',1),(U+5+a—77,1)’(ax ,p)} G-11)

If we take a=a+n,a'=n'=0,n=-6 and 6=a, Theorem 2 reduces to the following
corollary:

Corollary 2.2 Leta,n,8, 4, 0,4, pe C,R(1)>0,R(v)>0,R(1)>1L,p20,t,x>0and a, weR
such that R (a)>0and R(1-6 -v)<1+min{R(-n),R (-5 )}. Then we have

. o [wim] (_
(s Lo ol o ar ) o) -5 S sy (o)

ra) <= s

()| (Do Bsratn)(o-ps+ral)
v (v,ﬂ),(u—ﬂs+a,1),(u—ﬂs+5+2a+,7,1)’(ax :p) (3.12)

Further, if we put 7 = —« in corollary (2.2), we arrive at the following result:

Corollary 23 Lea, y,0,4,pe C,R(u)>0,R(v)>0,R(1)>1,p>0,x>0 and a, w e R such
that R (a ) > 0. Then the following result holds:

g ( resr o] ESIfU} ) (ar™" p)J} (%)

o [uim] (— ) _
X Z( n)ms An,s(a)xﬁ)sxzwg{ ’}favo)|:( (/1,1),(1) IBS,I)

TSl U,,u),(u—ﬂs+a,1);(ax :p) (3.13)

10
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Next, if we put k, = (p), (¢ eN,)in (3.9), then EEI{TZ}’E”M)(z;p) reduce to E(y’ff);i (Z;p),we

(o),

arrive at the following result as:

Corollary 2.4 Let «,a',n,n'.6,p,ou,0,4,pe C,R(p)>0,R(c)>0,R(u)>0,R(v)>0,

R(1)>1 p=20,t,x>0, and a, w e R such that R(5)>0and
R(1-6-v)<l+min{R(-n),R(a+a'-5),R(a+n'-5)}. Then there holds the following
formula:

o o i —u—a—a'l" [n/m] -nj s
e (052 Lo e (s o) - DS s (o)

(A.1),(v=ps+a+a'1),(v-Bs+a+n'1),(v-Bs+5-n.1),(p1) ,
x5W5[(u,,u),(u—ﬂs+5,1),(U—ﬂs+a+0{'+77’,1),(U_13S+5+a_77’1)’(051),(ax ,p) (3.14)

Again, if we set k, =1(¢ e N,)in (3.9), then EE,{Z}'E'\M) (z; p)reduce to E’,  (z; p),we obtain the
following result as

Corollary 2.5 Let «,a',n,n',6, 0,4, pe C,R(u)>0,R(v)>0,R%(1)>1,p>0,¢,x>0, and
a,0 € Rsuchthat R(5)>0and R(1-6—v)<l+min{R(-n),R(a+a'-5),R(a+n'-5)}.
Then the following formula holds:

—v-a-a' [n/m]

e e s o T, (s p) () =1 2 ("; ,) 4, (@)

(A1).(v=Bs+a+a'1),(v=Bs+a+n.l).(v=Bs+5-n1)
X4W4{(U”u)’(u_ﬂs+5’1)’(U_ﬂs+a+a'+ﬂ',l),(U—ﬂs+5+a—7y,1)’(ax ,p) (3.15)

Further, if we takek, =1(¢ € N,) and p = 01in (3.9), then E(ﬂ{’kf"’“’;l) (z; p) reduce to E?  (z),then
we obtain the following result as:

Corollary 2.6 Let o,a',n,n',6,u,0,2€ C,R(u)>0,R(v)>0,%(1)>1t,x>0, and q,w e R

such that ® (5)>0and R(1-5-v)<1+min{R(-n),R(a+a'-5),R(a+n'-75)}. Then there
holds the following formula:

{[fz,a’,q,q’,b‘ t—u—b‘Sr:n wtﬂ E/llu at_l } ¥ :x‘U—a—a' [n/m](—n)m A’” a)xﬁ s
. (x) .

