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Abstract:
This study compares the behaviour of the max-min, max-product, and max-average composition operators in a symmetric fuzzy relation. The work focuses on whether these operators preserve symmetry under self-composition and how their resulting membership values differ. To support the comparison, the manuscript first outlines the relevant concepts of fuzzy sets, fuzzy relations, fuzzy equivalence relations, and the three composition operators. It then applies each operator to the same symmetric fuzzy relation represented by a 3 × 3 membership matrix. The theoretical discussion shows that max-min, max-product, and max-average self-compositions preserve symmetry when the original fuzzy relation is symmetric. The numerical example further demonstrates that the operators generate different membership strengths despite retaining the same structural property. In the example, max-product produces comparatively weaker indirect membership values, max-average produces stronger values, and max-min gives a balanced outcome. These findings indicate that the selection of a composition operator affects the strength of inferred fuzzy relationships, although it does not change the preservation of symmetry in the examined case. The comparison is therefore useful for identifying how different operators process indirect associations within the same relation matrix. The study provides a concise comparative account of the three composition methods for symmetric fuzzy relation analysis.

Keywords: Fuzzy relations; symmetric fuzzy relation; fuzzy composition; max-min composition; max-product composition; max-average composition; self-composition; membership matrix; membership values; symmetry preservation.

1. Introduction
Fuzzy relations are an extension of fuzzy set theory, first introduced by Zadeh (1965). They describe the degree of association between elements and are widely applied in pattern recognition, decision-making, control systems, artificial intelligence, and data analysis. Bezdek and Harris (1978) also examined fuzzy partitions and similarity relations as an axiomatic basis for clustering. In 2012, Dorugade et al. (2012) introduced a straightforward method for component life prediction under uncertain and imprecise conditions by employing the compositional rule of inference of fuzzy relations. Furthermore, they implemented the proposed approach in MATLAB and developed a programme to assess the effectiveness of the prediction results. Gowrishankar et al. (2020) provided a comprehensive overview of the fundamental operations of fuzzy relations, focusing particularly on the max-min and max-product composition methods. The study illustrated these concepts through relevant examples, making the underlying principles easier to understand. In addition, they investigated several key algebraic properties of fuzzy relations, including zero, identity, equality, inequality, subset, associativity, union, intersection, and distributivity. These properties were demonstrated and verified using numerical examples and matrix representations. The inclusion of well-structured exercises and detailed solutions also enhanced the instructional value and overall contribution of the study. Shakhatreh and Qawasmeh (2020) presented various concepts and definitions pertaining to the max-min composition of fuzzy relations. They also demonstrated the associativity property by providing a mathematical proof for the composition of three fuzzy relations, thereby confirming its validity. Devi and Chanu (2026) investigated the symmetry, max-min transitivity, and inverse composition properties of fuzzy relations by providing rigorous mathematical proofs. The validity of these properties was further demonstrated through numerical examples based on 3 × 3 matrix representations. Shah (2023) provided a comprehensive overview of operations, compositions, and the various types inherent in fuzzy relations.
Recent applied studies further indicate that fuzzy relational modelling remains relevant when qualitative, imprecise, or incomplete information must be represented through interpretable membership-based decisions (Kumar & Gangwal, 2021; Reddy et al., 2026).
Recent studies on complex fuzzy relational compositions and inconsistent max-min fuzzy relational equations further show that fuzzy composition operators continue to be examined for their algebraic structure and solution behaviour in contemporary fuzzy systems research (Baaj, 2024; Gulzar et al., 2024).
Recent work on max-product fuzzy relation inequalities has also highlighted the role of minimal solutions in reducing the complexity of product-based fuzzy relation systems (Zhu et al., 2024).
Despite these contributions, the reviewed literature provides limited direct comparison, within a single symmetric relation framework, of how max-min, max-product, and max-average self-compositions simultaneously preserve symmetry and alter membership strengths.
The objective of this study is to perform a comparative analysis of max-min, max-product, and max-average compositions in a symmetric fuzzy relation. The investigation examines their computational behaviour, preservation of symmetry, and variations in membership values. Through illustrative examples and comparative evaluation, the study highlights the strengths and limitations of each composition operator and provides insights into their suitability for different fuzzy modelling applications.
2. Preliminaries
Before proceeding to the main discussion, it is important to review the essential definitions and basic concepts associated with fuzzy sets, fuzzy relations, and their compositions.






