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Generalized Fractional Differential Operators Associated with an Extended Mittag-Leffler Type Function
 
                   
                                      Abstract

This paper establishes two image formulae for generalized fractional differentiation involving an extended Mittag-Leffler type function. The work uses Marichev-Saigo-Maeda fractional differential operators, whose kernels involve Appell’s function, and expresses the derived identities in terms of a generalized Wright hypergeometric function. The preliminary section recalls the extended Mittag-Leffler type function, the associated extended beta function, the Wright hypergeometric function and relevant special cases, thereby preparing the notation and parameter conditions used in the main results. Two principal theorems are then formulated: the first concerns the left-sided generalized fractional differential operator, whereas the second concerns the corresponding right-sided operator. In each case, the proof applies the definition of the extended Mittag-Leffler type function, the relevant Marichev-Saigo-Maeda operator and known power-function formulae, followed by the rearrangement of terms into the generalized Wright hypergeometric form. Several corollaries are obtained by specifying parameter values and by reducing the extended Mittag-Leffler type function to known forms. These reductions show that previously reported fractional-calculus identities can be recovered as special cases. The results therefore provide a unified presentation of related fractional differential formulae within the stated analytic setting. The study is theoretical and contributes a structured set of fractional differential identities for extended special functions only.
Keywords and Phrase: Extended Mittag-Leffler type function; generalized fractional calculus; Marichev-Saigo-Maeda operators; generalized Wright hypergeometric function; Appell’s function; fractional differentiation; image formulae; special functions; fractional differential operators; parameter-dependent identities.
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[bookmark: GrindEQpgref571fda871]1.  Introduction and Preliminaries:


 In 2015, Parmar (see[1,13]) introduced the extended Mittag-Leffler type function
in the following manner:

                                                    (1.1)    


whereand is the extended beta function defined by Srivastava et al. [14] in the integral form as
          

                                                (1.2) 




Here, and for an appropriately bounded sequence of  real or complex arbitrary numbers and the function  was defined by Srivastava et al. [14, p,-243, eq.(2.1)] as


                                (1.3)




where, ‘r’ be the radius of convergence for some suitable constants and  depending essentially on the sequence



[bookmark: _Hlk208088052][bookmark: _Hlk208079750]Remark 1:	 If we put in (1.1), then  reduces to the following form of extended Mittag-Leffler function (see [1, p-1072, eq. (17)]) as
                                    

[bookmark: _Hlk208081029]                                         (1.4)                                                        
              

             





[bookmark: _Hlk208088899][bookmark: _Hlk208253007]Remark 2:	 If we take in (1.1), then reduces to                       given byand Yilmaz [15] as


                                                                    (1.5)
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[bookmark: _Hlk208080126][bookmark: _Hlk208163631]Remark 3: If we set  in (1.1), then  reduces to the Prabhakar type Mittag-Leffler function [16] as


                         	                                                                      (1.6)      


where and denote the well known Pochhammer symbol defined as
          

                                               (1.7)
[bookmark: _Hlk209954863]





Remark 4: If we put  and in Prabhakar type Mittag-Leffler function then it reduces to Wiman type Mittag-Leffler function and Gosta Mittag-Leffler function respectively (see [17-21]). 
                        
Wright [22] was introduced the  generalized Wright hypergeometric function in the following series as



[bookmark: _Hlk208082101]              	  (1.8) with condition 
In 2015, the Wright type hypergeometric function was generalized by Sharma and Devi [23] as follows:


	

                                                                    (1.9)


where and denotes the extended beta function (see [23, p-46, eq. (3)].

Further, an useful generalization of the Wright type hypergeometric function
defined by Agarwal et al.[24] defined as follows:

 

  


                                               (1.10)

[bookmark: _Hlk210500678]                  



Remark 5: If we take then (1.10) reduce to (1.9); further if we take then (1.10) reduce to (1.8).