11
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- (i,l),(u—ﬂs+a+a,1),(u—ﬁs+a+,77,1),(0—,Bs+5—77,1) o | (3.16)
(v,u),(v=Bs+6,1),(v-Ps+a+a'+n'1),(v—Bs+5+a—n,1)

3.2 Left-sided and right-sided generalized fractional differentiation of product
of extended Mittag-Leffler type function and Srivastava polynomials

Now, we shall establish two image formulas for left-sided and right-sided operators of
generalized fractional differentiation involving the product of the general class of polinomials
(also known as Srivastava polynomials) and extended Mittag-Leffler type function in terms of
the generalized Wright hypergeometric function. These formulas are given by the following
theorems:

Theorem 3 Let o,a'n,n.6,u,0,4,peC,R(u)>0,R(v)>0,R(1)>1,p>0,t,x>0,and

a,0 e R such that %(5)>0and 9‘1’(1))>max{O,iR(&—a—a’—n’),ﬂ%(n—a)}.Then the left-

sided generalized fractional differentiation DZ“""° of the product of the general class of
polynomials §”"[z] and extended Mittag-Leftler type function E({ e )(z; p) is given by

o 07 . ({kf}(ez\ro;]') . B )CU —S+a+a'-1 [n/m] (—n)mb s
(DS s 5( 1Sn [a)tﬁ}EW (at,p) }(x)— T Z A,m(a)xﬂ)

s=0 S!

(tns (A1), (v+ps,1),(v+ Bs =S +a+a'+7'1),(v+ fs+a-n1)
o {(U’”)’(”*ﬂs_ma+“'a1)a(0+ﬁs—5+a+n',l),(u+ﬂs—n,1)’(ax’p) (3.17)

X

Proof: By using (1.4) and (1.12), writing the function in the series form and with the help of
(2.3) and (2.15), LHS of Theorem 3 leads to

{Dg‘;“"”’”""( 'S [’ ]E), gl )(at;p)j}(X)

B (aanioap)  (ar)
— Da,a',n,z;',& v-1 ms A B ) ’
" Z o) X, B(A1-4)  T(ur+v)

(x),

r=0

by interchanging the order of differentiation and summations which is valid under the conditions
of Theorem 3, we have

(/m] ({ '}’E“’O)(/Hr 1—/”t;p)>< a’

R (o )ms :
P wxz B(A,1-1)

s=0

Da,a’,n,q’,5 v+Bs+r-1
M) 80

[n/m] (_n) Ee) ({ le "’0)(/’14_7,. 1 Z p) ar
— ms A S
2 e XZ B(A,1- 1) Xr(mw)(

s=0

]—a —a,—n',-1, —()tu+ﬂs+r 1)()(')

0+

12
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vt [m () & B({k‘}’f‘”(’)(;tw 1-4; p)
— ms A ﬂ ’ ’
r(2) 2 o) <2, B(4,1-1)

s=0 S! r=0

F(v+Bs+r)T(v+Bs-S+a+a'+n'+r)[(v+Bs+a—n+r) y (ax)’

3.18
F(v+Bs—S+a+a’+r)T(v+Bs—S+a+n' +r)T(v+Bs—n+r) T(ur+v)’ (3.18)

now, by interpreting the terms of the above equation (3.18), in view of definition(1.9), we arrive
at the result (3.17), which completes the proof of theorem 3.

On setting n =0, 4,, =1 then S;'[z] -1 in (3.17), we obtain the following result as:

Corollary 3.1 Let a,a'n,n'.6,u,0,4,peC,R(u)>0,R(v)>0,R(1)>1Lp=20,7,x>0,and
a,0 € R such that ®(5)>0and SR(U)>max{O,iR(&—a—a'—n’),iR(n—a)},Thenthere holds
the formula :

ol ) )

(o-oraa (6,00 { (/1, 1) ,(U,l),(l) —S+a+a + ,7"1) ,(U +o— 77,1)
(

T Ty eV v,u),(v-+a+a'l),(v-6+a+1.1),(v-7,

D 1);(ax;p)} (3.19)

Ifweput a =a+n,0'=1n'=0,7=-0 and 6 = «, Theorem 3 reduces to the following result:

Corollary 3.2 Let o,7,8, 4,0,4,pe C,R(1)>0,R(v)>0,R(1)>1,p=>0,t,x>0and a,weR
such that R (a)>0and R (v)> max{0,R (n - 5)}. Then the following integral formula holds:

{Dg:jry,é (tuls;ln ':a)tﬁ’:'E(:ij}ngoﬂ) (at’p)j} (x)

o1 [n/m] (_ s 1 1 1
:); 7 ( n)ms An,s(a)xﬁ) X3w£{k,}wo) (2,, ),(U+ﬂs, ),(U+,Bs+5+a+77, );(ax;p)
1) = s (v,1),(v+ Bs+n,1),(v+ fs+6,1)

(3.20)

Now, if we set 7 =—a in corollary (3.2), we arrive at the following result:

Corollary 3.3 Leta, y,0,4,pe C,R(u)>0,R(v)>0,R(1)>1,p>0,¢,x>0 and a,w e R such
that % (a ) > 0. Then the following result holds:

01157 [or JEL N arp) (o)

13
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_xt i (on)
T2 2

s=0 S!

