
Gaussian Generalized Olivier Numbers

Abstract. This study investigates the structural properties and potential applications of the Gaussian

generalized Olivier numbers, contributing to the broader theoretical landscape of integer sequences. Through

a combination of algebraic and analytic methods, we establish new recurrence relations, summation iden-

tities, and diverse representations for these sequences. In particular, we derive a Binet-type expression,

construct generating functions, and develop matrix formulations, while also presenting Simson�s formula

as an alternative analytical tool. Special attention is devoted to two notable cases�the Gaussian Olivier

numbers and the Gaussian Olivier�Lucas numbers�whose distinctive features highlight the richness of the

framework. Our �ndings demonstrate that these sequences exhibit unique combinatorial behaviors, making

them relevant for applications such as coding theory.
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1. Introduction

In recent years, generalized number sequences and their special cases have emerged as a central theme

in mathematical research, owing to their rich algebraic structures and diverse applications across number

theory, combinatorics, and applied mathematics. Among these, Gaussian-based constructions and Leonardo-

type sequences provide fertile ground for exploring recurrence relations, generating functions, and structural

identities. This paper extends these frameworks by introducing and analyzing Gaussian generalized Olivier

numbers, thereby contributing to the theoretical development of sequence theory and its potential applica-

tions.
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This framework not only generalizes classical number sets but also provides fertile ground for construct-

ing new families of integer, rational, and polynomial sequences with distinctive properties. In particular,

Gaussian numbers have been successfully applied to Fibonacci-type and Lucas-type sequences, as well as

to higher-order recurrences, yielding elegant closed forms, generating functions, and matrix representations.

These developments demonstrate how Gaussianization enriches the study of integer sequences by embedding

complex and functional structures into recurrence theory.

Within this broader landscape, Leonardo-type sequences have gained particular attention for their role

in exploring recurrence relations with intricate structural behavior. For further details on Leonardo-type

sequences, see Soykan (2026) [16,17]. These studies emphasize how Leonardo-type sequences serve as bridges

between classical integer families and new algebraic frameworks, o¤ering insights into sequence growth,

combinatorial interpretations, and structural identities.

Generalized Olivier numbers belong to this Leonardo-type family. They exhibit deep connections with ad-

justed Pell-Padovan, Pell-Padovan, Pell-Perrin, third-order Fibonacci-Pell, and third-order Lucas-Pell num-

bers, while introducing distinctive algebraic identities and third-order recurrence structures. The purpose of

this paper is to investigate generalized Gaussian Olivier numbers and their associated properties. We begin

with a review of Gaussian numbers and their applications, then recall the generalized Olivier sequences.

Building on this foundation, we de�ne generalized Gaussian Olivier numbers, derive their Binet-type for-

mulas and generating functions, and establish summation identities and structural properties. In doing so,

we highlight the interplay between Gaussian numbers and recurrence theory, showing how Gaussianization

extends the scope of algebraic and combinatorial analysis and enriches the study of integer sequences.

1.1. Gaussian Numbers. In this subsection, we recall the notion of Gaussian numbers and emphasize

both their classical role and contemporary (modern) extensions.

Traditionally, Gaussian numbers-more commonly referred to as Gaussian integers-form a distinguished

subset of the complex number system. Complex numbers are generally expressed in the form

z = a+ bi;

with a; b 2 R and i2 = �1. Gaussian integers impose the stricter condition that both a and bmust be integers.

This restriction endows them with unique algebraic and arithmetic properties, making them indispensable

in areas such as factorization theory, Diophantine equations, and the distribution of primes in the complex

plane.

In contemporary research, however, the framework has been broadened considerably. The parameters

a and b are no longer con�ned to integers or real numbers; they may be taken as real functions, complex

functions, or even polynomials. Such generalizations naturally lead to Gaussian constructions and com-

bined recurrence relations, as seen in the study of Oresme numbers, Jacobsthal polynomials, and Mersenne

polynomials. For example, Oresme numbers extend the classical integer-based de�nitions by embedding

recurrence structures into rational-number frameworks, while Jacobsthal polynomials enrich the theory by



GAUSSIAN GENERALIZED OLIVIER NUMBERS 3

embedding recurrence structures into polynomial frameworks. These developments highlight the algebraic

and combinatorial depth of Gaussian-type sequences.

In fact, Gaussian Oresme numbers are de�ned by

GOn = On + iOn�1;

with initial values GO0 = �2i and GO1 = 1
2 , where the underlying Oresme numbers are given by the

recurrence

On+2 = On+1 � 1
4On; O0 = 0; O1 =

1
2 :

This construction illustrates that, within Gaussian Oresme numbers, the coe¢ cients may themselves be

rational numbers, thereby allowing a and b to vary with n and expanding the scope of Gaussian-type

sequences beyond their classical integer constraints.

This evolution underscores the versatility of Gaussian numbers: from their classical role in number

theory to their modern incarnations as polynomial and functional sequences, they continue to provide a

fertile ground for theoretical exploration and practical applications.

The literature on Gaussian sequences has evolved through various recurrence-based de�nitions. For

instance:

� Horadam [8] introduced Gaussian Fibonacci numbers and de�ned by

GFn = Fn + iFn�1

where Fn = Fn�1 + Fn�2; F0 = 0; F1 = 1 (in fact, he de�ned these numbers as GFn = Fn + iFn+1

and he called them as complex Fibonacci numbers.).

� Pethe and Horadam [10] introduced Gaussian generalized Fibonacci numbers by

GFn = Fn + iFn�1;

where Fn = Fn�1 + Fn�2; F0 = 0; F1 = 1:

� Hal¬c¬and Öz [7] studied Gaussian Pell and Pell Lucas numbers by written , respectively,

GPn = Pn + iPn�1;

GQn = Qn + iQn�1

where Pn = 2Pn�1 + Pn�2; P0 = 0; P1 = 1 and Qn = 2Qn�1 +Qn�2; Q0 = 2; Q1 = 2:

� Aşc¬and Gürel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given

by, respectively,

GJn = Jn + iJn�1;

Gjn = jn + ijn�1

yukse
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where Jn = Jn�1 + 2Jn�2; J0 = 0; J1 = 1 and jn = jn�1 + 2jn�2; j0 = 2; j1 = 1:

� Taşç¬[19] introduced and studied Gaussian Mersenne numbers de�ned by

GMn =Mn + iMn�1

where Mn = 3Mn�1 � 2Mn�2; M0 = 0; M1 = 1:

� Taşç¬[20] introduced and studied Gaussian balancing and Gaussian Lucas Balancing numbers given

by, respectively,

GBn = Bn + iBn�1;

GCn = Cn + iCn�1

where Bn = 6Bn�1 �BJn�2; B0 = 0; B1 = 1 and Cn = 6Cjn�1 � Cn�2; C0 = 1; C1 = 3:

� Ertaş and Y¬lmaz [4] studied Gaussian Oresme numbers and de�ned them as

GSn = Sn + iSn�1

where Oresme numbers are given by Sn = Sn�1 � 1
4Sn�2; S0 = 0; S1 =

1
2 :

Now, we present some gaussian numbers with third order recurrence relations.

� Soykan, et al. [18] presented Gaussian generalized Tribonacci numbers given by

GWn =Wn + iWn�1

where Wn =Wn�1 +Wn�2 +Wn�3; with the initial condition W0; W1; W2:

� Taşc¬[21] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,

GPn = Pn + iPn�1

GRn = Rn + iRn�1

where Pn = Pn�2 + Pn�3; P0 = 1; P1 = 1; P2 = 1; and Rn = 2Rn�2 + Rn�3; R0 = 1; R1 = 1;

R2 = 1:

� Cerda-Morales [5] de�ned Gaussian third-order Jacobsthal numbers as

GJn = Jn + iJn�1

where Jn = Jn�1 + Jn�2 + 2Jn�3; J1 = 0; J2 = 1; J2 = 1:

These constructions illustrate the versatility of Gaussian integers in generating novel sequence families

with deep theoretical and computational relevance.

Here are some references for Gaussian numbers combined with well-known number sequence components,

highlighting their applications to coding and decoding theory:
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� In Asci and Aydinyuz [2], the authors introduced k-order Gaussian Fibonacci polynomials with

boundary conditions, derived their matrix representation, and established the corresponding poly-

nomial matrix. Building on this, they de�ned a new framework called k-order Gaussian Fibonacci

polynomial coding theory and constructed code elements for various values of k.

