A theorem on general matrix summability method

ABSTRACT. The paper presents a new general theorem on ¢ — |B; §|;, summability of an infinite
series, where B is a positive normal matrix, (¢,) is any sequence of positive real numbers, k > 1
and § > 0. The proposed theorem provides a broader framework for the study of generalized
matrix summability methods and extends existing results under suitable assumptions.
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1 Introduction

Consider an infinite series Y a, with the partial sums (s,) and B = (b,,) be a normal ma-
trix, i.e., a lower triangular matrix of non-zero diagonal entries. Then B defines the sequence-
to-sequence transformation, mapping the sequence s = (s,) to Bs = (B,(s)), where B, (s) =
> o buwsy, 1 =0,1,... Let (¢,) be any sequence of positive real numbers. The series Y ay, is

said to be ¢ — |B;d|) summable, k > 1 and § > 0, if (see [9])

> @B, () = Baoa(s)]F < 0.
n=1

For 6 =0, ¢,, = f—: and b, = B, |N, pp|x summability (see [2]) is obtained.

2 Known Results

Concerning |N, p,|x summability, Bor [1] proved the following theorem.



Theorem 1 Let the sequences (\y,) and (py,) satisfy the following conditions:
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Pm|AAm| = O(pm|)\m\) as m — OQ. (2)
If
> polsul* = O0(Poyn) as n— oo (3)
v=1

where () is a positive non-decreasing sequence such that

n

1
Pn-l—l’}/nA (7) = O(pn+1) as mn— o0 (4)
then the series . anAn(vn) ! is summable [N, pp|p, k> 1

Theorem 2 [3] Let the sequences () and (py,) satisfy the condition (2) and
m n )\n k
Z%:O(l) as m — 0. (5)
n=2 n

If the condition (3) satisfies, then the series > anAn(yn) ™! is summable |N, py,|x, where k > 1 and

() is as in Theorem 1.
Lemma 1 [/] If the sequences (\,) and (p,) satisfy the conditions (2) and (5), then

PuA (IAl*) = O(palAnl®) as n— . (7)

3 Main Result

The main contribution of this paper is the establishment of a new theorem for the generalized
¢ — |B; 6|, summability method associated with positive normal matrices. Compared with the
existing results, the proposed theorem extends the study to a broader matrix setting and provides
a unified framework for generalized matrix summability methods under suitable assumptions. Sev-

eral studies have been devoted to generalized absolute matrix summability methods, where various



summability factor theorems have been established for positive normal matrices and related ma-
trix transformations; see [5—8]. On the other hand, similar summability factor results have been
obtained by employing different classes of sequences, including almost increasing sequences, and
d-quasi-monotone sequences; see [10-16]. Let B = (b,,) be a normal matrix, we associate two

lower semimatrices B = (bny) and B = (by,) as follows:

3

bro = bpi, mn,v=0,1,... (8)

and

Bn(s) = Z bpvSy = Z Envav (10)
v=0 v=0

AB,(s) = iémav. (11)

v=0
It should be noted that

an < by,

if there exist constants Cp,Co > 0 such that
Clbn S (075 S C2bn

for all sufficiently large n.

Now, let establish the following theorem.
Theorem 3 Let pyy1/Pyir1 = O (py/Py) and ¢ppn < P,. Let all conditions of Theorem 2 be
satisfied with the condition (3) replaced by

Z O pylsy|" = O(Puyn) as n— . (12)
v=1

If B = (bny) is a positive normal matriz such that

boo=1, n=0,1,.., (13)

bn—l,v > bnva .fOT n>uv+ 17 (14)
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where Av(l;m,) = by — i)n,v+1, then the series > anAn(n) ™! is summable ¢ — |B;8|i, k > 1 and
0<6<1/k.

4 Proof of Theorem 3

Let (D,,) be the sequence of B-transform of the series > anAn(v,) . Then, by (11), we have

n
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By using Abel’s transformation for the above sum, we obtain

ADn == ZA bnv>\ 71; Zar+bnn>\ ’Yn Zav
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= Dn,l +Dn,2+Dn,3+Dn,4-



First, by (12) and (15), we achieve
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Next, by Holder’s inequality, (15), (18), we obtain
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Now, by (2), we get

m—+1 m+1 n—1 R ‘A)\ ||S | k
S D 2 S o (3 2l

<
n=2 n=2 v=1 v
m-+1 n—1 R 1 n—1 k=1
< Y g <an,v+1|’“|sv|k|xv| kﬁ) (Z Z”)
n=2 v=1 v=1""Y

Here, the condition (16) gives
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Thence, by (15) and (17), we get
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Now, using (16), we get
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Then, we get
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Therefore, we prove that y -, @OF+HE=1 D, |k < oo for r = 1,2,3,4 so the proof of Theorem 3 is

completed.

5 Conclusion

The present work establishes a summability factor theorem for the generalized ¢—|B; |, summabil-
ity method associated with positive normal matrices. Choosing § =0, ¢,, = P,,/p,, and b, = %1,
the theorem yields a weighted mean matrix analogue of Theorem 2 under some additional assump-
tions. The present study is restricted to positive normal matrices satisfying conditions (12)—(18).

Extending the obtained results to more general classes of matrices or other summability methods

may be considered in future research.
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