N 1 1
- An,s (a)xﬁ) X zwg{k’}”ﬂo) (/19 ),(U—FIBS’ )

(v,ﬂ),(uws_a,l);(“x?l’) (3.21)

Next, if we put £, :E'Oi(éeNo)in (3.17), then E({IZ}(ENOJ)(z;p) reduce to E”7 (zp),we
(o2

) 4, o
14

arrive at the following result as:

Corollary3.dleta,a',n,n',6, 1,0, 2, p,0,pe C,R(p)>0,R(c)>0,R(u)>0,R(v)>0,
R(A)>1,p=0,1,x>0, and a, ® <R such that R (5)>0and
R(v)> max{O,SR (6-a-a'-1"),R(n —a)},Then the following formula holds:

, . . v-5+a+a’'-1 T [n/m] _ P
(D2 (z“"S;" [ ot” |EL (at;p))}(X) =2 r(z)r(p()a) 2 ( :,)m 4, (ox”)
s=0 .

(/1,1),(0+,Bs,1),(u+ﬂs—5+a+a’+n',l),(u+ﬂs+a—n,l),(p,l) L
XsWs [(U,ﬂ),(u+ﬂs—5+a+a’,l),(u+ﬂs—5+a+;7',1),(U+IBS_U’I),(a’l),(aX,p) (3.22)

Again, if we set k, =1(/e N,)in (3.17),then E({k'}*”“;l)(z;p)reduce toE’  (z;p),we get the

L0 M0

following corollary as:

Corollary 3.5 Let a,a'n,n'.6,u,0,4,peC,R(u)>0,R(v)>0,R(1)>1Lp=20,7,x>0,and
a, e Rsuch that %R(5)>0and SR(U)>max{O,iR(&—a—a'—n'),iR(n—a)},Then the
following result holds:

o v-S+a+a'-1 [n/m] (_ P
(D& o (t“’lS;” [a)tﬂJEj;,u (at;p))}(x) _2 I ; ( :')"” A, (a)xﬂ)

(/1,1),(0+,Bs,1),(u+ﬂs—5+a+a’+n',1),(u+ﬂs+a—7y,l)

X4 Wy (v,u),(v+ps—S+a+a'1),(v+fs—5+a+n1),(v+ fs—n,l

);(ax;p)} (3.23)

Further, if we takek, =1(/ e N)and p =0in (3.1), then gl (z;p) reduce toE  (z),then

M0
we obtain the following result as:

Corollary 3.6 Let o,a'n,7',6, u,0,A€C,R(u)>0,R(v)>0,R(A)>1Ls,x>0,and a, weR
such that ®(5)>0and R(v)>max{0,R(5-a-a'-n'),R(n-a)}.Then there holds the
following formula true:

14
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v-6+a+a'-1 [n/m] (_n)

a,a'.nn', v-1om _ X ms s
(D& 5(t lSn [a)tﬂ]Ei’U(al))}(x)— I ; o An’s(a)xﬁ)
‘s (/1,1),(U+,Bs,1),(u+ﬂ:9—5+a+a'+77',1),(u,+ﬂs+a—77,1) ax (3.24)
(o,p),(v+ps=6+a+a'l),(v+fs—5+a+n,1),(v+ Bs—n,1)
Theorem 4 Let o,a'.n,7'.6,p,0,2,pe C,R(1)>0,R(v)>0,R(1)>1,p=0,z,x>0,and
a, weR such that R(5)>0and

R(1-6-v)<l+min{R(n'),R(6-a-a'),R(5—a'-n);.Then the right-sided generalized
fractional differentiation D*“*77-° of the product of the general class of polynomials S”[z] and

extended Mittag-Leffler type function E(jg}’g”"ﬂ) (z;p) is given by

. —vta+a' [n/m] (_
{Df’a,’n’n"g (lﬁuS’:ln [wtﬁ]E(:ij}(eNo,l) (atljp)J}(X) = xr(ﬂ) Z ( I’l)

s=0 S!