� In Aydinyuz and Asci [3], the authors further developed this approach by de�ning a coding theory

based on k-order Gaussian Fibonacci matrices. They termed this framework the k-order Gaussian

Fibonacci coding theory and investigated its error detection and correction capabilities.

� In Özçelik and Dertli [9], the authors introduced Gaussian Leonardo polynomial sequences and

explored their applications in coding and decoding. By employing the Leonardo matrix, they

demonstrated how Leonardo numbers can be utilised in coding theory.

1.2. Generalized Olivier Numbers. In this subsection, we revisit the framework of generalized

Olivier numbers and highlight their two notable specializations: the Olivier sequence and the Olivier�Lucas

sequence. These sequences, de�ned through recurrence relations that extend classical integer families, ex-

hibit distinctive structural properties that enrich the study of number theory. Their algebraic behavior

and interconnections have implications ranging from combinatorial analysis to applications in coding theory,

underscoring their theoretical and practical importance.

A variety of related sequences have been introduced in the literature, each governed by third-order re-

currence relations. Among these are the adjusted Pell-Padovan sequence fMngn�0; third order Lucas-Pell

sequence fBngn�0 (OEIS: A099925, [11]), third order Fibonacci-Pell sequence fGngn�0 (OEIS: A008346,

[11]), Pell-Perrin sequence fCngn�0; Pell-Padovan sequencefRngn�0 (OEIS: A066983, [11]). These are de-

�ned respectively by

Mn+3 = 2Mn+1 +Mn; M0 = 0;M1 = 1;M2 = 0; (1.1)

Bn+3 = 2Bn+1 +Bn; B0 = 3; B1 = 0; B2 = 4 (1.2)

Gn+3 = 2Gn+1 +Gn; G0 = 1; G1 = 0; G2 = 2; (1.3)

Cn+3 = 2Cn+1 + Cn; C0 = 3; C1 = 0; C2 = 2; (1.4)

Rn+3 = 2Rn+1 +Rn; R0 = 1; R1 = 1; R2 = 1: (1.5)

For more details on generalized Pell�Padovan numbers and their special cases, see Soykan [12].

Building on these constructions, Olivier and Olivier�Lucas numbers are de�ned by the recurrences

On = 2On�2 +On�3 + 1; with O0 = 0; O1 = 1; O2 = 1; n � 3;

and

Kn = 2Kn�2 +Kn�3 � 2; with K0 = 4;K1 = 1;K2 = 5 ; n � 3;
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respectively. Both sequences satisfy equivalent fourth-order linear recurrences:

On = On�1 + 2On�2 �On�3 �On�4; O0 = 0; O1 = 1; O2 = 1; O3 = 3; n � 4;

Kn = Kn�1 + 2Kn�2 �Kn�3 �Kn�4; K0 = 4;K1 = 1;K2 = 5;K3 = 4; n � 4;

These sequences are closely related to the Pell�Padovan families. For example, they satisfy the following

interrelations:

2On = Mn+2 +Mn+1 +Mn � 1; Kn = �2Mn+2 + 3Mn+1 + 4Mn + 1;

10On = �7Bn+2 + 9Bn+1 + 11Bn � 5; Kn = Bn + 1;

2On = Gn+2 +Gn+1 �Gn � 1; Kn = 4Gn+2 � 2Gn+1 � 5Gn + 1;

22On = 13Cn+2 � 3Cn+1 � 5Cn � 11; 11Kn = �12Cn+2 + 18Cn+1 + 19Cn + 11;

2On = Rn+2 � 1; 2Kn = �3Rn+2 + 4Rn+1 + 5Rn + 2:

The generalized Olivier sequence fWngn�0 = fWn(W0;W1;W2;W3)gn�0 is de�ned by the fourth-order

recurrence relation

Wn =Wn�1 + 2Wn�2 �Wn�3 �Wn�4 (1.6)

with the initial values W0 = c0;W1 = c1;W2 = c2;W3 = c3 not all being zero.

The sequence can be extended to negative indices by de�ning

W�n = �W�(n�1) + 2W�(n�2) +W�(n�3) �W�(n�4); n = 1; 2; 3; : : :

so that recurrence (1.6) holds for all integers n. For more information on generalized Olivier sequence, see

Soykan [13].

The characteristic equation of fWng is

z4 � z3 � 2z2 + z + 1 = (z3 � 2z � 1)(z � 1) = (z2 � z � 1) (z + 1) (z � 1) = 0

with roots

� =
1 +

p
5

2
; � =

1�
p
5

2
; 
 = �1; � = 1:

Two notable specializations, Olivier sequence fOnggn�0 and Olivier-Lucas sequence fKngn�0; of fWng are

obtained by choosing particular initial conditions:

On = On�1 + 2On�2 �On�3 �On�4; O0 = 0; O1 = 1; O2 = 1; O3 = 3; n � 4; (1.7)

Kn = Kn�1 + 2Kn�2 �Kn�3 �Kn�4; K0 = 4;K1 = 1;K2 = 5;K3 = 4; n � 4; (1.8)

These sequences can also be extended to negative indices by applying the same recurrence relations:

O�n = �O�(n�1) + 2O�(n�2) +O�(n�3) �O�(n�4)

K�n = �K�(n�1) + 2K�(n�2) +K�(n�3) �K�(n�4)
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for n = 1; 2; 3; :::: Hence, recurrences (1.7)-(1.8) are valid for all integers n.

The explicit form of generalized Olivier numbers can be obtained through a Binet-type representation.

This closed-form expression highlights the role of the characteristic roots and provides a powerful tool for

both theoretical analysis and computational applications.

Theorem 1.1. For all integers n, the generalized Olivier sequence fWng admits the Binet�s formula

Wn =
p1�

n

(�� �)(�� 
)(�� �) +
p2�

n

(� � �)(� � 
)(� � �) (1.9)

+
p3


n

(
 � �)(
 � �)(
 � �) +
p4�

n

(� � �)(� � �)(� � 
)
= A1�

n +A2�
n +A3


n +A4�
n

= A1�
n +A2�

n +A3(�1)n +A4 [14, p. 38, Theorem 1.1],

which can also be expressed as

Wn =
(�W3 � �(1� �)W2 + (��2 + 1)W1 �W0)�

n

4�2 � �� 3

+
(�W3 � �(1� �)W2 + (��2 + 1)W1 �W0)�

n

4�2 � � � 3

+
(�W3 + 2W2 �W0)(�1)n

2
� W3 � 2W1 �W0

2
; [13, p. 8, Theorem 2.1],

where

p1 = W3 � (� + 
 + �)W2 + (�
 + �� + 
�)W1 � �
�W0

= W3 +
1

2
(
p
5� 1)W2 �W1 �

1

2
(
p
5� 1)W0;

p2 = W3 � (�+ 
 + �)W2 + (�
 + �� + 
�)W1 � �
�W0

= W3 �
1

2
(
p
5 + 1)W2 �W1 +

1

2
(
p
5 + 1)W0;

p3 = W3 � (�+ � + �)W2 + (�� + �� + ��)W1 � ���W0 =W3 � 2W2 +W0;

p4 = W3 � (�+ � + 
)W2 + (�� + �
 + �
)W1 � ��
W0 =W3 � 2W1 �W0;

and

A1 =
p1

(�� �)(�� 
)(�� �) =
2

5 +
p
5
p1;

A2 =
p2

(� � �)(� � 
)(� � �) =
2

5�
p
5
p2;

A3 =
p3

(
 � �)(
 � �)(
 � �) = �
1

2
p3;

A4 =
p4

(� � �)(� � �)(� � 
) = �
1

2
p4:

This representation emphasizes the contribution of each root �; �; 
 = �1; � = 1 of the characteristic

polynomial, and shows how the initial conditions determine the coe¢ cients of the closed form.
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Corollary 1.2. For all integers n, the Binet�s formulas of Olivier and Olivier�Lucas numbers are given

by

On =
�n+2

(�� �)(�� 
)(�� �) +
�n+2

(� � �)(� � 
)(� � �) +

n+2

(
 � �)(
 � �)(
 � �) +
�n+2

(� � �)(� � �)(� � 
)

=
1

10
(
p
5 + 5)�n +

1

10
(�
p
5 + 5)�n � 1

2
(�1)n � 1

2

[14, p.49, Theorem 1.4], [13, p. 8, Corollary 2.2],

and

Kn = �n + �n + (�1)n + 1 =
 
1 +

p
5

2

!n
+

 
1�

p
5

2

!n
+ (�1)n + 1;

[13, p. 8, Corollary 2.2],

respectively.

The generating function provides a compact representation of the entire sequence and is a fundamental

tool for deriving identities and summation formulas.

