
Abstract

Keywords: contra R − I− continuous functions, almost contra R − I− continuous functions, contra
R− I− closed graphs, strongly contra R− I− closed graphs.
2010 Mathematics Subject Classification: 54A05

1 Introduction
In topology many research had taken place in the area of continuity especially on generalized con-
tinuity. one strong version of continuity was contra-continuity. The concept of contra-continuity was
first investigated by Dontchev in 1996 [1]. Later S. Jafari and T. Noiri [2] and E. Ekici [3] further
developed the weak forms of contra-continuity. In the section 3. of this paper, using the notion of
R − I−open sets, the contra R − I−continuous functions are introduced and studied. In section 4.,
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almost contra R − I−continuous functions are investigated. Section 5. deals with R − I−closed,
contra R− I−closed and strongly contra R− I−closed graphs.

2 Preliminaries
By a space (X, τ), we mean a topological space with a topology τ defined on X on which no separa-
tion axioms are assumed unless otherwise explicitly stated. For a given point x in a space (X, τ), the
system of open neighborhoods of x is denoted by N(x) = {U ∈ τ : x ∈ U}. For a given subset A of
a space (X, τ), Cl(A) and Int(A) are used to denote the closure of A and interior of A, respectively,
with respect to the topology.

A nonempty collection of subsets of a set X is said to be an ideal I on X, if it satisfies the
following two conditions: (i) If A ∈ I and B ⊂ A, then B ∈ I; (ii) If A ∈ I and B ∈ I, then A∪B ∈ I.
An ideal topological space (or ideal space) (X, τ, I) means a topological space (X, τ) with an ideal
I defined on X. Let (X, τ) be a topological space with an ideal I defined on X. Then for any subset
A of X, A∗(I, τ) = {x ∈ X/A ∩ U /∈ I for every U ∈ N(x)} is called the local function of A
with respect to I and τ . If there is no ambiguity, we will write A∗(I) or simply A∗ for A∗(I, τ). Also,
Cl∗(A) = A∪A∗. It defines a Kuratowski closure operator for the topology τ∗(I) (or simply τ∗) which
is finer than τ [4].

A subset A of an ideal topological space (X, τ, I) is said to be R − I−open (resp. regular
open) if Int(Cl∗(A)) = A (resp. Int(Cl(A))=A). We call a subset A of (X, τ, I) is R − I−closed if
its complement is R − I−open. The intersection of all R − I−closed sets containing A is called the
R−I−closure of A and is denoted by R−I−Cl(A). The R−I−interior of A is defined by the union
of all R−I−open sets contained in A and is denoted by R−I−Int(A). The family of all R−I−open
(resp. R − I−closed) sets of (X, τ, I) containing a point x ∈ X is denoted by RIO(X,x) (resp.
RIC(X,x)). A subset N of X is called an R−I−nbd of a point x ∈ X if there exists an R−I−open
set U of (X, τ, I) such that x ∈ U ⊆ N [5].

Definition 2.1. [6] A function f : (X, τ, I) → (Y, σ) is said to be R−I−continuous if for each x ∈ X
and each open set V ∈ σ containing f(x), there exists an R − I−open set U ⊂ X such that x ∈ U
and f(U) ⊂ V .

Definition 2.2. [7] Let A be a subset of an ideal topological space (X, τ, I). Then the set ∩{U ∈ τ :
A ⊂ U}. is called the kernel of A and denoted by Ker(A).

Lemma 2.1. [2] Let A be a subset of an ideal topological space (X, τ, I).
1. x ∈ Ker(A) if and only if A ∩ F ̸= ϕ for any closed subset F of X containing x

2. A ⊂ Ker(A) and A = Ker(A) if A is open in X

3. if A ⊂ B, then Ker(A) ⊂ Ker(B)

Lemma 2.2. The following properties hold for a subset A of an ideal topological space (X, τ, I).
1. R− I − Int(A) = X \R− I − Cl(X −A).

2. x ∈ R− I − Cl(A) if and only if A ∩ U ̸= ϕ for each U ∈ RIO(X,x)

3 On contra R− I−continuous Functions
Definition 3.1. A function f : (X, τ, I) → (Y, σ) is called a contra R − I−continuous function if
f−1(V ) is R− I−closed in X for every open set V in Y .
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Example 3.1. Let X = {a, b, c}, τ = {ϕ,X, {a}, {c}, {a, c}, {b, c}}, σ = {ϕ,X, {a}, {a, b}}, I =
{ϕ, {a}}. Let f : (X, τ, I) → (X,σ) be such that f(a) = c, f(b) = a, f(c) = a. Then f is contra
R− I−continuous.

