


Numerical Solution of Fourth Order Ordinary Differential Equation Using Liouvillian Approach

Abstract
This study investigates a numerical approach for approximating solutions of fourth-order ordinary differential equations whose known closed-form solutions can be expressed in Liouvillian-type functions. The work focuses on converting selected fourth-order equations into equivalent systems of first-order ordinary differential equations and solving the resulting systems by the classical fourth-order Runge-Kutta method. The numerical approximations are then compared with known analytical solutions in order to assess the accuracy of the computed values. Two illustrative examples are considered. In the first example, a polynomial solution is approximated, and polynomial fitting is used to examine whether the numerical data can recover the expected quadratic form. In the second example, an equation with exponential and trigonometric components is considered, and the numerical values are used to guide the reconstruction of a solution form involving exponential and sinusoidal terms. The results show close agreement between the Runge-Kutta approximations and the corresponding analytical solutions for the selected test problems and step sizes. The study suggests that numerical sampling, combined with appropriate model fitting, can provide useful guidance in identifying candidate closed-form structures for some fourth-order ordinary differential equations. However, the approach depends on the suitability of the assumed fitting model and on the quality of the numerical data. Therefore, the method should be regarded as a computational aid for selected cases rather than a general replacement for symbolic methods such as differential Galois analysis.
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1. Introduction  
The study of differential equations and Liouvillian solutions has attracted scholarly attention over many years. Earlier works by Otsubo [1], Lützen [3], Singer [5,43,44], and Singer and Ulmer [4] contributed to the development and formal analysis of Liouvillian and related differential-equation solutions. Subsequent studies have extended this discussion to higher-order ordinary differential equations and associated computational approaches [2,6].
Singer and other researchers have examined the computation of Liouvillian functions as solutions of ordinary differential equations [5,6,36,43,44]. Their work considered algorithms used to determine the coefficients of differential equations and their Liouvillian forms [30,31,49,54,56]. These approaches rely on differential Galois groups and related mathematical computations to determine Liouvillian solutions of higher-order ordinary differential equations. The equations are often reduced to lower-order forms, followed by computations of invariants and semi-invariants arising from the transformations used to obtain Liouvillian functions [58].
Kovacic's algorithm has provided a basis for several subsequent algorithms for Liouvillian solutions [30]. This was an important development in solving ordinary differential equations using Liouvillian functions, although it was mainly applicable to second-order ordinary differential equations. Other researchers have also developed algorithms and symmetry-based approaches that support the computation of Liouvillian forms and the analysis of ordinary differential equations [8,9,18,27,34,36,37,41,48].
Ahamad and Charan [10] studied Liouvillian solutions of fourth-order ordinary differential equations using numerical methods. The equations were reduced to lower-order forms, giving rise to systems of first-order equations that were substituted into the original equations and solved numerically using power-series methods, Euler-type methods, Runge-Kutta methods, and other numerical approaches. Related numerical comparisons of explicit Runge-Kutta methods have also been reported [39]. In many cases, the numerical methods effectively approximated the exact values of the ordinary differential equations.
In a recent study, Combot and Sanabria [11] considered a third-order ordinary differential equation. The equation was transformed into subgroups of reducible solvable forms and irreducible forms. The irreducible forms were further grouped as invariants and semi-invariants. The subgroups were analysed to establish the existence of Liouvillian functions, and an algorithm was used to determine their solutions for third-order ordinary differential equations.
The transformation method and Galois-group analysis are highly theoretical and require extensive computations involving differential Galois groups, primitive and non-primitive forms, invariants, and semi-invariants. In their study, Singer and Ulmer [4] acknowledged the technical demands and time costs involved. For example, there was no direct access to the Liouvillian groups, and further computations were required, which made the process lengthy and tedious. There was also no clear guide on which grouping to use, making the process partly trial-and-error, while the existence of a Liouvillian solution was still not guaranteed.
The study of Liouvillian functions and their applications in mathematical modelling and engineering science has received increasing attention. Numerical and analytical texts and studies show that higher-order differential equations can be reduced to simpler systems or algebraic expressions for computational treatment [7,21,28,33,35,47,52,57,59]. These simplified expressions can support the approximation of Liouvillian solutions of higher-order ordinary differential equations and can indicate expected behaviour at selected points. The aim of this study, therefore, was to provide a simple approach to Liouvillian solutions of FOODE.
Recent polynomial-collocation work on integro-differential equations similarly indicates that approximation schemes based on structured trial functions can transform differential problems into algebraic systems for numerical computation [62].
Several researchers have used numerical methods to approximate solutions of differential equations. Because this study uses the Runge-Kutta method to approximate Liouvillian solutions of FOODE, related work on Runge-Kutta methods and their effectiveness in numerical iteration is relevant [12,15,16,23,32,35,47,48,53]. A comparative initial-value problem for ODEs was formulated in the form y = g(t, y(t)), where f(x, y(x)) is a given function and y(x) denotes the solution of the differential equation. The Euler method was then used to approximate the solution [23].
Recent work on nested general linear methods has also shown that Runge-Kutta and linear multistep frameworks remain important bases for constructing stable numerical solvers for ordinary differential equations [61].
The Runge-Kutta method was also used to approximate the solution of the same differential equation. The accuracy of these methods depended on the step size h. The Euler method was found to be less accurate than the Runge-Kutta method, which was reported to be more stable, efficient, and accurate as it converged to the exact solution of the initial-value problem [16,23,63].
Recent comparisons of Euler and fourth-order Runge-Kutta schemes for initial-value ordinary differential equations report that RK4 can provide higher accuracy and stability than Euler-type approximation when the step size is suitably chosen [63].
Shampine and Watts [19] compared error estimates for Runge-Kutta methods. Their study estimated the local error obtained when using the Runge-Kutta method by varying the step size. It was observed that the Runge-Kutta methods were fairly stable but produced non-asymptotic behaviour when a large step size was used, indicating the need for further study. Gowri et al. [20] studied the numerical solution of the quadratic Riccati differential equation using the Runge-Kutta method. The results obtained at different points were analysed for absolute errors, and the RK4 method was reported to approximate the results accurately.
Okeke et al. [23] also conducted an analysis and comparative study of numerical solutions of initial-value problems in ordinary differential equations using Euler and Runge-Kutta methods. The Euler and Runge-Kutta methods were used comparatively to solve an initial-value problem, and the Runge-Kutta method was reported to be more consistent, faster in convergence, and more accurate. The Runge-Kutta method has also been discussed extensively in numerical-methods resources and MATLAB-based engineering texts [13,24,26,40]. These works describe several Runge-Kutta methods and their modifications for approximating ordinary differential equations.
Recent studies on fourth-order differential equations and initial-value solvers also emphasise that accuracy, stability, and convergence should be evaluated through numerical experiments and error analysis rather than inferred only from visual agreement [64,65].
1.1 Motivation for the Study
Previous research on Liouvillian solutions has used complex symbolic computational analyses, including Galois groups and Lie symmetry methods [48,58]. These approaches may not apply to all differential equations, especially when the equations are complex. In some cases, even when the differential Galois groups or Lie symmetry points are known, Liouvillian solutions are not guaranteed, thereby creating the need for further computations. This study sought to obtain Liouvillian solutions of fourth-order ordinary differential equations using simple numerical techniques, such as the Runge-Kutta method combined with model-fitting techniques, to obtain Liouvillian solutions through reverse application.
Research Gap: Although the manuscript reviews symbolic Galois-based approaches and numerical Runge-Kutta approximations, limited discussion remains on how RK4-generated samples can be used cautiously with model fitting to infer candidate Liouvillian-type structures for fourth-order ordinary differential equations while retaining validation against the original equation.
Objective of the Study: This study aims to approximate selected fourth-order ordinary differential equations by reducing them to systems of first-order equations, solving them with the fourth-order Runge-Kutta method, and using the resulting numerical values to guide the reconstruction of candidate Liouvillian-type solutions through model fitting.