Lemma 1.3. [13, p. 11, Lemma 2.4]. Suppose fWn
(z) =

P1
n=0Wnz

n is the ordinary generating function

of the generalized Olivier sequence fWng. Then
1X
n=0

Wnz
n =

W0 + (W1 �W0)z + (W2 �W1 � 2W0)z
2 + (W3 �W2 � 2W1 +W0)z

3

1� z � 2z2 + z3 + z4 :

The previous lemma gives the following results as particular examples.

Corollary 1.4. [13, p. 12, Corollary 2.5]. The generating functions of Olivier and Olivier�Lucas

numbers are
1X
n=0

Onz
n =

z

1� z � 2z2 + z3 + z4 ;

1X
n=0

Knz
n =

4� 3z � 4z2 + z3
1� z � 2z2 + z3 + z4 ;

respectively.

The exponential generating function o¤ers an alternative perspective, particularly useful for analytic

and combinatorial interpretations.

Lemma 1.5. Suppose
P1

n=0Wn
zn

n! is the exponential generating function of the generalized Olivier se-

quence fWng. Then
1X
n=0

Wn
zn

n!
= A1e

�z +A2e
�z +A3e

�z +A4e
z

where A1; A2; A3; A4 are as de�ned in (1.9).
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Proof: Using the Binet�s formula of generating Olivier numbers we get
1X
n=0

Wn
zn

n!
=

1X
n=0

(A1�
n +A2�

n +A3(�1)n +A4)
zn

n!

Separating terms yields
1X
n=0

Wn
zn

n!
= A1

1X
n=0

(�z)n

n!
+A2

1X
n=0

(�z)n

n!
+A3

1X
n=0

(�z)n
n!

+A4

1X
n=0

zn

n!

which simpli�es to
1X
n=0

Wn
zn

n!
= A1e

�z +A2e
�z +A3e

�z +A4e
z: �

It is worth emphasizing that Lemma 1.5 does not appear in the earlier treatment of Olivier numbers given

in [13]. To ensure that our exposition remains both complete and self-contained, we have taken the initiative

to present the lemma here together with its full proof. In doing so, we clarify the underlying rationale of

the exponential generating function and reinforce the theoretical framework within which our subsequent

results are developed. This addition not only �lls a gap in the existing literature but also provides a stronger

foundation for the identities, summation formulas, and structural properties that will be established in the

following sections.

The previous Lemma gives the following results as particular examples.

Corollary 1.6. Exponential generating function of Olivier and Olivier-Lucas numbers are

a):
1X
n=0

On
zn

n!
=
1

10
(
p
5 + 5)e�z +

1

10
(�
p
5 + 5)e�z � 1

2
e�z � 1

2
ez:

b):
1X
n=0

Kn
zn

n!
= e�z + e�z + e�z + ez:

Next, we turn our attention to summation identities associated with the generalized Olivier numbers.

Such formulas are of particular importance because they provide compact expressions for partial sums of

the sequence and reveal deeper structural relationships between consecutive terms. They also serve as useful

tools for deriving combinatorial identities and for establishing connections with other recurrence families. In

this way, summation identities enrich both the algebraic and analytic perspectives of recurrence theory.

Theorem 1.7. [15, Theorem 3.4] For n � 0, the following sum formulas for generalized Olivier numbers

hold:

(a):
nP
k=0

Wk =
1
2 (�(n+ 3)Wn+3 +Wn+2 + (2n+ 7)Wn+1 + (n+ 4)Wn + 3W3 �W2 � 7W1 � 2W0):

(b):
nP
k=0

W2k =W2n+2 � (n+ 2)W2n+1 + (n+ 1)W2n + (n+ 2)W2n�1 + 2W3 � 3W2 � 2W1 + 2W0:

(c):
nP
k=0

W2k+1 = �(n+ 1)W2n+2 + (n+ 3)W2n+1 + (n+ 1)W2n �W2n�1 �W3 + 2W2 � 2W0:

(d):
nP
k=1

W�k =
1
2 (�(n+1)W�n+3�W�n+2+(2n+1)W�n+1+(n+2)W�n+W3+W2�W1�2W0):
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(e):
nP
k=1

W�2k = �W�2n+2 � (n+ 1)W�2n+1 + (n+ 3)W�2n + (n+ 1)W�2n�1 +W3 �W1 � 2W0:

(f):
nP
k=1

W�2k+1 = �(n+2)W�2n+2+(n+1)W�2n+1+(n+2)W�2n+W�2n�1+W3+W2�3W1�W0:

In summary, generalized Olivier numbers serve as a unifying framework that brings together several classical

and modern recurrence families, including Pell-type, Padovan-type, and higher-order Fibonacci�Lucas struc-

tures, while simultaneously introducing new algebraic identities. Their capacity to accommodate integer,

rational, and even polynomial coe¢ cients, together with the possibility of extending de�nitions to negative

indices, demonstrates the remarkable �exibility of the model and its potential for uncovering deeper com-

binatorial relationships. By situating Olivier and Olivier�Lucas sequences within this broader landscape,

we emphasize their role as a conceptual bridge between established recurrence systems and innovative gen-

eralizations, thereby opening new avenues for theoretical exploration and practical applications in number

theory, combinatorics, and related �elds. Furthermore, the explicit Binet�s formulas, generating functions,

and summation identities provide complementary analytic perspectives: the closed forms highlight the in�u-

ence of characteristic roots, while the generating functions and sum formulas encapsulate the entire sequence

in compact algebraic expressions. Taken together, these tools form a robust foundation for deriving identi-

ties, matrix representations, and structural properties, ensuring that generalized Olivier numbers occupy a

central position in the ongoing development of recurrence theory and its applications.

2. Gaussian Generalized Olivier Numbers

Having established the structural framework, recurrence relations, and analytic tools for generalized

Olivier numbers, we are now prepared to extend our investigation into their Gaussian counterparts. In

particular, we turn to the de�nition and analysis of generalized Gaussian Olivier numbers and their two

notable special cases, the Gaussian Olivier and Gaussian Olivier�Lucas sequences. This transition marks

the point where classical recurrence theory meets Gaussianization, opening the way to new closed forms,

generating functions, and identities that enrich the broader study of integer sequences. In what follows, we

introduce Gaussian generalized Olivier numbers and examine their fundamental properties. Central to this

discussion are Binet�s formula, which provides an explicit closed-form representation of the sequence, and the

generating function, which encapsulates the entire sequence within a single algebraic expression. Together,

these tools clarify the recursive structure of the sequence, establish a foundation for further theoretical

exploration, and o¤er computational techniques that extend the scope of recurrence theory into new algebraic

and combinatorial domains.

Gaussian generalized Olivier numbers fGWngn�0 = fGWn(GW0; GW1; GW2; GW3)gn�0 are de�ned by

GWn = GWn�1 + 2GWn�2 �GWn�3 �GWn�4 (2.1)
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with the initial conditions

GW0 = W0 + iW�1 =W0 + i(2W1 �W0 +W2 �W3);

GW1 = W1 + iW0;

GW2 = W2 + iW1;

GW3 = W3 + iW2;

not all being zero. The sequences fGWngn�0 can be extended to negative subscripts by de�ning

GW�n = �GW�(n�1) + 2GW�(n�2) +GW�(n�3) �GW�(n�4)

for n = 1; 2; 3; :::. Thus, recurrence (2.1) holds for all integer n: Note that for all integers n, we get,

GWn = Wn + iWn�1; (2.2)

GW�n = W�n + iW�n�1: (2.3)

In the following table, we present the �rst few generalized Gaussian Olivier numbers, including those with

both positive and negative subscripts, thereby providing a clear illustration of how the sequence behaves

across its entire domain and highlighting the natural extension of the indexing scheme to encompass both

the standard positive indices and their negative counterparts. By using the recurrence relation (2.1), i.e.,

GWn = GWn�1 + 2GWn�2 �GWn�3 �GWn�4; n � 4;

or equivalently the representation (2.2)-(2.3), i.e., GWn =Wn+iWn�1 and GW�n =W�n+iW�n�1 together

with the initial conditions GW0; GW1; GW2; GW3, each entry in Table 1 is obtained iteratively. For instance,

starting from the initial values, we compute

GW4 = GW3 + 2GW2 �GW1 �GW0;

GW5 = GW4 + 2GW3 �GW2 �GW1;

and so forth. Proceeding in this manner, all subsequent terms are generated step by step, and the table

records these computed values. This explicit demonstration ensures that the derivation of the table entries

from the recurrence relation is transparent to the reader. For veri�cation and symbolic manipulation, alge-

braic tools such as Mathematica, Maple, or MATLAB can also be employed to reproduce and con�rm the

computations.