Example 3.2. Let X = {a, b, c}, τ = {ϕ,X, {a}, {c}, {a, c}, {b, c}}, σ = {ϕ,X, {a}, {a, b}}, I =
{ϕ, {a}}. Let g : (X, τ, I) → (X,σ) be such that g(a) = a, g(b) = b, g(c) = c. Then g is contra
continuous but not contra R− I−continuous.

Theorem 3.3. For a function f : (X, τ, I) → (Y, σ) the following conditions are equivalent.

1. f is contra R− I−continuous

2. for each x ∈ X and each closed set F in Y containing f(x) there exist a R − I−open set U
containing x such that f(U) ⊂ F

3. for each x ∈ X and each closed set F in Y containing f(x), f−1(F ) is R− I−open in X

4. f(R− I − Cl(A)) ⊂ Ker(f(A)) for every A ⊂ X

5. (R− I − Cl(f−1(B))) ⊂ f−1(Ker(B)) for every B ⊂ Y

Proof.
1. ⇒ 2.
Let x ∈ X and F be any closed subset of Y containing f(x). Then by the contra R − I−continuity
of f , f−1(Y \ F ) = X \ f−1(F ) is R − I−closed in X. Hence by taking U = f−1(F ), we get there
exists a R− I−open set U containing x such that f(U) ⊂ F .
2. ⇒ 3.
Let F be any closed subset of Y and let x ∈ f−1(F ). Then f(x) ∈ F and for each x ∈ f−1(F ) there
exists a R−I−open set Ux containing x such that f(Ux) ⊂ F . Hence f−1(F ) = ∪{Ux : x ∈ f−1(F )}.
So f−1(F ) is R− I−open in X.

We use Lemma 1. in all the following implications.
3. ⇒ 4.
Let A ⊂ X and assume that y /∈ Ker(f(A)). Then there exists a closed set F in Y with y ∈ F
such that f(A) ∩ F = ϕ. This implies A ∩ f−1(F ) = ϕ and so R − I − Cl(A) ⊂ X \ f−1(F ). Thus
R − I − Cl(A) ∩ f−1(F ) = ϕ and we obtain f(R − I − Cl(A)) ∩ F = ϕ. So y /∈ f(R − I − Cl(A)).
Hence f(R− I − Cl(A)) ⊂ Ker(f(A)) for every A ⊂ X.
4. ⇒ 5.
Let B ⊂ Y . Then f(R − I − Cl(f−1(B))) ⊂ Ker(f(f−1(B))) ⊂ Ker(B). Thus (R − I −
Cl(f−1(B))) ⊂ f−1(Ker(B)) for every B ⊂ Y .
5. ⇒ 1.
Let V be a open set in Y . Then (R − I − Cl(f−1(V ))) ⊂ f−1(Ker(V )) = f−1(V ) and so
(R − I − Cl(f−1(V ))) = f−1(V ). Thus f−1(V ) is R − I−closed in X and hence f is contra
R− I−continuous.

Theorem 3.4. Let f : (X, τ, I) → (Y, σ) be a function which is contra R− I−continuous where Y is
a regular space, then f is R− I−continuous.

Proof.
Let x ∈ X and V be an open set in Y with f(x) ∈ V . By the regularity of Y , there exists an open
set H in Y containing f(x) such that Cl(H) ⊂ V . Also there exists a R − I−open set U ∈ X
containing x such that f(U) ⊂ Cl(H), since f is contra R− I−continuous. Thus f(U) ⊂ V and f is
R− I−continuous.
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Definition 3.2. [5] A function f : (X, τ, I) → (Y, σ,J ) is called R − I−open if image of each
R− I−open set in X is R− J−open in Y .

Definition 3.3. [5] A function f : (X, τ, I) → (Y, σ,J ) is R∗ − I−irresolute if the inverse image of
every R− J−open set in Y is R− I−open in X.

Definition 3.4. An ideal topological space (X, τ, I) is said to be R − I−connected if X cannot be
written as the union of two non-empty disjoint R− I−open subsets of X.

Definition 3.5. The R − I−frontier of a subset A of a space X, denoted by R − I − ∂(A) and is
defined as R− I − ∂(A) = R− I − Cl(A) ∩R− I − Cl(X \A).

Definition 3.6. A function f : (X, τ, I) → (Y, σ,J ) is called almost-R − I−continuous if, for each
x ∈ X and for each open set V ∈ Y containing f(x), there exist a R−I−open set U ∈ X containing
x such that f(U) ⊂ R− J − Int(Cl(V )).

Definition 3.7. A function f : (X, τ, I) → (Y, σ) is called almost weakly-R − I−continuous if, for
each x ∈ X and for each open set V ∈ Y containing f(x), there exist a R − I−open set U ∈ X
containing x such that f(U) ⊂ Cl(V ).