2. Solvable Equations of Fourth Order Ordinary Differential Equations
In this section, we define the fourth-order ordinary differential equation, convert it into a system of first-order ODEs, and apply the initial conditions. We consider the fourth-order ordinary differential equation below.
                               A0(x)y4 + A1(x)y’’’ + A2(x)y’’ + A3(x)y’ + A4(x)y = g(x) 
Taking
v1(x) = y(x)
v2(x) = y’(x)
v3(x) =y’’(x)
v4(x) = y’’’(x)
This implies that;
v’1(x) = v2(x) 
v’2(x) = v3(x) 
v’3(x) = v4(x) 
v’4(x) = g (x – v1(x) – v2(x) – v3(x) – v4(x)) 
We take initial conditions as follows;
v1(x) = α 
v2(x) = β 
v3(x) = γ
v4(x) = δ
We use the Runge-Kutta method (RK4) with MATLAB to solve the reduced forms of the fourth-order ordinary differential equation and compare the results with a known analytical solution to establish accuracy.
3. Numerical Example 1
The examples used in this section were obtained from previous mathematical works. The selected fourth-order ordinary differential equations were solved by analytical methods, and the known Liouvillian solutions were used as a basis for assessing the accuracy of the Runge-Kutta method in this study [14,17,21,38,42,45,46,50]. Consider the fourth-order ordinary differential equation below:
                                             y4 – x2y’’’+ 3xy’’ – y’ + 6y = g(x) 
The exact solution is given as y = x2 with the following initial conditions:
v1(0) = 0
 v2(0) = 0
 v3(0) = 2
 v4(0) = 0
3.1 Reduction to a system of first-order differential equations
We rearrange the equation as follows:
                                                       y4 = g(x) - y + 6y’ - 3xy’’ +x2y’’’) 
We let; u1 = y
             u2 = y’’
             u3 = y’’
             u4 = y’’’
This implies that; u’1 = v2 = y’
                            u’2 = v3= y’’
                            u’3 = v4 = y’’’
                           u’4 = g((x) - u1 + 6u2 - 3xu3 + 3x2u4))
	3.2 Runge-Kutta Algorithm Application and Solution