Table 1. The �rst few generalized Gaussian Olivier numbers with both positive and negative subscripts.
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n GWn GW�n

0 GW0 GW0

1 GW1 2GW1 �GW0 +GW2 �GW3

2 GW2 3GW0 �GW1 � 2GW2 +GW3

3 GW3 4GW1 � 4GW0 + 4GW2 � 3GW3

4 2GW2 �GW1 �GW0 +GW3 8GW0 � 4GW1 � 7GW2 + 4GW3

5 GW2 � 2GW1 �GW0 + 3GW3 9GW1 � 12GW0 + 12GW2 � 8GW3

6 4GW2 � 4GW1 � 3GW0 + 4GW3 21GW0 � 12GW1 � 20GW2 + 12GW3

7 4GW2 � 7GW1 � 4GW0 + 8GW3 22GW1 � 33GW0 + 33GW2 � 21GW3

8 9GW2 � 12GW1 � 8GW0 + 12GW3 55GW0 � 33GW1 � 54GW2 + 33GW3

9 12GW2 � 20GW1 � 12GW0 + 21GW3 56GW1 � 88GW0 + 88GW2 � 55GW3

10 22GW2 � 33GW1 � 21GW0 + 33GW3 144GW0 � 88GW1 � 143GW2 + 88GW3

11 33GW2 � 54GW1 � 33GW0 + 55GW3 145GW1 � 232GW0 + 232GW2 � 144GW3

12 56GW2 � 88GW1 � 55GW0 + 88GW3 377GW0 � 232GW1 � 376GW2 + 232GW3

13 88GW2 � 143GW1 � 88GW0 + 144GW3 378GW1 � 609GW0 + 609GW2 � 377GW3

Gaussian Olivier numbers, GWn : GWn(0; 1; 1 + i; 3 + i) = GOn, are de�ned by

GOn = GOn�1 + 2GOn�2 �GOn�3 �GOn�4; (2.4)

with the initial conditions

GO0 = 0; GO1 = 1; GO2 = 1 + i; GO3 = 3 + i;

and Gaussian Olivier-Lucas numbers, GWn(4� i; 1 + 4i; 5 + i; 4 + 5i) = GKn, are de�ned by

GKn = GKn�1 + 2GKn�2 �GKn�3 �GKn�4; (2.5)

with the initial conditions

GK0 = 4� i; GK1 = 1 + 4i; GK2 = 5 + i; GK3 = 4 + 5i:

:

These sequences can also be extended to negative indices by applying the same recurrence relations:

GO�n = �GO�(n�1) + 2GO�(n�2) +GO�(n�3) �GO�(n�4)

GK�n = �GK�(n�1) + 2GK�(n�2) +GK�(n�3) �GK�(n�4)

for n = 1; 2; 3; :::: Hence, recurrences (2.4)-(2.5) are valid for all integers n.

Note that for all integers n, we have

GOn = On + iOn�1;

GKn = Kn + iKn�1:
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In Table 2 and 3, we present the �rst few Gaussian Olivier and Gaussian Olivier-Lucas numbers with

positive and negative subscripts.

Table 2. Gaussian Olivier numbers
n GOn GO�n

0 0 0

1 1 0

2 1 + i �i

3 3 + i �1 + i

4 4 + 3i 1� 3i

5 8 + 4i �3 + 4i

6 12 + 8i 4� 8i

7 21 + 12i �8 + 12i

8 33 + 21i 12� 21i

9 55 + 33i �21 + 33i

10 88 + 55i 33� 55i

11 144 + 88i �55 + 88i

12 232 + 144i 88� 144i

13 377 + 232i �144 + 232i
Table 3. Gaussian Olivier-Lucas numbers
n GKn GK�n

0 4� i 4� i

1 1 + 4i �1 + 5i

2 5 + i 5� 4i

3 4 + 5i �4 + 9i

4 9 + 4i 9� 11i

5 11 + 9i �11 + 20i

6 20 + 11i 20� 29i

7 29 + 20i �29 + 49i

8 49 + 29i 49� 76i

9 76 + 49i �76 + 125i

10 125 + 76i 125� 199i

11 199 + 125i �199 + 324i

12 324 + 199i 324� 521i

13 521 + 324i �521 + 845i
Next, we present the Binet�s formula for the Gaussian generalized Olivier numbersa concise closed form

expression derived from solving the characteristic equation associated with their recurrence relation, which

not only encapsulates the inherent recursive structure of these numbers but also provides valuable insights
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into their algebraic properties, thereby serving as a powerful analytical tool for further theoretical exploration

and computational applications.

Theorem 2.1. The Binet�s formula for the Gaussian generalized Olivier numbers is

GWn = (A1�
n +A2�

n +A3(�1)n +A4) + i(A1�n�1 +A2�n�1 +A3(�1)n�1 +A4)

where A1; A2; A3; A4 are as de�ned in (1.9).

Proof. The proof follows from (2.2) and (1.9). �
In light of the preceding theorem which establishes a comprehensive framework for analyzing the intrinsic

properties of these sequences the ensuing results emerge naturally as special cases, thereby illustrating not

only the far reaching generality of the theorem but also its capacity to encapsulate speci�c, elegantly distilled

instances as direct corollaries of the broader theoretical framework.

Corollary 2.2. For all integers n, we have following identities,

(a): GOn = ( 110 (
p
5+5)�n+ 1

10 (�
p
5+5)�n� 1

2 (�1)
n� 1

2 )+ i(
1
10 (
p
5+5)�n�1+ 1

10 (�
p
5+5)�n�1�

1
2 (�1)

n�1 � 1
2 ):

(b): GKn = (�
n + �n + (�1)n + 1) + i(�n�1 + �n�1 + (�1)n�1 + 1):

Building on the preceding discussion and analytical developments, the following theorem introduces the

generating function of the Gaussian generalized Olivier numbers a single, uni�ed algebraic expression that

encapsulates the entire in�nite sequence, thereby revealing the intricate interplay between the sequence�s re-

cursive properties and its combinatorial structure while also furnishing a powerful tool for further theoretical

exploration and practical computational analysis.

Theorem 2.3. Let fGWn
(z) =

P1
n=0GWnz

n denote the generating function of Gaussian generalized

Olivier numbers. Then,

1X
n=0

GWnz
n =

GW0 + (GW1 �GW0)z + (GW2 �GW1 � 2GW0)z
2 + (GW3 �GW2 � 2GW1 � (�1)GW0)z

3

1� z � 2z2 + z3 + z4
(2.6)
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Proof. Using the de�nition of generalized Gaussian Olivier numbers, and substracting z
P1

n=0GWnz
n;

2z2
P1

n=0GWnz
n; (�1)z3

P1
n=0GWnz

n and (�1)z4
P1

n=0GWnz
n from

P1
n=0GWnz

n we obtain

(1� z � 2z2 � (�1)z3 � (�1)z4)
1X
n=0

GWnz
n

=
1X
n=0

GWnz
n � z

1X
n=0

GWnz
n � 2z2

1X
n=0

GWnz
n � (�1)z3

1X
n=0

GWnz
n � (�1)z4

1X
n=0

GWnz
n

=
1X
n=0

GWnz
n �

1X
n=0

GWnz
n+1 � 2

1X
n=0

GWnz
n+2 � (�1)

1X
n=0

GWnz
n+3 � (�1)

1X
n=0

GWnz
n+4

=
1X
n=0

GWnz
n �

1X
n=1

GWn�1z
n � 2

1X
n=2

GWn�2z
n � (�1)

1X
n=3

GWn�3z
n � (�1)

1X
n=4

GWn�4z
n

= (GW0 +GW1z +GW2z
2 +GW3z

3)� (GW0z +GW1z
2 +GW2z

3)� 2(GW0z
2 +GW1z

3)� (�1)GW0z
3

+
1X
n=4

(GWn �GWn�1 � 2GWn�2 � (�1)GWn�3 � (�1)GWn�4)z
n

= GW0 + (GW1 �GW0)z + (GW2 �GW1 � 2GW0)z
2 + (GW3 �GW2 � 2GW1 � (�1)GW0)z

3:

Rearranging above equation, we obtain (2.6). �
Theorem 2.3 gives the following results as special cases.