s
ms An . (O)Xﬂ)

(th},ony) (A1), (v-Bs—a—-a'1),(v=Bs—a'-n,1),(v-Bs=5+1',1) '(ax"' )
(v,u),(v=PBs—=6,1),(v-Ps—a—-a'-n,1),(v-Ps—6—a'+1',1) P
(3.25)

Proof: By using (1.4) and (1.12) writing the function in the series form and with the help of (2.5)
and (2.16), the LHS of (3.25) can be written as

{Df”a,’ﬂ’”,’g (té‘—us:t I:a)tﬂ :| E(:)kuf}(flvo;l) (al‘_l ) p)]} ()C)

B({k(,}feyo)(mr,l—/i;p) o) J(x),

_ Da,a',n,z;',& tﬁ—u [nz/m:] (_n)ms A (a)tﬂ )S % i %
) = st pry B(/l,l—ﬁ,) F(,ur—H))

by interchanging the order of differentiation and summations, which is valid under the conditions
of Theorem 4, we have

X

B(/I,l—/l) F(yr+u)

n/m] ( — 0 ({k’}’ENO) _ 7. r
:[21( n). 4, a)ssz (A+r,1-2;p) a (
r=0

a,a'\n.n' 6 ,0—v+fs—r
X D t )(x)
s=0 .

[n/m] (_n) © B({kf}(,ENo) (ﬂ‘i‘l" l—ip) a , ,
= —m 4 $ i > ) —17,—0 ,(1+5-v+fs—r)-1
; st e X; B(4,1-2) XF(urJru)( ) g )(x)

15
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~orare [in] (_p) s B({k’}‘g‘“'°)(/1+r 1-2;p)
X

— ms [ B > >
r X ) <X B(A.1-4)

F(o-ps—a-a'+r)L(v-pPs—a' -n+r)L(v-Ps-5+n"+r) (ax_l)r
. (3.26)
F(v-ps=6+r)L(v-Ps—a-a' -n+r)L'(v-Ps-5—a'+n'+r) T (ur+v)

now, by interpreting the terms of the above equation (3.26), in view of definition(1.9), we arrive
at the result (3.25), which completes the proof of theorem 4.

On setting n =0, 4,, =1 then S;'[z] > 1 in equation (3.25), we get the following result as:

Corollary 4.1 Let a,a',n,n'.6,u,0,2,pe C,R(u)>0,R(v)>0,R(1)>1,p20,¢,x>0, and

a,we R such that R(5)>0and
R(1-6-v)<l+min{R(n"),R(6-a-a'),R(5—a'—n)}.Then there holds the followig
formula:

{D_a,a’,mn’ﬁ (t‘s“E(ikU(}feNo ;ﬂ) (lel 5 p)j} (x)

vara A1), (v—a—a'1),(v-a' —n,1),(v=5+7',1
_X ><4l//z(¢{k’}fe-'o) (A1) (0=a=a’),(v ,a 7.1). (0 +,’7’,) S(ax;p)
'(A) (v,u),(v=6,1),(v—a—a'-n,1),(v-6—-a'+7',1)

If we take a=a+n,a'=n'=0,n=-6 and 6=a, Theorem 4 reduces to the following
corollary:

(3.27)

Corollary 4.2 Leta,n,6, 40,2, pe C,R(1)>0,R(v)>0,R(1)>1,p=0,r,x>0and a,weR
such that R (a)>0and R(1-6-v)<1+min{R(-n),R(-5)}. Then we have

_ —v+a+n [nim] (_ i
{Df’”ﬁ(fa_“Sé" [a’fﬁ}EEf,kL}’”‘“ﬂ)(afl;l’g} ("):xm)n io( :.) A, (o)

X (o) (A1).(v=Bs—a-n,1),(v=Bs+5,1) |
s |:(U"u)’(u_ﬂs_a,l),(l)—ﬁs+5—a_77,l)’(ax 9p) (328)

Now, if we take 7 = —a in corollary (4.2), we arrive at the following result:

Corollary 4.3 Let o,p,0,4,peC,R(u)>0,R(v)>0,R(1)>Lp=20,t,x>0 and a, w e R
such that ® () > 0. Then the following result holds:

(D ( ose[ wtﬂ}E(:ii}(mo;l) (ar p)J} (%)
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_ x [ (n)
" T(A) 2

s=0 S!