The Runge-Kutta algorithm was then used to estimate the values in MATLAB. This was carried out using the following initial conditions:
  v1(0) = 0
  v2(0) = 0
  v3(0) = 2 
  v4(0) = 0
A step size of h = 0.125 was selected and the RK4 method was applied using MATLAB.

Table 1: Comparison between the RK4 and the exact solution.
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The results above indicate that the RK4 method approximated the exact solution accurately for this selected FOODE example.

3.3 Graphical representation and interpretation
The results obtained in the table above were plotted comparatively against the values of h and are represented in the figure below.











	Figure 1: Graphical representation of the RK4 values against the step size x
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The RK4 and exact solutions were plotted comparatively against the values of x at the given step sizes. The exact and approximated solutions demonstrate close agreement and point to a curved polynomial pattern. The nature of this curve provides a basis for further estimation using model fitting to obtain Liouvillian solutions.
3.4 Determination of the exact Liouvillian function from the numerical approximation
In the above example, the exact solution was known, and the approximation was compared with the known exact solution provided through symbolic computation. Assuming that the Liouvillian solution was not known, and that the exact values provided in the above tables were not available, we seek to determine whether the exact solution can be estimated from the RK approximated values.
The RK4 method approximated the exact Liouvillian solution of the fourth-order ordinary differential equation accurately in this example. By observation, the graph appears to be a polynomial curve. A polynomial was fitted to the curve, and the RK4 approximated values were used to estimate the exact Liouvillian solution, assuming that it was not known.
We begin by fitting a quadratic function to the curve, as shown below. A polynomial model is fitted to the graph to determine the exact Liouvillian solutions. We consider a quadratic equation of the general form:
                                                   y = ax2 + bx + c
We select values from the table and substitute them into the equation as shown below.
When y (0) = 0, c = 0 hence; y = ax2 + bx 
The paired points (0.125, 0.01562525) and (0.25, 0.812360) from the table are substituted into the equation to solve for a and b, as follows:
Solving the two equations simultaneously, we obtain:
a = 1.000243955 and b = -0.000028494375. The estimated solution therefore becomes:
                                           y = 1.000243955x2 – 0.000028494375x
As the accuracy increases and the step size h tends to zero, the coefficient of x2 stabilises to 1, whereas the coefficient of x tends to 0. The estimated solution therefore tends to y = x2, which is quadratic and Liouvillian. We again fit a cubic function to the curve, as shown below, and examine the relationship:
Consider a general cubic function of the form:
                                               y = ax3 + bx2 + cx + d 
Taking:
                y(0) = 0, d = 0,  y =ax3 + bx2 + cx
We take three paired points from the table above and substitute them into this equation to solve for a, b, and c as follows: (0.125, 0.1562525), (0.25, 0.0625081238), and (0.375, 0.1406435144).
Solving these equations gives the values of a, b, and c as follows:
a = 0.00010328063, b = 1.000070468271, c = 0.000010573974 and d = 0
The approximated solution therefore becomes:
y= 0.00010328063x3 + 1.000070468271x2 + 0.000010573974x
               