Corollary 2.4. The generating functions of Gausian Olivier and Gausian Olivier�Lucas numbers are
1X
n=0

GOnz
n =

z + iz2

1� z � 2z2 + z3 + z4 ;

1X
n=0

GKnz
n =

(4� i) + (�3 + 5i)z � (4 + i)z2 + (1� 5i)z3
1� z � 2z2 + z3 + z4 ;

respectively.

Next, we give the exponential generating function of
1P
n=0

GWn
zn

n! of the sequence GWn:

Lemma 2.5. Suppose that fEGWn
(z) =

1P
n=0

GWn
zn

n! is the exponential generating function of the Gauss-

ian generalized Olivier sequence {GWn}. Then,
1X
n=0

GWn
zn

n!
= (A1e

�z +A2e
�z +A3e

�z +A4e
z) + i(

A1
�
e�z +

A2
�
e�z �A3e�z +A4ez):

Proof: Using the Binet�s formula of Gaussian generalized Olivier numbers or exponential generating

function of the generalized Olivier sequence we get
1X
n=0

GWn
zn

n!
=

1X
n=0

(Wn + iWn�1)
zn

n!

=
1X
n=0

Wn
zn

n!
+ i

1X
n=0

Wn�1
zn

n!

= (A1e
�z +A2e

�z +A3e
�z +A4e

z) + i(
A1
�
e�z +

A2
�
e�z �A3e�z +A4ez): �
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The previous Lemma gives the following results as particular examples.

Corollary 2.6. Exponential generating function of Gaussian Olivier and Gaussian Olivier-Lucas num-

bers are

a):

1X
n=0

GOn
zn

n!
= (

1

10
(
p
5 + 5)e�z +

1

10
(�
p
5 + 5)e�z � 1

2
e�z � 1

2
ez)

+i(

p
5 + 5

5(
p
5 + 1)

e�z +

p
5� 5

5(
p
5� 1)

e�z +
1

2
e�z � 1

2
ez):

b):
1X
n=0

GKn
zn

n!
= (e�z + e�z + e�z + ez) + i(

1

�
e�z +

1

�
e�z � e�z + ez):

3. Some Identities About Recurrence Relations of Gaussian Generalized Olivier Numbers

In this section, we present a systematic collection of identities involving Gaussian Olivier numbers and

Gaussian Olivier�Lucas numbers. These relations, derived from their recurrence de�nitions and generating

functions, reveal intricate algebraic and combinatorial structures. Such identities not only deepen our the-

oretical understanding of the sequences but also provide useful tools for further exploration and potential

applications in areas such as coding theory and discrete mathematics.

Theorem 3.1. For all integers n, the following identities hold:

10GOn = 9GKn+3 � 7GKn+2 � 9GKn+1 + 2GKn; (3.1)

GKn = 5GOn+3 � 6GOn+2 � 5GOn+1 + 4GOn: (3.2)

Proof. To establish identity (3.1), we assume a linear relation of the form

GOn = aGKn+3 + bGKn+2 + cGKn+1 + dGKn:

By substituting n = 0; 1; 2; 3 and using the initial values of GOn and GKn, we obtain the system

GO0 = aGK3 + bGK2 + cGK1 + dGK0

GO1 = aGK4 + bGK3 + cGK2 + dGK1

GO2 = aGK5 + bGK4 + cGK3 + dGK2

GO3 = aGK6 + bGK5 + cGK4 + dGK3

Solving this system yields a = 9
10 ; b = �

7
10 ; c = �

9
10 ; d =

1
5 , which con�rms the stated identity. Since both

fGOng and fGKng are recurrence sequences of order four, and both sides of the identity satisfy the same

recurrence relation, the equality holds for all integers n.
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Similarly, to prove identity (3.2), we assume

GKn = aGOn+3 + bGOn+2 + cGOn+1 + dGOn:

Substituting n = 0; 1; 2; 3 and applying the initial conditions gives

GK0 = aGO3 + bGO2 + cGO1 + dGO0

GK1 = aGO4 + bGO3 + cGO2 + dGO1

GK2 = aGO5 + bGO4 + cGO3 + dGO2

GK3 = aGO6 + bGO5 + cGO4 + dGO3

Solving this system yields a = 5; b = �6; c = �5; d = 4, thereby establishing the second identity. Again,

since both sequences are of order four and both sides satisfy the same recurrence relation, the identity is

valid for all n. �
These identities illustrate the deep interconnections between Gaussian Olivier and Gaussian Olivier�

Lucas numbers. By expressing each sequence in terms of the other, they highlight the structural symmetry

inherent in their recurrence relations. Such results not only enrich the algebraic theory of Gaussian general-

ized Olivier numbers but also provide a foundation for deriving further identities, summation formulas, and

matrix representations in subsequent sections.

In the study of recurrence sequences, it is often useful to separate the contributions of even and odd

indices, as this decomposition reveals additional structural symmetries and provides analytic simpli�cations.

By examining subsequences de�ned by even and odd terms, one can derive generating functions that encap-

sulate their behavior in compact closed forms. This approach not only clari�es the recursive nature of the

sequences but also o¤ers powerful tools for deriving identities and exploring combinatorial interpretations.

Lemma 3.2. ([6]) Let f(z) =
P1

n=0 anz
n be the generating function of the sequence fangn�0. Then the

generating functions of the subsequences fa2ngn�0 and fa2n+1gn�0 are given by

fa2n(z) =
1X
n=0

a2nz
n =

f(
p
z) + f(�

p
z)

2
;

fa2n+1(z) =

1X
n=0

a2n+1z
n =

f(
p
z)� f(�

p
z)

2
p
z

;

respectively.

The above lemma provides a general framework for decomposing generating functions into their even and

odd components. Applying this principle to Gaussian generalized Olivier numbers yields explicit closed-form

expressions for the subsequences, thereby illuminating the interplay between their recursive de�nitions and

combinatorial structures.
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Theorem 3.3. The generating functions of the subsequences fGW2ng and fGW2n+1g are given by

1X
n=0

GW2nz
n (3.3)

=
GW0 + (�5GW0 +GW2)z + (7GW0 �GW1 � 3GW2 +GW3)z

2 + (�3GW0 +GW1 + 2GW2 �GW3)z
3

z4 � 5z3 + 8z2 � 5z + 1 ;

1X
n=0

GW2n+1z
n (3.4)

=
GW1 + (�5GW1 +GW3)z + (�GW0 + 6GW1 +GW2 � 2GW3)z

2 + (GW0 � 2GW1 �GW2 +GW3)z
3

z4 � 5z3 + 8z2 � 5z + 1 ;

respectively.

Proof. From Lemma 1.3, we obtain

fGWn
(
p
z) =

GW0 + (GW1 �GW0)
p
z + (GW2 �GW1 � 2GW0)z + (GW3 �GW2 � 2GW1 +GW0)

p
z3

1�
p
z � 2z +

p
z3 + z2

;

fGWn
(�
p
z) =

GW0 � (GW1 �GW0)
p
z + (GW2 �GW1 � 2GW0)z � (GW3 �GW2 � 2GW1 � (�1)GW0)

p
z
3

1 +
p
z � 2z �

p
z
3
+ z2

:

Applying Lemma 3.2, we obtain

1X
n=0

GW2nz
n =

fGWn(
p
z) + fGWn(�

p
z)

2
;

and
1X
n=0

GW2n+1z
n =

fGWn(
p
z)� fGWn(�

p
z)

2
;

which simplify to (3.3) and (3.4). �
From Theorem 3.3, we obtain the following Corollary.

Corollary 3.4. The generating functions of the subsequences GO2n; GO2n+1; GK2n; GK2n+1 are given

by:

a):

fGO2n(z) =
(1 + i)z � (1 + 2i)z2 + iz3
z4 � 5z3 + 8z2 � 5z + 1 ;

fGO2n+1(z) =
1 + (�2 + i)z + (1� i)z2
z4 � 5z3 + 8z2 � 5z + 1 :

b):

fGK2n
(z) =

(4� i) + (�15 + 6i)z + (16� 9i)z2 + (�5 + 4i)z3
z4 � 5z3 + 8z2 � 5z + 1 ;

fGK2n+1
(z) =

(1 + 4i)� (1 + 15i)z + (�1 + 16i)z2 + (1� 5i)z3
z4 � 5z3 + 8z2 � 5z + 1 :
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These results demonstrate how the decomposition into even and odd subsequences provides additional an-

alytic clarity. By isolating the contributions of GO2n; GO2n+1; GK2n; GK2n+1, we uncover structural sym-

metries that are otherwise obscured in the full sequence. Such generating functions not only enrich the

algebraic theory of Gaussian generalized Olivier numbers but also serve as powerful tools for deriving further

identities and exploring applications in combinatorics and discrete mathematics.