Research gap: Related studies have examined fractional differential equations, Mittag-Leffler-type functions, Riemann-Liouville-type operators and generalized fractional-operator frameworks [28-32]. However, within the scope of the present manuscript, image formulae for Marichev-Saigo-Maeda fractional differential operators acting on Parmar's extended Mittag-Leffler type function and expressed through the generalized Wright hypergeometric function remain insufficiently consolidated.
Objective: The objective of this study is to establish two image formulae for generalized fractional differentiation involving the extended Mittag-Leffler type function and to present the resulting identities in terms of the generalized Wright hypergeometric function.

[bookmark: GrindEQpgref56d749142]2.  Generalized fractional calculus operators:

Marichev [2] defined a useful generalization of the generalized fractional calculus operators (see details in Samko et al.[3, p-194, eq. (10.47) and whole section 10.3]) and later studied and generalized by Saigo and Maeda[4, p-393, eq. (4.12) and (4.13)] in terms of arbitrary complex order with Appell's function (Horn’s function) in the kernel, as following manner :  
 


Let and  then the generalized fractional integral and differential operators involving Appell's function (Horn's function) F3(.) are defined as 


                 (2.1)     
   


                         (2.2)
	

    	                                                                           
 

		(2.3)
     and 


     	                                                                      
 

		(2.4)

Further, the left-sided and right-sided generalized fractional integration of the type (2.1) and (2.2) for a power function are given by (see [4, p-394, eq. (4.18) and (4.19)])
   

           	(2.5)


where , 


and                 	 (2.6)


where .



Here, the symbol  occurring in (2.5) and (2.6) will be used to represent the ratio of product of gamma functions as .



Remark 6:   If we take  and  then operators given in  

(2.1) - (2.4) reduces to the Saigo fractional integral operators. Further, if we set then
 it reduces to the Riemann-Liouville fractional integral operators (see [25-27]). 
             

[bookmark: GrindEQpgref56d749144]3. Generalized Fractional Differentiation of the extended type 
   Mittag-Leffler function:

In this section, we establish two image formulas for the extended Mittag-Leffler function involving Marichev-Saigo-Maeda fractional differential operators (2.3) and (2.4), in term of the generalized Wright hypergeometric function. These formulas are given by the following theorems: 





[bookmark: _Hlk208089292][bookmark: _Hlk208085510][bookmark: _Hlk208254967]Theorem 1 Let   such that and Then  the following result holds:


     

[bookmark: _Hlk210495093]                    
                                                                                                                                                             (3.1)

Proof:	 By using the definition of extended Mittag-Leffler type function (1.1), (2.3) and left-sided Saigo-Maeda fractional integration power function formula (2.5), we have


 
		               

                    ,
by interchanging the order of differentiation and Summation,we get
      

[bookmark: _Hlk210494776] 


	


[bookmark: _Hlk208257608] 
                         
                  
next, using (1.10) and rearranging the terms, we have
     


Which completes the proof of theorem 1.



[bookmark: _Hlk208087719]If we put  in (3.1), we obtain the following corollary as 


[bookmark: _Hlk208090377][bookmark: _Hlk208085947][bookmark: _Hlk208087153]Corollary 1.1  Let    




[bookmark: _Hlk208085897]and such that and Then the following integral formula holds: 



                                               (3.2)


 Now, if we take  in (3.2), we get the following integral formula as 




[bookmark: _Hlk208090644]Corollary 1.2  Letandsuch that Then the following result holds:
 

             (3.3)




Next, if we put in (3.1), then  reduce to we arrive at the following result as 






Corollary 1.3 Let   such that and  Then the following formula holds:
[bookmark: _Hlk208089099]




       
                                                                                                                                              (3.4)  
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Again, if we set in (3.1),then reduce towe get the following corollary as







Corollary 1.4 Let and  such that andThen the following result holds:






[bookmark: _Hlk210496949]        (3.5)  




[bookmark: _Hlk208090809]Further, if we takein (3.1), then  reduce tothen we obtain the following known result given by Gupta et al. [9, p-123, eq.(25)] as