Figure  2 :    A graph showing a quadratic fit to the RK4 solution
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3.5 Summary of findings
As the accuracy increases, the coefficients of x3 and x tend to 0, whereas the coefficient of x2 tends to 1. This implies that the exact Liouvillian solution of the fourth-order ordinary differential equation tends to the parabolic equation:
                                       y = x2
This is in close agreement with the solution provided through symbolic computation. From this example, the RK4 method accurately approximated the exact solution of the differential equation, suggesting that the same method can be used to derive an approximate Liouvillian solution in situations where symbolic computations are difficult to apply.
4. Numerical Example 2
We consider a FOODE of the form:
                                                      y4 – y’’’– y’’ – y’ – 2y = 0                                                                           (4.1)                  
with initial conditions y(0) = y'(0) = y''(0) = 0 and y'''(0) = 30, where x lies in the interval [0, 2].
Equation (4.1) was analysed by Kiusalaas [24,40] in Numerical Methods in Engineering with MATLAB, and the exact solution under the given conditions was found to be:
                                                                   y(x) = 2e2x - 5e-x + 3cos(x) - 9sin(x)
In this study, we analyse the FOODE using the same conditions and exact solution for the numerical solution and analysis.
	4.1 Reduction to a system of first order differential equations


We reduce the equation to a system of first-order ODEs as follows. Given the equation:
                                                      y4 – y’’’ – y’’ – y’ – 2y = 0 
We rearrange the equation above in terms of c1 = y,
                                                                         c2 = y’
                                                                         c3 = y’’
                                                                         c4 = y’’’
This can be expressed as: y’1 = c2 
                                         y’2 = c3 
                                        y’3 = c4 
                                        c’4 = g (y3 + y2 + y1 + 2y) 
This can be rewritten as; c1’ = c2 = y’ 
                                        c’2 = c3 = y’’ 
                                        c’3 = c4 = y’’’ 
                                       c4’ = g (y3 + y2 + y1 + 2y) 
The equation above was solved using the RK4 method in MATLAB, and the results are presented in the table below.


Table 2 : showing the comparison between the Runge-Kutta values and the Exact solution
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4.2 Graphical representation and interpretation
In the above example, the exact solution was known, and the approximations were compared with the known exact solution provided through symbolic computation. Assuming that the Liouvillian solution was not known, and that the exact values provided in the above tables were not available, we seek to determine whether the exact solution can be estimated from the Runge-Kutta approximated values.
Figure 3: Comparison of Runge-Kutta Approximation against the Exact Solutions
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4.3 Determination of the exact Liouvillian function from the numerical approximation
The ordinary differential equation above is linear with constant coefficients, and its characteristic equation can be given as:
                       λ4 – λ3 – λ2 – λ1 + 2 = 0
Since the differential equation is linear with constant coefficients, the exact solution can be expressed as the sum of exponential terms:
                              y(x) = c1ekx + c2emx + c3enx + c4etx
where k, m, n, and t are the roots of the characteristic polynomial. Solving the characteristic equation gives:
                                       (λ - 2) (λ + 1) (λ2 + λ + 1) = 0
The solution of this equation gives the exponential terms:
                  u1(x) = e2x
                  u2(x) = e-x
                  u3(x) = cos(x)
                  u4(x) = sin(x)
These functions ui(s) are Liouvillian by definition. We proceeded to estimate the LF by inspection and fitted an exponential model equation of the form:
                                               y(x) = A1e2x + A2e-x + A3cos(x)+ A4sin(x) 
By observation, the graph revealed exponential growth. To approximate the exact function, an exponential model was fitted to the graph, as shown below.
	4.4 Reconstruction of the Liouvillian solution using the RK4 values


In order to solve for the Ai(s), the exact solution was reconstructed using classical Prony-type exponential model fitting, with the RK4 approximations treated as samples because they were close to the exact solutions [22,25,29,51,60]. The linear recurrence coefficients were computed from the RK4 data using the step size h = 0.25 and Euler's general fourth-order homogeneous linear recurrence relation of the form:
            yi+4 +v1yi+3+v2yi+2 + v3yi+1 + v4yi = 0 
Substituting the yi(s) from the RK4 values, we obtain the values of vi(s) as follows. For i = 0:
6:986383 + 2.66186314v1 + 0.7218283v2 + 0.08354025v3 = 0
For i = 1
15.337569+6.986383v1+2.66186314v2+0.72182812v3+0.08354025v4 
For i = 2
30.2590179+15.337569v1+6.986383v2+2.66186314v3+0.72182812v4 = 0