Theorem 3.5. Let X be a R − I−connected space. If f : (X, τ, I) → (Y, σ) be a contra R −
I−continuous function, then Y is not a discrete space.

Proof.
On the contrary assume that Y is discrete. Then let S be a proper non-empty clopen set in Y . Since
f is contra R−I−continuous, f−1(S) is a proper non-empty R−I−clopen set in X. This contradicts
X is R− I−connected.

Theorem 3.6. Lt X be a R−I−connected space. If f : (X, τ, I) → (Y, σ) is contra R−I−continuous
and surjective, then Y is connected.

Proof.
Assume that Y is disconnected. Then Y = A ∪ B, where A and B are disjoint non-empty clopen
subsets of Y . Since f is contra R−I−continuous, f−1(A) and f−1(B) are non-empty R−I−clopen
sets in X. Also f−1(A)∪ f−1(B) = f−1(A∪B) = X and f−1(A)∩ f−1(B) = f−1(A∩B) = ϕ. This
contradicts X is R− I−connected and so Y is connected.

Theorem 3.7. If f : (X, τ, I) → (Y, σ,J ) is R − I−open and contra-R − I−continuous then f is
almost-R− I−continuous.

Proof.
Let x ∈ X and V ∈ Y be an open set containing f(x). Since f is contra R − I−continuous, there
exists a R−I−open set U ∈ X containing x such that f(U) ⊂ Cl(V ). Since f is R−I−open, f(U)
is R − J−open in Y . So f(U) = R − J − Int(f(U)). Hence f(U) ⊂ R − J − Int(Cl(V )) and f is
almost-R− I−continuous.

Theorem 3.8. If function f : (X, τ, I) → (Y, σ) is contra R− I−continuous then f is almost weakly-
R− I−continuous.
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Proof.
Let x ∈ X and V ∈ Y be an open set containing f(x). Since f is contra R − I−continuous,
f−1(Cl(V )) is R − I−open in X. Take U = f−1(Cl(V )). Then f(U) ⊂ Cl(V ). Thus f is almost
weakly-R− I−continuous.

Theorem 3.9. The set of all points x ∈ X at which f : (X, τ, I) → (Y, σ) is not contra-R −
I−continuous is identical with the union of R − I−frontier of the inverse images of closed sets of
Y containing f(x).

Proof.
First assume that f is not contra R− I−continuous at x ∈ X. Then there exists a closed set F ⊂ Y
containing f(x) such that f(U) ∩ (Y \ F ) ̸= ϕ for every R − I−open set U ⊂ X containing x. So
U ∩f−1(Y \F ) ̸= ϕ. Thus x ∈ R−I−Cl(f−1(Y \F )) = R−I−Cl(X \f−1(F )). Since x ∈ f−1(F ),
x ∈ R− I − Cl(f−1(F )). This implies x ∈ R− I − ∂(f−1(F )).
Now suppose that x ∈ R− I − ∂(f−1(F )) for some closed set F ⊂ Y containing f(x). Assume that
f is contra R − I−continuous at x. Then there exists a R − I−open set U ⊂ X containing x such
that f(U) ⊂ F . This implies x ∈ U ⊂ f−1(F ). So x /∈ R− I − ∂(f−1(F )), a contradiction. Thus f is
not contra R− I−continuous at x.

Theorem 3.10. Let f : (X, τ, I) → (Y, σ,J ) be a contra R − I−continuous function and g :
(Y, σ,J ) → (Z, η) be a continuous function. Then g◦f : (X, τ, I) → (Z, η) is contra R−I−continuous.

Proof.
Let x ∈ X and W ∈ Z be a closed set containing (g ◦ f)(x). Then V = g−1(W ) is closed in Y by
the continuity of g. Also, since f is contra R − I−continuous, there exists a R − I−open set U ∈ X
containing x such that f(U) ⊂ V = g−1(W ). Thus (g ◦ f)(U) ⊂ W . Hence g ◦ f : (X, τ, I) → (Z, η)
is contra R− I−continuous.

Theorem 3.11. Let f : (X, τ, I) → (Y, σ,J ) be a R∗ − I−irresolute function and g : (Y, σ,J ) →
(Z, η) be a contra R − I−continuous function. Then g ◦ f : (X, τ, I) → (Z, η) is contra R −
I−continuous.

Proof.
Let x ∈ X and W ∈ Z be a closed set containing (g ◦ f)(x). Since g is contra R − I−continuous,
there exists a R − J−open set V ∈ Y containing f(x) such that g(V ) ⊂ W . Also, since f is
R∗−I−irresolute, f−1(V ) is R−I−open in X containing x. Take U = f−1(V ). Thus (g◦f)(U) ⊂ W .
Hence g ◦ f : (X, τ, I) → (Z, η) is contra R− I−continuous.