The decomposition of generating functions into even and odd subsequences, as established in Corol-

lary 3.4, provides a fertile ground for deriving additional algebraic identities. By carefully manipulating

these generating functions, one can uncover relations that connect Gaussian Olivier numbers and Gaussian

Olivier�Lucas numbers in nontrivial ways. Such identities highlight the structural symmetry between the

two families and demonstrate how generating functions serve not only as compact analytic representations

but also as engines for producing deeper recurrence relations and cross-sequence connections.

Remark 3.5. From Corollary 3.4 we obtain

((1 + i)z � (1 + 2i)z2 + iz3)fGK2n
(z) = ((4� i) + (�15 + 6i)z + (16� 9i)z2 + (�5 + 4i)z3)fGO2n

(z):

The left-hand side (LHS) expands as

LHS = ((1 + i)z � (1 + 2i)z2 + iz3)
1X
n=0

GK2nz
n

= (1 + i)z
1X
n=0

GK2nz
n � (1 + 2i)z2

1X
n=0

GK2nz
n + iz3

1X
n=0

GK2nz
n

= (1 + i)
1X
n=0

GK2nz
n+1 � (1 + 2i)

1X
n=0

GK2nz
n+2 + i

1X
n=0

GK2nz
n+3

= (1 + i)(GK0z +GK2z
2)� (1 + 2i)GK0z

2 +
1X
n=3

((1 + i)GK2n�2 � (1 + 2i)GK2n�4 + iGK2n�6)z
n:

The right-hand side (RHS) expands as

RHS = ((4� i) + (�15 + 6i)z + (16� 9i)z2 + (�5 + 4i)z3)
1X
n=0

GO2nz
n

= ((4� i)
1X
n=0

GO2nz
n + (�15 + 6i)z

1X
n=0

GO2nz
n + (16� 9i)z2

1X
n=0

GO2nz
n + (�5 + 4i)z3

1X
n=0

GO2nz
n

= ((4� i)
1X
n=0

GO2nz
n + (�15 + 6i)

1X
n=0

GO2nz
n+1 + (16� 9i)

1X
n=0

GO2nz
n+2 + (�5 + 4i)

1X
n=0

GO2nz
n+3

= (4� i)(GO2z +GO4z2) + (�15 + 6i)GO2z2

+
1X
n=3

((4� i)GO2n + (�15 + 6i)GO2n�2 + (16� 9i)GO2n�4 + (�5 + 4i)GO2n�6)zn

Since

(1 + i)(GK0z +GK2z
2)� (1 + 2i)GK0z

2 = (4� i)(GO0 +GO2z +GO4z2);
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comparing coe¢ cients yields the identity

(1+i)GK2n�2�(1+2i)GK2n�4+iGK2n�6 = (4�i)GO2n+(�15+6i)GO2n�2+(16�9i)GO2n�4+(�5+4i)GO2n�6:

(3.5)

Similarly, from Corollary 3.4, we obtain

((1 + i)z � (1 + 2i)z2 + iz3)fGK2n+1
(z) = ((1 + 4i)� (1 + 15i)z + (�1 + 16i)z2 + (1� 5i)z3)fGO2n

(z);(3.6)

(1 + (�2 + i)z + (1� i)z2)fGK2n
(z) = ((4� i) + (�15 + 6i)z + (16� 9i)z2 + (�5 + 4i)z3)fGO2n+1

(z);(3.7)

(1 + (�2 + i)z + (1� i)z2)fGK2n+1
(z) = ((1 + 4i)� (1 + 15i)z + (�1 + 16i)z2 + (1� 5i)z3)fGO2n+1

(z):(3.8)

As above, one can derive identities analogous to (3.5) by applying (3.6)-(3.8).

This remark illustrates how generating function manipulations yield nontrivial cross-relations between Gauss-

ian Olivier and Gaussian Olivier�Lucas subsequences. Such identities not only reinforce the algebraic sym-

metry between the two families but also provide a framework for deriving further recurrence relations and

combinatorial interpretations in subsequent analysis.

One of the most fruitful approaches in the study of recurrence sequences is to establish convolution-

type identities that connect di¤erent families of sequences. Such relations not only highlight the algebraic

interplay between Gaussian Olivier numbers and their classical counterparts but also provide powerful tools

for deriving summation formulas and cross-sequence transformations. In particular, identities of Honsberger

type reveal how Gaussianized structures inherit and extend the combinatorial richness of the original Olivier

framework.

Theorem 3.6. (Honsberger�s Identity) For all integers m;n, the following identity holds:

GWn+m = GWnOm+1 +GWn�1(2Om �Om�1 �Om�2) +GWn�2(�Om �Om�1)�GWn�3Om; (3.9)

equivalently,

GWm+n = GWm+3On�2+GWm+2(2On�3�On�4�On�5)+GWm+1(�On�3�On�4)�GWmOn�3: (3.10)

Proof. The proof can be established either by direct application of the Binet�s formulas for GWn and

On or by mathematical induction on m. Both approaches con�rm the validity of the stated identity.

We prove (3.9) by induction on m: First, we assume that m;n � 0: If m = 0 we obtain

GWn = GWnO1 +GWn�1(2O0 �O�1 �O�2) +GWn�2(�O0 �O�1)�GWn�3O0
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which is true since O�2 = 0; O�1 = 0; O0 = 0; O1 = 1:We assume that the identity given holds for m � k:

For m = k + 1; we obtain

GWn+(k+1) = GW(k+1)+n�1 + 2GW(k+1)+n�2 �GW(k+1)+n�3 �GW(k+1)+n�4

= GWn+k + 2GWn+k�1 �GWn+k�2 �GWn+k�3

= GWnOk+1 +GWn�1(2Ok �Ok�1 �Ok�2) +GWn�2(�Ok �Ok�1)�GWn�3Ok

+2(GWnOk�1+1 +GWn�1(2Ok�1 �Ok�1�1 �Ok�1�2) +GWn�2(�Ok�1 �Ok�1�1)�GWn�3Ok�1)

�(GWnOk�2+1 +GWn�1(2Ok�2 �Ok�2�1 �Ok�2�2) +GWn�2(�Ok�2 �Ok�2�1)�GWn�3Ok�2)

�(GWnOk�3+1 +GWn�1(2Ok�3 �Ok�3�1 �Ok�3�2) +GWn�2(�Ok�3 �Ok�3�1)�GWn�3Ok�3)

which simpli�es to

GWn+(k+1) = GWn(Ok+1 + 2Ok �Ok�1 �Ok�2)

+GWn�1(2Ok + 3Ok�1 � 5Ok�2 � 3Ok�3 + 2Ok�4 +Ok�5)

+GWn�2(2Ok�3 � 3Ok�1 �Ok�2 �Ok +Ok�4)

�GWn�3(Ok + 2Ok�1 �Ok�2 �Ok�3)

which further simpli�es to

GWn+(k+1) = GWnOk+2 +GWn�1(2Ok+1 �Ok �Ok�1) +GWn�2(�Ok+1 �Ok)�GWn�3Ok+1

i.e.,

GWn+(k+1) = GWnO(k+1)+1+GWn�1(2O(k+1)�O(k+1)�1�O(k+1)�2)+GWn�2(�O(k+1)�O(k+1)�1)�GWn�3O(k+1):

Consequently, by mathematical induction on m; this proves (3.9). The other cases of m;n can be proved

similarly. �
The general identity above can be specialized to obtain relations involving Gaussian Olivier numbers

and Gaussian Olivier�Lucas numbers. By substituting GWn = GOn and GWn = GKn, respectively, we

obtain the following corollary.

Corollary 3.7. For all integers m;n, the following identities hold:

GOn+m = GOnOm+1 +GOn�1(2Om �Om�1 �Om�2) +GOn�2(�Om �Om�1)�GOn�3Om;

GKn+m = GKnOm+1 +GKn�1(2Om �Om�1 �Om�2) +GKn�2(�Om �Om�1)�GKn�3Om;

i.e.,

GOm+n = GOm+3On�2 +GOm+2(2On�3 �On�4 �On�5) +GOm+1(�On�3 �On�4)�GOmOn�3;

GKm+n = GKm+3On�2 +GKm+2(2On�3 �On�4 �On�5) +GKm+1(�On�3 �On�4)�GKmOn�3:
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These identities demonstrate how Gaussian Olivier numbers and their Lucas-type counterparts inherit con-

volutional structures from the classical Olivier sequence. They provide a uni�ed framework for expressing

mixed-index terms, thereby enriching the algebraic theory and o¤ering new pathways for combinatorial

interpretations and applications.