For i = 3
55.971423+30.2590179v1+15.337569v2+6.986383v3+2.66186314v4 = 0
For i = 4
99.087506+55.971423v1+30.2590179v2+15.337569v3 + 6.986383v4 = 0 
Solving the above equation yields the following values for vi(s):
                                 v1’ =-4.36507161 
                                 v2’= 6.98739335 
                                v3’ = 4.91505184 
                                 v4’= 1.28381297
Assuming that the exact solution was not known and that the characteristic equation was not known, we assume a characteristic polynomial equation of the general form:
                                                              r4 – v1r3 – v2r2 – v3r-v4 = 0 
We fit these values into the characteristic equation and solve for the values of ri(s) in:
                           r4 – v1r3 – v2r2 – v3r-v4 = 0 
                          r4 + 4.36507161r3 – 6.98739335r2 – 1.28381297
Solving this gives the values of ri(s), where r = 1, 2, 3, 4, as follows:
                        r1’= 1.6484375
                        r2’= 0.7788086
                        r3’= 0.968913
                       r’4 ± 0:247396i
Assuming a general solution of the form:
                               f(x) =p1emx + p2etx + p3eux + p4evx 
The constants were solved using the Lyapunov characteristic exponent formula [55].
                                 λi = 
Taking h = 0.25 and substituting, we obtain:
 m’ =2.000
 t’ = -1.000 
u’= i
v’= -i
The exact model structure follows the form;
                                                        y(x) = p1e2x + p2e-x + p3eix + p4e-ix 
We use the Runge-Kutta values and fit the coefficients using the RK4 data to obtain the values of pi(s), as shown below.
Taking the values of y at the given points:
y (0) = 0
y (0.25) = 0.083007813
 y (0.5) = 0.720050415
 y (0.75) = 2.657390709
Upon substitution, we obtain:
	p1 = 2
 p2 = -5
 p3 = 1:5 + 4:5i
 p4 = 1:5 - 4:5i 
	


When the complex conjugate terms are summed, we obtain:
P3eix + p4e-ix= 3cosx - 9sinx
The exact reconstructed solution of the ODE becomes:
f’(x)= 2e2x - 5e-x + 3cos(x) - 9sin(x) 
4.5 Summary of findings
From the two examples above, the results indicate that the Runge-Kutta algorithm approximated the exact Liouvillian solutions of the selected fourth-order ordinary differential equations accurately. The Runge-Kutta values were then treated as sampled data and used to reconstruct, in reverse, the Liouvillian functions that could produce the same set of data, assuming that the exact solutions were not known. Both the polynomial and exponential fitting models approximated the exact Liouvillian solutions that had previously been obtained by analytical methods.
In Example 1, both quadratic and cubic models were fitted using the RK4 values as sampled data. The data tend to stabilise at y = x2, which was previously given as the Liouvillian solution of the ODE.
In Example 2, the characteristic polynomial of the FOODE was determined, and the Prony method was used to determine the unknown coefficients by substituting the RK4 values. The reconstructed values were consistent with those obtained analytically, indicating that this approach can be accurate for the selected examples.

Conclusion
This study considered the use of the fourth-order Runge-Kutta method for approximating solutions of selected fourth-order ordinary differential equations associated with Liouvillian-type closed forms. The fourth-order equations were reduced to systems of first-order equations, and numerical approximations were generated for prescribed initial conditions. In the examples considered, the computed values showed close agreement with the known analytical solutions. The numerical data were further used to guide model fitting, including polynomial fitting in the first example and exponential-trigonometric reconstruction in the second example. These results indicate that accurate numerical approximations can assist in identifying plausible functional forms for certain differential equations when the expected structure is simple or can be reasonably inferred. The findings also show that numerical methods may complement symbolic approaches by providing evidence about the behaviour of solutions and by supporting exploratory reconstruction of candidate formulas. Nevertheless, the method requires careful selection of the fitting model, validation against the differential equation, and appropriate error analysis. Future work should include broader classes of fourth-order equations, systematic residual testing, comparison with other numerical methods, and clearer criteria for identifying when a fitted function can be accepted as a valid Liouvillian-type solution.

Recommendation
This study therefore recommends further research on the Liouvillian properties of systems of first-order differential equations. This study used the fitting-model technique to approximate the Liouvillian solutions of fourth-order differential equations; further research should focus on other numerical methods that can be used to determine Liouvillian solutions of more complex higher-order ordinary differential equations.
Limitations
This study is limited to two selected fourth-order ordinary differential equations with known analytical solutions. The reconstruction procedure depends on the selected fitting model, step size, initial conditions, and rounding of numerical values. Because the examples are validated against known exact solutions, further residual testing, convergence analysis, and sensitivity assessment are required before the approach can be extended to genuinely unknown cases. 
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Figure 2: Comparison of the Runge-Kutta Approximation against the Exact Solutions
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