. oY (t)o)|  (A1)(0=pBs,1)
An’s(a)x ) W, (U,,U),(U—,Bs—a,l)’(ax ,p) (3.29)

Next, if we put £, :ﬂ(ée N,)in (3.25), then E({k'}’*‘“’;l)(z;p) reduce to E(:f);ﬂ (Z;p),we

(O-)(: "

have the following formula as:

Corollaryddleta,a',n,n',8, p,ou,0,2,pe C,R(p)>0,R(c)>0,R(u)>0,R(v)>0,
R(A1)>1,p=0,1,x>0, and a, w e R such that R(5)>0and
R(1-6-v)<l+min{fR(n'),R(—a—-a'),R(5—a'—n)}. Then the following result holds:

—v+a+a’ [n/m] (_
(Dm0 (t‘HS;” [a)tﬂ]EEff);ﬂ (afl;p))}(x) = xl"(/l) Flg,f?j) 2 ( ’;)”” A, (a)xﬂ )S

(A1), (v=pBs—a-a'1),(v=Bs—a'-n,1),(v-ps-5+11).(p.1) , |
Vs (U,ﬂ),(U—ﬂS—5,1),(U—ﬂS—a—a'—n,l),(u_ﬂs_5_a'+77"1)’(a’1)’(ax ,p) -

(3.30)

Again, if we set k, =1(/ e N, )in (3.25), then E(jﬁ}‘”“;l) (z;p)reduce to E*  (z; p),we obtain the
following result as

Corollary 4.5 Let a,a',n,n'.6,u,0,2,pe C,R(u)>0,R(v)>0,R%(1)>1,p>0,¢,x>0, and
a,0e R such that ®(5)>0and R(1-5-v)<l+min{R(n'),R(-—a-a'),R(5—a'-7n)}.
Then the following formula holds:

s —v+a+a’ [n/m] (_ }
ez Lo T ) e 3 o)

" (A1), (v-Bs—a—-a'1),(v=Bs—a'-n,1),(v-Bs=5+1,1) '(ax"'p) | (3.31)
T (o) (v=-ps=6.1),(v-Bs—a-a'-n,1),(v-Bs-5-a'+7',1) ’

Further, if we takek, =1(¢e N,)and p=0in (3.25), then E(jﬁ}’”"%)(z;p) reduce to
E’ , (z),then we obtain the following result as:

Corollary 4.6 Let a,a,a',n,n',6,u,0,2€ C,R(u)>0,R(v)>0,%(1)>1Lt,x>0,and a,w e R

such that ®(s5)>0and R(1-5-v)<l+min{R(n'),R(-a-a'),R(5-a’'-n)}. Then there
holds the following formula:
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—v+a+a’ [n/m] _

(o (v Lo T2 (ar () =1 ;( ) 4, (ox)

(ﬂ,l),(u—ﬂs—a—a’,l),(u—ﬂs—a'—n,l),(u—ﬂs—§+7y',l) »
;ax” |,

U"u)’(u_ﬂs_591),(1)—,8S—a—a'—n’l)’(u_ﬂs_5_ar+77/,1)=a (332)

X4y (

4. Conclusion

In this paper, we have established four image formulas for generalized fractional calculus
operators involving the product of the general class of polynomials (known as Srivastava
polynomials) and the extended Mittag-Leffler type function. The final results are expressed in
terms of the generalized Wright hypergeometric function. The main advantage of these formulas
lies in their generality. Since the Srivastava polynomials and the extended Mittag-Leftler
function include many simpler special functions as particular cases, our main results can be used
to derive several new and existing image formulas. By choosing appropriate values for the
parameters, one can easily obtain corresponding results for classical functions such as the Jacobi,
Laguerre, Hermite, Bessel, and classical Mittag-Leffler functions. In conclusion, the results
obtained in this study contribute to the theory of fractional calculus and provide useful tools for
researchers working in mathematical analysis, fractional differential equations, and related fields.