Theorem 3.12. Let f : (X, τ, I) → (Y, σ,J ) be a surjective R∗ − I−irresolute and R − I−open
function and g : (Y, σ,J ) → (Z, η) be any function. Then g ◦ f : (X, τ, I) → (Z, η) is contra
R− I−continuous if and only if g is contra R− I−continuous.

Proof.
If g is contra R−I−continuous, then the proof is clear. Now assume g◦f is contra R−I−continuous.

5

UNDER PEER REVIEW



Let W be closed in Z. Then (g◦f)−1(W ) is R−I−open in X. Since f is R−I−open, f(f−1(g−1(W )))
is R− J−open in Y . Hence g−1(W ) is R− J−open in Y and so g is contra R− I−continuous.

Definition 3.8. [8] A topological space (X, τ, I) is said to be R − I − T1 if for each pair of distinct
points x and y in X, there exists R − I−open sets U and V of X, such that x ∈ U, y /∈ U and
y ∈ V, x /∈ V .

Definition 3.9. [8] A topological space (X, τ, I) is said to be R − I − T2 if for each pair of distinct
points x and y in X, there exists disjoint R− I−open sets U and V in X such that x ∈ Uand y ∈ V .

Definition 3.10. [8] An ideal topological space X is R − I−normal if for each pair A,B of disjoint
R− I−closed sets of X, there exists disjoint R− I−open sets containing A and B respectively.

Definition 3.11. [9] A space (X, τ) is said to be ultra normal if each pair of non-empty disjoint closed
sets can be separated by disjoint clopen sets.

Definition 3.12. A topological space (X, τ) is ultra Hausdorff [9] if for each pair of distinct points x
and y of X there exist closed sets U and V such that x ∈ U, y ∈ V and U ∩ V = ϕ.
A topological space (X, τ) is said to be weakly Hausdorff [T. Soundararajan, Weakly Haus-
dorff spaces and the cardinality of topological spaces in general topology and its rela-
tions to modern analysis and algebra, III Proc. Conf. Kanpur, (1968), Academia, Prague,
(1971),301-306. ] if each element of X is the intersection of regular closed sets of X.

Definition 3.13. [10] A topological space (X, τ) is called Urysohn if, for each x, y ∈ X with x ̸= y,
there exist open sets P and Q of X containing x and y respectively such that Cl(P ) ∩ Cl(Q) = ϕ.

Theorem 3.13. Let (X, τ, I) be a R − I−connected space and (Y, σ) a T1 space. If f : (X, τ, I) →
(Y, σ) is contra R− I−continuous, then f is constant.

Proof.
Let X be a R − I−connected space and Y be a T1 space. Then P = {f−1(y : y ∈ Y )} is a disjoint
collection of R − I−open sets which partitions X. If |P| ≥ 2, then X is the union of two disjoint
non-empty R− I−open sets. This implies |P| = 1 and hence f is constant.

Theorem 3.14. Let f : (X, τ, I) → (Y, σ) be a contra R − I−continuous and one-one function. If Y
is a Urysohn space, then X is R− I − T2.

Proof.
Let x ̸= y ∈ X. Then f(x) ̸= f(y). Since Y is a Urysohn space, there exist open sets P, Q ∈ Y
such that f(x) ∈ P, f(y) ∈ Q and Cl(P ) ∩ Cl(Q) = ϕ. Since f is contra R− I−continuous at there
exist R − I−open sets U, V ∈ X such that x ∈ U, y ∈ V and f(U) ⊂ Cl(P ), f(V ) ⊂ Cl(Q). Thus
U ∩ V = ϕ, since f(U) ∩ f(V ) = ϕ. Hence X is R− I − T2.

Theorem 3.15. Let f : (X, τ, I) → (Y, σ,J ) be a contra R − I−continuous, closed and one-one
function where Y is ultra normal, then X is R− I−normal.
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Proof.
Let A, B ∈ X be disjoint closed subsetsets. Since f is cosed and one-one, f(A) and f(B) are
disjoint closed subsets in Y . Since Y is ultra normal, f(A) and f(B) are separated by disjoint clopen
sets, say, U and V . Since f is contra R − I−continuous, f−1(U) and f−1(V ) are R − I−open and
A ⊂ f−1(U), B ⊂ f−1(V ). This gives f−1(U) ∩ f−1(V ) = ϕ and so X is R− I−normal.

Theorem 3.16. Let f : (X, τ, I) → (Y, σ,J ) be a contra R − I−continuous and one-one function
where Y is ultra Hausdorff, then X is R− I − T2.