Definition 2.1. (Pundir & Pundir, 2022).   If  is a universe of discourse and is any particular element of , then a fuzzy set  defined on  may be written as a collection of ordered pairs , where each pair  is called a singleton. 




Definition 2.2. (Zimmermann, 1996).  Let  be universal sets. Then is called a fuzzy relation in  








Definition 2.3. (Zadeh, 1965).  Let  and  be nonempty sets,   be a fuzzy relation in  and  be a fuzzy relation in . Then  




  is called the max-min composition of   and  . 







Definition 2.4. (Pundir & Pundir, 2022). Let  and  be two fuzzy relations on   and  respectively. Then, the max-product composition is denoted as  and is defined as  







Definition 2.5. (Pundir & Pundir, 2022). Let  and  be two fuzzy relations on   and  respectively. Then, the max-average composition is denoted as  and is defined as          





Definition 2.6  (Ross, 1995).  A fuzzy relation, , on a single universe  is also a relation from   to . It is a fuzzy equivalence relation if   			

	                      (i) Reflexive 

	                      (ii) Symmetry 



  		         (iii) Transitivity , and where 
                                   

3. Results and Discussion

Comparative analysis of symmetry in different composition operators. 
Symmetry under max-min, max-product, and max-average compositions is discussed in the following section.





3.1 Theorem: Let  be a symmetric fuzzy relation on . If  denotes the max-min composition with itself, then   is also a symmetric fuzzy relation.



Proof:  Assume that  is symmetric, i.e., .
The max-min composition with itself is defined as 
		
Then,
		
			 	( is symmetric)
			 (Commutative)
			 


Therefore,  is also symmetric.  
The result is consistent with the foundational treatment of fuzzy sets and fuzzy relations, where membership grades in [0, 1] allow relational properties such as symmetry to be examined algebraically rather than only in a crisp binary form. It also agrees with later work on max-min fuzzy relational equations and the associativity of max-min composition, which confirms the central role of this operator in the analysis of fuzzy relations (Zadeh, 1965; Sanchez, 1976; Shakhatreh & Qawasmeh, 2020).





3.2 Theorem: Let  be a symmetric fuzzy relation on . If  denotes the max-product composition with itself, then  is also a symmetric fuzzy relation.


Proof: Since   is symmetric, i.e., .
The max-product composition is defined as 

		
Then,
		
			   ( is symmetric)
			   (Commutativity)
			
	              
Thus, symmetry is preserved under max-product composition.
The preservation of symmetry under max-product self-composition follows from the commutativity of ordinary multiplication and the symmetric interchange of the intermediate memberships. This is relevant because max-product composition is widely used in fuzzy relational equation models, where product-based aggregation can offer a more discriminating measure of indirect association than max-min composition (Bourke & Fisher, 1998; Peeva & Kyosev, 2007; Gowrishankar et al., 2020).






3.3 Theorem: Let  be a symmetric fuzzy relation on . If  denotes the max-average composition with itself, then  is also a symmetric fuzzy relation.



Proof:  Since   is symmetric, i.e., .
The max-average composition is defined as  


	     
Then, 

	    

  	                    ( is symmetric)

		    	(Commutativity)

		    
    
Hence, symmetry is also preserved under max-average composition.  
This finding should be interpreted in relation to the arithmetic mean component of the operator: for symmetric inputs, interchanging the ordered pair does not alter the averaged membership expression. Prior studies on max-average and related convex combination fuzzy relational equations also indicate that average-based compositions can retain useful algebraic structure while producing solution behaviour that differs from max-min and max-product compositions (Ghodousian & Khorram, 2006; Wu, 2007; Zimmermann, 1996).