[bookmark: _Hlk208090909]Corollary 1.5  Let                andsuch that and Then there holds the following formula true:


  


             (3.6) 
Remark 7: 
(i) 
If we take  then Corollary (1.5) reduce to the known result given by Ahmed [10, eq. (5.1)] (see also [9, p-124, eq. (27)]).
(ii) 


If we put  and  in Corollary (1.5), then we can easily obtain the known result given by Chaurasia and Pandey [11, p-118, eq. (5.1)]. Further, if we set , then we obtain another known result given by Saxena and Saigo [12, p-149, eq. (29)].
	




[bookmark: _Hlk208090950]Theorem 2 Let   such that and  

Then the following result holds:





  
                                                                                                                                            (3.7)
        
Proof: By using the definition of extended Mittag-Leffler type function (1.1), (2.4) and right-sided Saigo-Maeda fractional integration power function formula (2.6), we get

                   

     
by interchanging the order of the integration and summation, we have

[bookmark: _Hlk210498082]   

   

   

                       
next, using (1.10) and rearranging the terms, we have

  
Which completes the proof of theorem 2.


If we set  and in (3.7), we get the following result as




[bookmark: _Hlk208256383]Corollary 2.1 Let and  such that and Then the following integral formula holds:


     
                                   (3.8)

Now, if we put  in (3.8), we arrive at the following corollary as 



Corollary 2.2 Letand such that Then the following result holds:




[bookmark: _Hlk208254682]    (3.9) Next, if we put in (3.7), then  reduce to we have the following integral formula as




[bookmark: _Hlk208254834][bookmark: _Hlk208256579]Corollary 2.3 Let  such that and  Then the following result holds:

    

  
                                                                                                                                            (3.10)           



[bookmark: _Hlk208255522]Again, if we set in (3.7), then reduce to we obtain the following result as         







[bookmark: _Hlk208255698][bookmark: _Hlk208256886]Corollary 2.4 Let  and  such that andThen the following formula holds:

    
   

           
                                                                                                                                            (3.11)



Further, if we takein (3.7), then  reduce to then we obtain the following known result given by Gupta et al. [9, p-124, eq.(28)] as






Corollary 2.5 Let                and  such that  and Then there holds the following formula:
  


                (3.12)
Remark 8:
(i) 

If we set  and  then Corollary (2.5) reduces to the known result given by Ahmed [10, eq. (6.1)] (see also [9, p-125, eq. (30)]).
(ii) 


If we put and  in Corollary (2.5), then we can easily obtain the known result given by Chaurasia and Pandey [11, p-119, eq. (6.1)]; further, if we take then we obtain another known result given by Saxena and Saigo [12, p-150, eq. (35)].
4. Conclusion: 

The manuscript establishes two generalized fractional differential image formulae associated with an extended Mittag-Leffler type function. By applying the Marichev-Saigo-Maeda fractional differential operators and representing the results through the generalized Wright hypergeometric function, the study provides a compact framework for deriving parameter-dependent identities. The derived formulae cover both left-sided and right-sided generalized fractional differentiation and are supported by corollaries obtained through suitable parameter restrictions. These corollaries demonstrate how several known identities involving Mittag-Leffler type functions and fractional calculus operators may be recovered from the proposed results. The work therefore contributes to the theoretical development of generalized fractional calculus by consolidating relationships among extended special functions, generalized Wright hypergeometric functions and fractional differential operators. Within its stated assumptions, the manuscript clarifies how parameter selection links the main theorems with existing special cases. Its main value lies in extending symbolic identities and offering a basis for future analytical investigations involving related operators and special functions.
Limitations:
This study is theoretical and is limited to the derivation of image formulae under specified parameter and convergence conditions. It does not include numerical illustrations, graphical analysis or applications to concrete fractional differential equations. The validity of the formulae depends on the admissibility of the assumed parameters and the justification of term-wise operations. Future work may extend these results to applied models and computational settings.
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