4. Summation Formulas for Gaussian Generalized Olivier Numbers

We now extend the summation identities obtained for generalized Olivier numbers to their Gaussian

counterparts. These formulas are particularly valuable because they provide closed expressions for partial

sums of Gaussian sequences, expressed in terms of only a few consecutive Gaussian numbers and initial

conditions. Such identities highlight the structural e¢ ciency of the recurrence relation and allow for deeper

algebraic and combinatorial interpretations. Moreover, they demonstrate how Gaussianization preserves

the summation structure of classical sequences while introducing new algebraic features through complex

coe¢ cients.

Theorem 4.1. For n � 0, the following sum formulas for Gaussian generalized Olivier numbers hold:

(a):
nP
k=0

GWk =
1
2 (�(n + 3)GWn+3 + GWn+2 + (2n + 7)GWn+1 + (n + 4)GWn + 3GW3 � GW2 �

7GW1 � 2GW0):

(b):
nP
k=0

GW2k = GW2n+2 � (n + 2)GW2n+1 + (n + 1)GW2n + (n + 2)GW2n�1 + 2GW3 � 3GW2 �

2GW1 + 2GW0:

(c):
nP
k=0

GW2k+1 = �(n+1)GW2n+2+(n+3)GW2n+1+(n+1)GW2n�GW2n�1�GW3+2GW2�2GW0:

(d):
nP
k=1

GW�k =
1
2 (�(n+1)GW�n+3�GW�n+2+(2n+1)GW�n+1+(n+2)GW�n+GW3+GW2�

GW1 � 2GW0):

(e):
nP
k=1

GW�2k = �GW�2n+2�(n+1)GW�2n+1+(n+3)GW�2n+(n+1)GW�2n�1+GW3�GW1�

2GW0:

(f):
nP
k=1

GW�2k+1 = �(n + 2)GW�2n+2 + (n + 1)GW�2n+1 + (n + 2)GW�2n + GW�2n�1 + GW3 +

GW2 � 3GW1 �GW0:

Proof. These identities follow directly from Theorem 1.7, which provides summation formulas for the

scalar sequence fWng, together with the recurrence relation Wn = Wn�1 + 2Wn�2 �Wn�3 �Wn�4. The

Gaussian structure is preserved under summation since addition is de�ned componentwise. �
By substituting the initial conditions of the Gaussian Olivier and Gaussian Olivier�Lucas numbers into

the general summation identities, we obtain explicit closed-form formulas for each case. These corollaries

illustrate how Gaussianization modi�es the constants while preserving the overall summation structure, with

the �rst specialization tailored speci�cally to the Gaussian Olivier sequence.

Corollary 4.2. For n � 0, the Gaussian Olivier numbers satisfy:

(a):
nP
k=0

GOk =
1
2 (�(n+ 3)GOn+3 +GOn+2 + (2n+ 7)GOn+1 + (n+ 4)GOn + 1 + 2i:
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(b):
nP
k=0

GO2k = GO2n+2 � (n+ 2)GO2n+1 + (n+ 1)GO2n + (n+ 2)GO2n�1 + 1� i:

(c):
nP
k=0

GO2k+1 = �(n+ 1)GO2n+2 + (n+ 3)GO2n+1 + (n+ 1)GO2n �GO2n�1 � 1 + i:

(d):
nP
k=1

GO�k =
1
2 (�(n+ 1)GO�n+3 �GO�n+2 + (2n+ 1)GO�n+1 + (n+ 2)GO�n + 3 + 2i:

(e):
nP
k=1

GO�2k = �GO�2n+2 � (n+ 1)GO�2n+1 + (n+ 3)GO�2n + (n+ 1)GO�2n�1 + 2 + i:

(f):
nP
k=1

GO�2k+1 = �(n+ 2)GO�2n+2 + (n+ 1)GO�2n+1 + (n+ 2)GO�2n +GO�2n�1 + 1 + 2i.

Likewise, by applying the initial conditions of the Gaussian Olivier�Lucas numbers, the general summa-

tion identities specialize to the following explicit formulas.

Corollary 4.3. For n � 0, the Gaussian Olivier-Lucas numbers satisfy:

(a):
nP
k=0

GKk =
1
2 (�(n+ 3)GKn+3 +GKn+2 + (2n+ 7)GKn+1 + (n+ 4)GKn � 8� 12i):

(b):
nP
k=0

GK2k = GK2n+2 � (n+ 2)GK2n+1 + (n+ 1)GK2n + (n+ 2)GK2n�1 � 1� 3i:

(c):
nP
k=0

GK2k+1 = �(n+ 1)GK2n+2 + (n+ 3)GK2n+1 + (n+ 1)GK2n �GK2n�1 � 2� i:

(d):
nP
k=1

GK�k =
1
2 (�(n+ 1)GK�n+3 �GK�n+2 + (2n+ 1)GK�n+1 + (n+ 2)GK�n + 4i):

(e):
nP
k=1

GK�2k = �GK�2n+2 � (n+ 1)GK�2n+1 + (n+ 3)GK�2n + (n+ 1)GK�2n�1 �5 + 3i:

(f):
nP
k=1

GK�2k+1 = �(n+ 2)GK�2n+2 + (n+ 1)GK�2n+1 + (n+ 2)GK�2n +GK�2n�1 + 2� 5i:

These summation identities demonstrate how Gaussian Olivier and Gaussian Olivier�Lucas numbers inherit

the summation structure of their classical counterparts while introducing new constants that re�ect the

Gaussian framework. They provide compact closed forms for partial sums, reveal deeper algebraic rela-

tionships, and serve as a foundation for further exploration of combinatorial identities and applications in

complex recurrence theory.

5. Matrix Formulation of GWn

Building on the matrix formulation of Olivier numbers, we now extend the representation to their

Gaussian counterparts. This approach encodes the recursive structure directly into matrix powers, allowing

us to express Gaussian Olivier and Gaussian Olivier�Lucas numbers in compact algebraic form. The following

lemma formalizes this connection.

We de�ne the square matrix A of order 4 as

A =

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA ;
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which satis�es det(A) = 1. Note that, according to [13, Theorem 8.1. (a)],

An =

0BBBBBB@
On+1 2On �On�1 �On�2 �On �On�1 �On
On 2On�1 �On�2 �On�3 �On�1 �On�2 �On�1
On�1 2On�2 �On�3 �On�4 �On�2 �On�3 �On�2
On�2 2On�3 �On�4 �On�5 �On�3 �On�4 �On�3

1CCCCCCA :

We now present the following lemma, which establishes the matrix formulation of Gaussian generalized

Olivier numbers.

Lemma 5.1. For n � 0, the following identity holds:

0BBBBBB@
GWn+3

GWn+2

GWn+1

GWn

1CCCCCCA =

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

n0BBBBBB@
GW3

GW2

GW1

GW0

1CCCCCCA :

Proof. The proof proceeds by mathematical induction on n. For n = 0, we have

0BBBBBB@
GW3

GW2

GW1

GW0

1CCCCCCA =

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

00BBBBBB@
GW3

GW2

GW1

GW0

1CCCCCCA ;

which is trivially true. Assume the identity holds for n = k, i.e.,

0BBBBBB@
GWk+3

GWk+2

GWk+1

GWk

1CCCCCCA =

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

k0BBBBBB@
GW3

GW2

GW1

GW0

1CCCCCCA :



GAUSSIAN GENERALIZED OLIVIER NUMBERS 25

For n = k + 1, we obtain

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

k+10BBBBBB@
GW3

GW2

GW1

GW0

1CCCCCCA =

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

k0BBBBBB@
GW3

GW2

GW1

GW0

1CCCCCCA

=

0BBBBBB@
1 2 �1 �1

1 0 0 0

0 1 0 0

0 0 1 0

1CCCCCCA

0BBBBBB@
GWk+3

GWk+2

GWk+1

GWk

1CCCCCCA

=

0BBBBBB@
GWk+4

GWk+3

GWk+2

GWk+1

1CCCCCCA :

Thus, by induction, the identity holds for all n � 0. �
We de�ne the matrices

NGW =

0BBBBBB@
GW3 GW2 GW1 GW0

GW2 GW1 GW0 GW�1

GW1 GW0 GW�1 GW�2

GW0 GW�1 GW�2 GW�3

1CCCCCCA ; (5.1)

and

EGW =

0BBBBBB@
GWn+3 GWn+2 GWn+1 GWn

GWn+2 GWn+1 GWn GWn�1

GWn+1 GWn GWn�1 GWn�2

GWn GWn�1 GWn�2 GWn�3

1CCCCCCA : (5.2)

With these de�nitions, we obtain the following theorem.