3.4. Numerical Example: Illustration of the symmetry behaviour of the three composition operators: max-min, max-product, and max-average.


Consider the fuzzy relation  on the universe , with membership matrix

			



Since  for all , the relation  is symmetric.

3.4.1 Max-Min Composition

		
Example Calculation:

		

			

		

			
	              

			
                              

Similarly,               

Hence                    


 Clearly,  is symmetric because
This result supports the theoretical proof that max-min self-composition preserves symmetry when the original fuzzy relation is symmetric. Since the max-min rule selects the strongest among the minimum intermediate memberships, it is commonly used to represent indirect connectivity while avoiding the over-amplification of weak links (Zadeh, 1965; Sanchez, 1976; Shakhatreh & Qawasmeh, 2020).

3.4.2  Max-Product Composition

		

Example Calculation:

		

			  

		

			  

		

			
	               

Similarly, 

Therefore 

			

Hence,               
Thus, symmetry is preserved under max-product composition.
The computed max-product matrix shows that multiplicative aggregation reduces off-diagonal membership values when intermediate links are below unity. This attenuation is expected because max-product composition combines relational strength through products, a feature emphasised in algorithmic studies of max-product fuzzy relational equations and in comparative accounts of fuzzy-relation composition (Bourke & Fisher, 1998; Peeva & Kyosev, 2007; Gowrishankar et al., 2020).
	
3.4.3 Max-Average Composition


		
Example Calculation:

		

			  

		

			  

		

			  

Similarly,		

Thus                     

	              
Hence, symmetry is preserved under max-average composition.
In comparative terms, the max-average operator gives greater weight to pairwise averaged membership grades and can therefore produce stronger indirect associations than max-min or max-product for the same relation matrix. This behaviour is consistent with studies of max-average and convex combination fuzzy relational equations, where average-based compositions are treated as distinct operators with solution-set properties that differ from classical max-t-norm compositions (Ghodousian & Khorram, 2006; Wu, 2007).
The numerical example based on a 3 × 3 symmetric fuzzy relation is summarised in Table 1 to facilitate comparison of the three composition operators.

Table 1. Summary Comparison of the Three Composition Operators
		Composition Operator



	



	



	Preserves Symmetry
	Membership Strength

	Max-Min
	Yes
	Balance

	Max-Product
	Yes
	Weak

	Max-Average
	Yes
	Strong




4. Conclusion

This paper presented a comparative analysis of max-min, max-product, and max-average compositions in a symmetric fuzzy relation. A theoretical result established that each composition preserves symmetry under self-composition. Numerical examples using a  matrix highlighted substantial differences in output values and information-processing characteristics. The analysis showed that max-product gives the weakest indirect relationships, max-average gives the strongest relationships, and max-min provides a balanced result. For the given fuzzy relation, max-min effectively captures indirect connectivity while preserving the original structure, making it a suitable composition operator for this illustrative relation.
Overall, the comparative findings indicate that the three operators preserve symmetry under self-composition, but they differ in how cautiously or strongly they propagate indirect membership values. This distinction is important when selecting a composition operator for fuzzy modelling, because max-min emphasises conservative connectivity, max-product attenuates weaker links, and max-average may retain higher averaged association values (Bourke & Fisher, 1998; Ghodousian & Khorram, 2006; Wu, 2007).
Limitation
The study is limited to a theoretical comparison and one illustrative 3 × 3 symmetric fuzzy relation. Therefore, the findings demonstrate the behaviour of the operators but do not establish broad empirical performance across diverse fuzzy-relation structures. The paper focuses mainly on symmetry preservation and does not examine other properties such as reflexivity, transitivity, associativity, idempotency, or convergence under repeated composition. The comparison also does not include applications in decision-making, control systems, pattern recognition, or data analysis. Future work should consider larger matrices, repeated compositions, additional algebraic properties, and application-based examples.
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