Proof.
Let x ̸= y ∈ X. Then f(x) ̸= f(y). Since Y is ultra Hausdorff, there exists closed sets U and V in
Y such that f(x) ∈ U, f(y) ∈ V and U ∩ V = ϕ. Since f is contra R − I−continuous, f−1(U) and
f−1(V ) are R − I−open in X containing x and y respectively with f−1(U) ∩ f−1(V ) = ϕ. Hence X
is R− I − T2.

4 Almost contra R− I−continuous Functions
Definition 4.1. A function f : (X, τ, I) → (Y, σ) is called almost contra R− I−continuous if f−1(V )
is R− I−closed in (X, τ, I) for every regular open set V in (Y, σ).

Definition 4.2. An ideal topological space is said to be countably R−I−compact if every countable
R− I−open cover admits a finite subcover.

Definition 4.3. An ideal topological space is said to be R − I−closed compact (R − I−closed
Lindeloff) if every R− I−closed cover admits a finite (countable) subcover.
An ideal topological space is said to be countably R − I−closed compact if every countable R −
I−closed cover admits a finite subcover.

Definition 4.4. [5] An ideal topological space is said to be R−I−compact (R−I−Lindeloff) if every
R− I−open cover admits a finite (countable) subcover.

Definition 4.5. A topological space X is called S-closed [11] (resp. countably S-closed [12], S-
Lindeloff [3]) if every regular closed (resp. countably regular closed, regular closed) cover of X has a
finite (resp. finite, countable) subcover.
A topological space X is said to be nearly compact (resp. nearly countably compact, nearly Lindeloff)
if every regular open (resp. countable regular open, regular open) cover of X has a finite (resp. finite,
a countably) subcover. [10]

Theorem 4.1. The following statements are equivalent for a function f : (X, τ, I) → (Y, σ):

1. f is almost contra R− I−continuous

2. f−1(F ) is R− I−open in X for each regular closed set F in Y

3. for each x ∈ X and each regular closed set F in Y containing f(x) there exist a R− I−open
set U in X containing x such that f(U) ⊂ F

4. for each x ∈ X and each regular open set V in Y not containing f(x) there exist a R −
I−closed set C in X not containing x such that f−1(V ) ⊂ C
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Proof.
1. ⇔ 2.
Let F be a regular closed set in Y . Then f−1(Y \ F ) = X \ f−1(F ) is R − I−closed in X. Hence
f−1(F ) is R− I−open in X. In a similar manner, the converse part can be proved.
2. ⇔ 3.
Let F be a regular closed set in Y containing f(x). Then f−1(F ) is R − I−open in X and contains
x. Take U = f−1(F ). Hence U is a R− I−open set in X containing x such that f(U) ⊂ F .
Let F be a regular closed set in Y and let x ∈ f−1(F ). Then there exists a R − I−open set Ux

containing x such that f(Ux) ⊂ F . Hence f−1(F ) = ∪{Ux : x ∈ f−1(F )}. So f−1(F ) is R−I−open
in X.
3. ⇔ 4.
Let x ∈ X and V be a regular open set not containing f(x). Then Y \ V is a regular closed set
containing f(x). So there will exist a R−I−open set U ∈ X containing x such that f(U) ⊂ (Y \ V ).
Hence U ⊂ f−1(Y \V ) ⊂ X \f−1(V ). So f−1(V ) ⊂ X \U . Taking C = X \U gives a R−I−closed
set C in X not containing x such that f−1(V ) ⊂ C. Similarly, the converse can be proved.

Theorem 4.2. If f : (X, τ, I) → (Y, σ) is almost contra R − I−continuous, then f is almost weakly-
R− I−continuous.

Proof.
Let x ∈ X and V be an open set in Y containing f(x). Obviously Cl(V ) is regular closed in Y
containing f(x). Then, since f is almost contra R − I−continuous, there exist a R − I−open set U
in X containing x such that f(U) ⊂ Cl(V ). Hence f is almost weakly-R− I−continuous.

Lemma 4.3. A function f : (X, τ, I) → (Y, σ,J ) is almost R − I−continuous, if and only if for each
x ∈ X and each regular open set V of Y containing f(x), there exist a R − I−open set U ∈ X
containing x such that f(U) ⊂ V .

Proof.
The ’if part’ is trivial. The ’only if’ part can be proved by taking V as a open set in Y and hence
R− J − Int(Cl(V )) will be regular open .

Theorem 4.4. Let f : (X, τ, I) → (Y, σ,J ) be a function where Y is extremally disconnected. Then
f is almost contra R− I−continuous if and only if f is almost R− I−continuous.
Note. A topological (X, τ) is extremally disconnected if the closure of every open set in X is open in
X.