Theorem 5.2. Using NGW and EGW , we have

AnNGW = EGW : (5.3)



26 YÜKSEL SOYKAN, ·IKRA ÇELEBI, SALIH ZEKI TANDO ¼GAN, ESRA CENNET KOÇAK

Proof. We compute

AnNGW =

0BBBBBB@
On+1 2On �On�1 �On�2 �On �On�1 �On
On 2On�1 �On�2 �On�3 �On�1 �On�2 �On�1
On�1 2On�2 �On�3 �On�4 �On�2 �On�3 �On�2
On�2 2On�3 �On�4 �On�5 �On�3 �On�4 �On�3

1CCCCCCA

0BBBBBB@
GW3 GW2 GW1 GW0

GW2 GW1 GW0 GW�1

GW1 GW0 GW�1 GW�2

GW0 GW�1 GW�2 GW�3

1CCCCCCA

=

0BBBBBB@
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

1CCCCCCA
where

a11 = GW3On+1 �GW0On �GW1 (On +On�1)�GW2 (On�1 � 2On +On�2) ;

a21 = GW3On �GW1 (On�1 +On�2)�GW2 (On�2 � 2On�1 +On�3)�GW0On�1;

a31 = GW3On�1 �GW2 (On�3 � 2On�2 +On�4)�GW0On�2 �GW1 (On�2 +On�3) ;

a41 = GW3On�2 �GW2 (On�4 � 2On�3 +On�5)�GW0On�3 �GW1 (On�3 +On�4) ;

a12 = GW2On+1 �GW0 (On +On�1)�GOnW�1 �GW1 (On�1 � 2On +On�2) ;

a22 = GW2On �GW�1On�1 �GW0 (On�1 +On�2)�GW1 (On�2 � 2On�1 +On�3) ;

a32 = GW2On�1 �GW�1On�2 �GW1 (On�3 � 2On�2 +On�4)�GW0 (On�2 +On�3) ;

a42 = GW2On�2 �GW�1On�3 �GW1 (On�4 � 2On�3 +On�5)�GW0 (On�3 +On�4) ;

a13 = GW1On+1 �GW�1 (On +On�1)�GOnW�2 �GW0 (On�1 � 2On +On�2) ;

a23 = GW1On �GW�2On�1 �GW0 (On�2 � 2On�1 +On�3)�GW�1 (On�1 +On�2) ;

a33 = GW1On�1 �GW0 (On�3 � 2On�2 +On�4)�GW�1 (On�2 +On�3)�GW�2On�2;

a43 = GW1On�2 �GW0 (On�4 � 2On�3 +On�5)�GW�1 (On�3 +On�4)�GW�2On�3;

a14 = GW0On+1 �GW�1 (On�1 � 2On +On�2)�GOnW�3 �GW�2 (On +On�1) ;

a24 = GW0On �GW�3On�1 �GW�2 (On�1 +On�2)�GW�1 (On�2 � 2On�1 +On�3) ;

a34 = GW0On�1 �GW�2 (On�2 +On�3)�GW�1 (On�3 � 2On�2 +On�4)�GW�3On�2;

a44 = GW0On�2 �GW�2 (On�3 +On�4)�GW�1 (On�4 � 2On�3 +On�5)�GW�3On�3;

Now the required equality follows from Theorem 3.6. �
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Remark 5.3. Of course, the proof of Theorem 5.2 can be shortened as follows. The multiplication

AnNGW yields a matrix with entries aij expressed in terms of Gaussian Olivier numbers and classical Olivier

numbers. For example,

a11 = GW3On+1 �GW0On �GW1(On +On�1)�GW2(On�1 � 2On +On�2);

and similar formulas hold for the other entries. The required equality then follows directly from Theorem 3.6.

�

By substituting GWn = GOn with initial conditions (GO0; GO1; GO2; GO3) into (5.1) and (5.2), and

similarly GWn = GKn with (GK0; GK1; GK2; GK3), we obtain the specialized matrices

NGO =

0BBBBBB@
3 + i 1 + i 1 0

1 + i 1 0 0

1 0 0 �i

0 0 �i �1 + i

1CCCCCCA ; EGO =
0BBBBBB@
GOn+3 GOn+2 GOn+1 GOn

GOn+2 GOn+1 GOn GOn�1

GOn+1 GOn GOn�1 GOn�2

GOn GOn�1 GOn�2 GOn�3

1CCCCCCA ;
:

and

NGK =

0BBBBBB@
4 + 5i 5 + i 1 + 4i 4� i

5 + i 1 + 4i 4� i �1 + 5i

1 + 4i 4� i �1 + 5i 5� 4i

4� i �1 + 5i 5� 4i �4 + 9i

1CCCCCCA ; EGK =
0BBBBBB@
GKn+3 GKn+2 GKn+1 GKn

GKn+2 GKn+1 GKn GKn�1

GKn+1 GKn GKn�1 GKn�2

GKn GKn�1 GKn�2 GKn�3

1CCCCCCA :

From Theorem 5.2, we derive the following corollary.

Corollary 5.4. The following identities hold:

(a): AnNGO = EGO:

(b): AnNGK = EGK :

From Theorem 5.2, taking determinants on both sides of (5.3), we obtain the following result. This

determinant identity, which we refer to as Simpson�s formula for Gaussian generalized Olivier numbers,

highlights the deep interplay between recurrence sequences and linear algebra.

Theorem 5.5 (Simpson�s Formula of Gaussian Generalized Olivier Numbers). For all integers n, the

following identity holds:������������

GWn+3 GWn+2 GWn+1 GWn

GWn+2 GWn+1 GWn GWn�1

GWn+1 GWn GWn�1 GWn�2

GWn GWn�1 GWn�2 GWn�3

������������
=

������������

GW3 GW2 GW1 GW0

GW2 GW1 GW0 GW�1

GW1 GW0 GW�1 GW�2

GW0 GW�1 GW�2 GW�3

������������
:
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From Theorem 5.5, we derive the following corollary. This result shows that the determinant identity

applies equally to the Gaussian Olivier and Gaussian Olivier�Lucas numbers, thereby extending Simpson�s

formula to their Gaussian analogues.

Corollary 5.6. For all integers n;the following identities hold:

(a):

������������

GOn+3 GOn+2 GOn+1 GOn

GOn+2 GOn+1 GOn GOn�1

GOn+1 GOn GOn�1 GOn�2

GOn GOn�1 GOn�2 GOn�3

������������
= 4� 2i:

(b):

������������

GKn+3 GKn+2 GKn+1 GKn

GKn+2 GKn+1 GKn GKn�1

GKn+1 GKn GKn�1 GKn�2

GKn GKn�1 GKn�2 GKn�3

������������
= 80� 40i:

These results illustrate how Simson�s formula, when applied to Gaussian Olivier and Gaussian Olivier�

Lucas numbers, yields elegant determinant identities with explicit complex values. Such evaluations not

only reinforce the algebraic coherence of Gaussianized sequences but also provide a bridge between classical

determinant identities and modern generalizations in recurrence theory.

Conclusion

In this work, we have undertaken a comprehensive study of generalized Olivier numbers and their

Gaussian extensions, establishing a uni�ed framework that connects classical recurrence theory with modern

generalizations. By developing Binet�s formulas, generating functions, summation identities, and matrix

representations, we have shown how these sequences encapsulate rich algebraic and combinatorial structures.

The Gaussianization process, in particular, demonstrates how established recurrence families can be extended

into complex domains while preserving their fundamental properties and introducing new layers of symmetry.

Beyond aligning with established methodologies in recurrence sequence analysis, the present investigation

distinguishes itself through the Gaussian extension of Olivier numbers. This extension introduces complex

structures into the recurrence framework, yielding new Binet-type formulas, generating functions, and sum-

mation identities that are not available in the classical setting. Moreover, the matrix-based formulations

provide a uni�ed algebraic perspective that connects Gaussian Olivier numbers with other families such as

Pell, Padovan, and Leonardo-type sequences. These distinguishing features underscore both the originality

and the broader applicability of our results, and we believe they open pathways for future research in discrete

mathematics, coding theory, and related �elds.
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[19] Taşç¬, D., On Mersenne Numbers, Journal of Science and Arts, 4(57), 1021-1028, 2021.
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