References

1. Agarwal, P., Al-Mdallal, Q., Cho, Y. J., & Jain, S. (2018). Fractional differential
equations for the generalized Mittag—Leffler function. Advances in Difference Equations,
2018, Article 58. https://doi.org/10.1186/s13662-018-1500-7

2. Bhadana, K. G., Jaiswar, K., & Shaktawat, B. S. (2026). Some results on Marichev—
Saigo—Maeda fractional integral operators involving extended Mittag—Leffler type
function. Journal of Chemical, Biological and Physical Sciences, Section C: Physical
Sciences, 16(3), 356-367. https://doi.org/10.24214/jcbps.C.16.3.35667

3. Bhadana, K. G., Jaiswar, K., & Shaktawat, B. S. (2026). Generalized Fractional Differential
Operators Associated with an Extended Mittag-leffler Type Function. Asian Journal of
Mathematics and Computer Research, 33(3), 214-227.
https://doi.org/10.56557/ajomcor/2026/v33i310808

4. Erdélyi, A., Magnus, W., Oberhettinger, F., & Tricomi, F. G. (Eds.). (1953). Higher
transcendental ~ functions (Vol. 1). McGraw-Hill.
https://authors.library.caltech.edu/records/cnd32-h9x80

5. Gupta, R. K., Shaktawat, B. S., & Kumar, D. (2016). A study of Saigo—Maeda fractional
calculus operators associated with the multiparameter K-Mittag—Leffler function. Asian
Journal of  Mathematics and  Computer  Research, 12(4),  243-251.
https://ikprress.org/index.php/AJOMCOR/article/view/656

6. Gupta, R. K., Shaktawat, B. S., & Kumar, D. (2016). Certain relation of generalized
fractional calculus associated with the generalized Mittag—Leffler function. Journal of
Rajasthan Academy of Physical Sciences, 15(3), 117-126.

18



UNDER PEER REVI EW

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21

https://raops.org.in/epapers/sep16_1.pdf

Gupta, R. K., Shaktawat, B. S., & Kumar, D. (2016). Marichev—Saigo—Maeda fractional
calculus operators involving generalized Mittag—Leffler function. Journal of Chemical,
Biological and Physical Sciences, Section C: Physical Sciences, 6(2), 556-567.

Gupta, R. K., Shaktawat, B. S., & Kumar, D. (2016). On generalized fractional derivative
involving product of two H-function and a general class of polynomials, Journal of
Rajasthan Academy of Physical Sciences, 15(4), 327-344.

Gupta, R. K., Shaktawat, B. S., & Kumar, D. (2017). Generalized fractional differintegral
operators of the K-series. Honam Mathematical Journal, 39(1), 61-71.
https://doi.org/10.5831/HMJ.2017.39.1.61

Kumar, D., Gupta, R. K., & Shaktawat, B. S. (2023). On the n-dimensional Saigo—Maeda
fractional calculus associated with n-dimensional Aleph transforms. Mathematics in
Engineering, Science and Aerospace, 14(3), 697-709.
https://nonlinearstudies.com/index.php/mesa/article/view/2052

Kumar, D., Ram, J., & Choi, J. (2022). Dirichlet averages of generalized Mittag—Leffler
type function. Fractal and Fractional, 6(6), Article 297.
https://doi.org/10.3390/fractalfract6060297

Kumar, D., Gupta, R. K., Shaktawat, B. S., & Choi, J. (2017). Generalized Fractional
Calculus Formulas involving the product of Aleph-Function and Srivastava Polynomials,
Proceeding of the Jangjeon Mathematical Society, 20(4), 701-717.

Marichev, O. 1. (1974). Volterra equation of Mellin convolution type with a Horn
function in the kernel. Izvestiya Akademii Nauk BSSR. Seriya Fiziko-Matematicheskikh
Nauk, 1, 128-129. (In Russian).

Mittag-Leffler, G. M. (1903). Sur la nouvelle fonction Ea(x). Comptes Rendus de
I’ Académie des Sciences, Paris, 137, 554-558.

Ozarslan, M. A., & Yilmaz, B. (2014). The extended Mittag—Leffler function and its
properties. Journal of Inequalities and Applications, 2014, Article 85.
https://doi.org/10.1186/1029-242X-2014-85

Parmar, R. K. (2015). A class of extended Mittag—Leffler functions and their properties
related to integral transforms and fractional calculus. Mathematics, 3(4), 1069-1082.
https://doi.org/10.3390/math3041069

Prabhakar, T. R. (1971). A singular integral equation with a generalized Mittag—Leffler
function in the kernel. Yokohama Mathematical Journal, 79, 7-15.