Proof.
Let x ∈ X and V ∈ Y be a regular open set containing f(x). Now Y is extremally disconnected −→
Cl(V ) is open −→ Int(Cl(V )) = V −→ Cl(V ) = V −→ V is regular closed. Since f is almost contra
R− I−continuous, there exist a R− I−open set U in X containing x such that f(U) ⊂ V . Then by
the above lemma, f is almost R− I−continuous.
Conversely assume f is almost R − I−continuous. Let x ∈ X and V ∈ Y be a regular closed set
containing f(x). This implies Cl(Int(V )) = V . Since Y is extremally disconnected, we get V is open
in Y and thus is regular open in Y . Since f is almost R − I−continuous, there exist a R − I−open
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set U ∈ X containing x such that f(U) ⊂ V by lemma 3. Thus f is almost contra R−I−continuous.

Theorem 4.5. If f : (X, τ, I) → (Y, σ) is an almost contra R − I−continuous and one-one function
where Y is weakly Hausdorff, then X is R− I − T1.

Proof.
Let x ̸= y ∈ X. Since f is one-one, f(x) ̸= f(y) in Y . Since Y is weakly Hausdorff there exist disjoint
regular closed sets C and D such that f(x) ∈ C, f(y) /∈ C and f(y) ∈ D, f(x) /∈ D. But f is almost
contra R − I−continuous. So f−1(U) and f−1(V ) are R − I−open sets in X containing x and y
respectively. Also x /∈ f−1(V ) and y /∈ f−1(U). Hence X is R− I − T1.

Remark 4.1. If f : (X, τ, I) → (Y, σ) is a contra R−I−continuous and one-one function where Y is
weakly Hausdorff, then X is R− I − T1.

Theorem 4.6. If f : (X, τ, I) → (Y, σ) is an almost contra R−I−continuous and onto function where
X is R− I−connected, then Y is connected.

Proof.
On the contrary assume that Y is disconnected. Then Y = A ∪ B, where A and B are disjoint
non-empty clopen subsets of Y . A and B are regular open in Y since they are clopen. Since f
is almost contra R − I−continuous, f−1(A) and f−1(B) are R − I−open in X. Since f is onto,
f−1(A) ∪ f−1(B) = f−1(A ∪B) = X and f−1(A) ∩ f−1(B) = f−1(A ∩B) = ϕ which contradicts to
the fact that X is R− I−connected. Hence Y is connected.

Theorem 4.7. Let f : (X, τ, I) → (Y, σ) be a surjective almost contra-R − I−continuous function.
Then the following statements are true:

1. X is R− I−compact implies Y is S-closed

2. X is R− I−Lindeloff implies Y is S-Lindeloff

3. X is countably R− I−compact implies Y is countably S-closed

Proof.
1. Let {Vj : j ∈ J} be an regular closed cover of Y . Then {f−1(Vj) : j ∈ J} is a R−I−open cover of
X since f is almost contra-R− I−continuous. But X is R− I−compact. Hence there exists a finite
subset Jκ of J such that X = ∪j∈Jκ{(f−1(Vj))}. So Y = ∪{Vj : j ∈ Jκ} and thus Y is S-closed.
2. and 3. can be proved in a similar fashion.

Theorem 4.8. Let f : (X, τ, I) → (Y, σ) be a surjective almost contra-R − I−continuous function.
Then the following statements are true:

1. X is R-I- closed compact implies Y is nearly compact

2. X is R− I−closed Lindeloff implies Y is nearly Lindeloff

3. X is countably R− I−closed compact implies Y is nearly countably compact
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Proof.
1. Let {Vj : j ∈ J} be an regular open cover of Y . Then {f−1(Vj) : j ∈ J} is a R−I−closed cover of
X since f is almost contra-R− I−continuous. But X is R− I−closed compact. Hence there exists
a finite subset Jκ of J such that X = ∪j∈Jκ{(f−1(Vj))}. So Y = ∪{Vj : j ∈ Jκ} and thus Y is nearly
compact.
2. and 3. can be proved in a similar fashion.

5 Graphs
Definition 5.1. For a function f : X → Y , the subset {(x, f(x)) : x ∈ X} ⊂ X × Y is called the
graph of f and is denoted by G(f).

Definition 5.2. The graph G(f) of a function f : (X, τ, I) → (Y, σ) is said to be R − I−closed
(resp. contra R− I−closed) if for each (x, y) ∈ X × Y \G(f), there exist a R− I−open set U ∈ X
containing x and an open (resp. a closed) set V ∈ Y containing y such that (U × V ) ∩G(f) = ϕ.

Definition 5.3. The graph G(f) of a function f : (X, τ, I) → (Y, σ) is said to be strongly contra
R − I−closed if for each (x, y) ∈ X × Y \ G(f), there exist a R − I−open set U ∈ X containing x
and a regular closed set V ∈ Y containing y such that (U × V ) ∩G(f) = ϕ.

Definition 5.4. [13] A subset A of an ideal topological space (X, τ, I) is called R − I−dense if
R− I − Cl(A) = X.

Lemma 5.1. The graph G(f) of a function f : (X, τ, I) → (Y, σ) is said to be R − I−closed (resp.
contra R − I−closed) if and only if for each (x, y) ∈ X × Y \ G(f), there exist a R − I−open set
U ∈ X containing x and an open (resp. a closed) set V ∈ Y containing y such that f(U) ∩ V = ϕ.

Proof.
Suppose that (U × V ) ∩ G(f) ̸= ϕ. Then there exists at least one (x, y) ∈ X × Y such that
(x, y) ∈ U × V and (x, y) ∈ G(f). That means, x ∈ U, y ∈ V and V ∋ y = f(x) ∈ f(U).
Hence f(U) ∩ V ̸= ϕ.

Lemma 5.2. The graph G(f) of a function f : (X, τ, I) → (Y, σ) is said to be strongly contra R −
I−closed if and only if for each (x, y) ∈ X×Y \G(f), there exist a R−I−open set U ∈ X containing
x and a regular closed set V ∈ Y containing y such that f(U) ∩ V = ϕ.

Theorem 5.3. If a function f : (X, τ, I) → (Y, σ) is contra R−I−continuous and Y is Urysohn, then
G(f) is contra R− I−closed in X × Y .

Proof.
Let (x, y) ∈ X × Y \ G(f). So f(x) ̸= y. Y is Urysohn implies that there exist open sets P and
Q of Y containing f(x) and y respectively such that Cl(P ) ∩ Cl(Q) = ϕ. Since Cl(P ) is a closed
set containing f(x) and since f is contra R − I−continuous, there exist a R − I−open set U ∈ X
containing x such that f(U) ⊂ Cl(P ). Hence f(U)∩Cl(Q) = ϕ and so G(f) is contra R−I−closed
in X × Y by lemma 4.
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Theorem 5.4. If a function f : (X, τ, I) → (Y, σ) is R − I−continuous and Y is T1, then G(f) is
contra R− I−closed in X × Y .

Proof.
Let (x, y) ∈ X × Y \ G(f). So f(x) ̸= y. Since Y is T1 there exists an open set V ∈ Y such that
f(x) ∈ V, y /∈ V . Since f is R− I−continuous, there exists an R− I−open set U ∈ X containing x
such that f(U) ⊂ V . Then f(U) ∩ (Y \ V ) = ϕ. But (Y \ V ) is a closed set in Y containing y. Thus
G(f) is contra R− I−closed in X × Y by lemma 4.

Theorem 5.5. Let Y be a Urysohn space. If f : (X, τ, I) → (Y, σ) and g : (X, τ, I) → (Y, σ) are
contra R− I−continuous functions, then S = {x ∈ X : f(x) = g(x)} is R− I−closed in X.

Proof.
Let x /∈ S. That is x ∈ (X \ S) and so f(x) ̸= g(x). Since Y is Urysohn, there exist open sets
P and Q of Y containing f(x) and g(x) respectively such that Cl(P ) ∩ Cl(Q) = ϕ. Since f is
contra R − I−continuous, f−1(Cl(P )) and f−1(Cl(Q)) are R − I−open in X containing x. Name
f−1(Cl(P )) = A and f−1(Cl(Q)) = B and let R = A ∩ B. Then R is a R − I−open set in X
containing x. Now, f(R) ∩ g(R) = f(A ∩ B) ∩ g(A ∩ B) ⊂ f(A) ∩ g(B) = Cl(P ) ∩ Cl(Q) = ϕ.
Hence S ∩ R = ϕ −→ S ⊂ (X \ R) −→ R − I − Cl(S) ⊂ (X \ R) −→ x /∈ R − I − Cl(S). Thus
S = {x ∈ X : f(x) = g(x)} is R− I−closed in X.

Theorem 5.6. Let Y be a Urysohn space. If f : (X, τ, I) → (Y, σ) almost weakly R−I−continuous,
then G(f) is strongly contra R− I−closed in X × Y .

Proof.
Let (x, y) ∈ X × Y \ G(f). So f(x) ̸= y. Y is Urysohn implies that there exist open sets P and
Q of Y containing f(x) and y respectively such that Cl(P ) ∩ Cl(Q) = ϕ. Since f is almost weakly
R − I−continuous, there exist a R − I−open set U ∈ X containing x such that f(U) ⊂ Cl(P ).
Hence f(U)∩Cl(Q) = ϕ −→ f(U)∩Cl(Int(Q))ϕ. Since Cl(Int(Q)) is regular closed in Y , G(f) is
strongly contra R− I−closed in X × Y by lemma 5.