Saigo, M. (1978). A remark on integral operators involving the Gauss hypergeometric
functions. Mathematics Reports, College of General Education, Kyushu University,
11(2), 135-143. https://doi.org/10.15017/1449009

Saigo, M., & Maeda, N. (1998). More generalization of fractional calculus. In P. Rusev,
I. Dimovski, & V. Kiryakova (Eds.), Transform methods & special functions, Varna ’96:
Proceedings of the Second International Workshop (pp. 386—400). Institute of
Mathematics and Informatics, Bulgarian Academy of Sciences.
https://catalog.hathitrust.org/Record/004372043

Samko, S. G., Kilbas, A. A., & Marichev, O. L. (1993). Fractional integrals and
derivatives: Theory and applications. Gordon and Breach Science Publishers.
https://searchworks.stanford.edu/view/2834325

. Shaktawat, B. S., Lal, M., & Gupta, R. K. (2018). A study of generalized fractional

derivative formulas associated with generalized M-series. Jianabha, Special Issue, 28—

19



UNDER PEER REVI EW

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

36. https://www.vijnanaparishadofindia.org/jnanabha/special_issue 2018/p5

Shaktawat, B. S., Lal, M., & Gupta, R. K. (2019). Certain relation of generalized
fractional calculus associated with the product of generalized Mittag—Leffler function and
Srivastava polynomials. Journal of Rajasthan Academy of Physical Sciences, 18(1-2), 1—
14. https://raops.org.in/epapers/junel9_1.pdf

Sharma, S. C., & Devi, M. (2015). Certain properties of extended Wright generalized
hypergeometric function. Annals of Pure and Applied Mathematics, 9(1), 45-51.
https://researchmathsci.org/apamart/apam-vn1-6.pdf

Sharma, S. K., Gill, V., Kumar, D., & Siidland, N. (2025). New results on fractional
calculus and integral transform with extended Mittag—Leffler type function. International
Journal of Nonlinear  Analysis and  Applications, 16(11), 179-189.
https://doi.org/10.22075/ijnaa.2024.25243.2966

Srivastava, H. M., Parmar, R. K., & Chopra, P. (2012). A class of extended fractional
derivative operators and associated generating relations involving hypergeometric
functions. Axioms, 1(3), 238-258. https://doi.org/10.3390/axioms1030238

Srivastava, H.M. (1968). On an extension of the Mittag-Leffler function, Yokohama
Math. Journal, 16, 77-88.

Srivastava, H.M. (1972). A contour integral involving Fox’s H-function, Indian J. Math.,
14, 1-6.

Srivastava, H.M. and Singh, N.P. (1983). The integration of certain product of the
multivariable -function with a general class of polynomials, Rend. Circ. Mat. Palermo,
32, 157-187.

Szego, C. (1975). Orthogonal polynomials, Amer. Math. Soc. Colloq. Publ. 23 Fourth
edition, Amer. Math. Soc. Providence, Rhode Island.

Wiman, A. (1905). Uber den Fundamentalsatz in der Teorie der Funktionen Ea(x). Acta
Mathematica, 29, 191-201. https://doi.org/10.1007/BF02403202

Wright, E. M. (1935). The asymptotic expansion of the generalized hypergeometric
function. Journal of the London Mathematical Society, sl1-10(40), 286-293.
https://doi.org/10.1112/jlms/s1-10.40.286

Declaration of Al Use

This manuscript was prepared through the combined contributions of all author(s), including contributions to the
study design, data, content development, results, interpretation, and related scholarly work. The author(s)
acknowledge the use of Grammarly and ChatGPT to assist with grammar checking, language refinement,
reference formatting. These Al-assisted tools were not used as authors and did not replace the intellectual
contributions or scholarly judgment of the author(s). All Al-assisted outputs, including content, references, and
interpretations, were carefully reviewed, revised, verified, and approved by the author(s). The author(s) accept
full responsibility for the accuracy, integrity, and final content of the manuscript.

20


SDI 09
Typewritten text
Declaration of AI Use

This manuscript was prepared through the combined contributions of all author(s), including contributions to the 
study design, data, content development, results, interpretation, and related scholarly work. The author(s) 
acknowledge the use of Grammarly and ChatGPT to assist with grammar checking, language refinement, 
reference formatting. These AI-assisted tools were not used as authors and did not replace the intellectual 
contributions or scholarly judgment of the author(s). All AI-assisted outputs, including content, references, and 
interpretations, were carefully reviewed, revised, verified, and approved by the author(s). The author(s) accept 
full responsibility for the accuracy, integrity, and final content of the manuscript.