Theorem 5.7. If a function f : (X, τ, I) → (Y, σ) is almost R−I−continuous and Y is T2, then G(f)
is strongly contra R− I−closed in X × Y .

Proof.
Let (x, y) ∈ X × Y \ G(f). So f(x) ̸= y. Since Y is T2 there exists disjoint open sets A and B
containing f(x) and y respectively. Clearly Cl(B) is regular closed and Int(Cl(A)) is regular open.
A and B are disjoint implies Cl(B) ∩ Int(Cl(A)) = ϕ. Since f is almost R − I−continuous, by
lemma 3., there exists a R − I−open set U ∈ X containing x such that f(U) ⊂ Int(Cl(A)). Hence
f(U) ∩ Cl(B) = ϕ and thus G(f) is strongly contra R− I−closed in X × Y by lemma 5.

Theorem 5.8. Let Y be a Urysohn space and D ⊂ X be a R− I−dense set. Let f, g : (X, τ, I) →
(Y, σ) be any two contra R− I−continuous functions. If f = g on D, then f = g on X.
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Proof.
By theorem 5.5, S = {x ∈ X : f(x) = g(x)} is R − I−closed in X. Clearly D ⊂ S. Since D is
R− I−dense, R− I − Cl(D) = X. Thus X = R− I − Cl(D) ⊂ R− I − Cl(S) = S. Hence f = g
on X.

References
[1] J. Dontchev. Contra-continuous functions and strongly S-closed spaces. Internat. J. Math. Math.

Sci., 19(2) (1996), 303-310

[2] S. Jafari, and T. Noiri. Contra-super-continuous functions. Annales Univ. Sci. Budapest,42
(1999), 27-34

[3] E. Ekici. Almost contra-precontinuous functions. Bull. Malaysian Math. Soc., 27(1) (2004), 53-65

[4] D.Jankovic and T.R.Hamlett. New topologies from old via ideals. Amer.Math.Monthly, 97(1990),
295-310.

[5] Sangeetha M. V. and Baby Chacko. Some properties of separation axioms in ideal topological
spaces. International Journal of Research and Analytical Reviews, 7(3)(2020), 323-326

[6] A.R.Prasannan, Jayanta Biswas. On strong form of δ-I-continuous functions and R −
I−continuous functions. Journal of Advanced Studies in Topology, 7(1)(2016), 21–24

[7] M. Mrsevic. On pairwise R0 and pairwise R1 bitopological spaces. Bulletin Math´ematique de la
Soci´et´e des Sciences Math´ematiques de la R´epublique Socialiste de Roumanie. Nouvelle
S´erie, vol. 30(78), no. 2,(1986), 141-148

[8] Sangeetha M. V. and Baby Chacko. Weak separation axioms in terms of R−I−open sets. IOSR
Journal of Mathematics, 16(4)(2020), 63-67.

[9] R. Staum. The algebra of bounded continuous functions into a non-archimedean field. Pacific J.
Math. 50(1)(1974), 169-185

[10] M.K. Singal and A. Mathur. On nearly compact spaces. Boll. Un. Mat. Ital., 2(1969), 702-710

[11] J.E. Joseph and M.H. Kwack. On S-closed spaces. Proceedings Amer. Math. Soc., 82(2) (1980),
341-348

[12] K. Dlaska, N. Ergun and M. Ganster. Countably S-closed spaces. Mathematica Slovaca, 44(3)
(1994), 337-348

[13] Sangeetha M.V., B.Chacko. Somewhat R−I−continuous and Somewhat R−I−open Functions
in an Ideal Topological Space. Journal of Computer and Mathematical Sciences, 9(4)(2018),
282–292.

12

UNDER PEER REVIEW

SDI 09
Typewritten text
Declaration of AI Use

This manuscript was prepared through the combined contributions of all author(s), including 
contributions to the study design, data, content development, results, interpretation, and 
related scholarly work. The author(s) acknowledge the use of Grammarly and ChatGPT to 
assist with grammar checking, language refinement, reference formatting. These AI-assisted
 tools were not used as authors and did not replace the intellectual contributions or scholarly 
judgment of the author(s). All AI-assisted outputs, including content, references, and 
interpretations, were carefully reviewed, revised, verified, and approved by the author(s). 
The author(s) accept full responsibility for the accuracy, integrity, and final content of the 
manuscript.



	Introduction
	Preliminaries
	On contra R-I-continuous Functions
	Almost contra R-I-continuous Functions
	Graphs

