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Implicit Jacobian Regularization for Stable Fixed-Point Graph Neural ODEs

[bookmark: abstract]Abstract
We propose a graph neural network (GNN) architecture merging ordinary differential equation (ODE) dynamics and implicit fixed-point regularization to guarantee stable convergence of node representations. Conventional GNN-ODE models often rely on explicit Lipschitz constraints or ad-hoc stabilization techniques, which can limit flexibility or introduce computational overhead. The proposed method reformulates node feature evolution as a continuous-time dynamical system governed by a graph-dependent drift function, where equilibrium states are solved through fixed-point iteration. A primary innovation is found in the implicit Jacobian regularization, which discourages inconsistencies in the drift function’s sensitivity among adjacent nodes, thus aligning the equilibrium behavior with the underlying graph structure. This regularization is applied without explicit Lipschitz bounds, which promotes stable convergence without compromising expressive power. The overall loss merges task-specific objectives with the implicit regularization term, and gradients are effectively calculated by automatic differentiation within the fixed-point solver. Moreover, the design harmoniously merges with conventional GNN components by substituting message-passing layers with the drift function and directing equilibrium features toward subsequent readout operations. Experiments show the model attains verifiable convergence guarantees and performs better than current approaches in intricate graph tasks. The results highlight the effectiveness of implicit Jacobian regularization in balancing stability and performance for graph-structured dynamical systems.
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1. Introduction
Graph neural networks (GNNs) have become a potent framework for acquiring representations from data structured as graphs, applied across domains such as social networks, molecular chemistry, and recommendation systems [1]. A central difficulty in GNN design stems from guaranteeing consistent convergence of node embeddings, especially when embedding continuous-time dynamics via ordinary differential equations (ODEs) [2]. Although recent progress in deep equilibrium models [3] has shown the efficacy of fixed-point iterations for stable representation learning, their application to graph-structured data has not been sufficiently investigated.
Current methods for stabilizing GNN-ODE systems frequently depend on explicit Lipschitz constraints [4], potentially restricting the model’s expressive capacity or adding substantial computational burden. Furthermore, these approaches generally regard the graph structure as a subordinate aspect, neglecting to fully capitalize on the inter-node architectural connections in the regularization process. This constraint is especially evident in tasks demanding the capture of extended dependencies or resilience to input variations, where stability mechanisms informed by graph structures could yield considerable advantages.
We address these challenges by introducing a topology-aware implicit regularization framework for GNN-ODEs. The proposed method alters the ODE drift function that controls node state dynamics, embedding structural constraints directly within the fixed-point convergence process. In contrast to conventional Lipschitz regularization, our method eliminates the need for explicit constraints on the derivatives of the function. Rather, it applies an implicit Jacobian regularization term that penalizes inconsistencies in the drift function’s sensitivity among adjacent nodes, thereby aligning the equilibrium behavior with the underlying graph structure. This approach preserves the model’s capacity for expression while guaranteeing steady convergence by means of the fixed-point solver.
The key contributions of this work are threefold. Initially, we introduce an innovative implicit regularization approach for GNN-ODEs that merges the stability advantages of fixed-point techniques with constraints informed by graph structure, thereby removing the necessity for explicit Lipschitz bounds. Second, theoretical analysis is presented to illustrate how the proposed Jacobian regularization arises inherently from the graph structure, which sheds light on the connection between topological properties and convergence behavior. Third, extensive experiments show the method attains outstanding performance on benchmark tasks and retains strong convergence properties across varied graph structures.
The remainder of this paper is organized as follows: Section 2 reviews related work in GNNs, neural ODEs, and equilibrium models. Section 3 presents essential background information on graph neural ODEs and fixed-point theory. Section 4 details the proposed topology-aware regularization framework. Sections 5 and 6 present experimental setup and results, with discussion and conclusion appearing in Sections 7 and 8.
[bookmark: related-work]2. Related Work
The proposed method builds upon three main research directions: graph neural networks, neural ordinary differential equations, and equilibrium models. We structure our discussion accordingly, with a focus on how existing methods tackle stability and convergence in dynamical systems with graph structures.
[bookmark: graph-neural-networks-and-stability]2.1 Graph Neural Networks and Stability
Graph neural networks have progressed from spectral-based methods [5] to contemporary spatial message-passing frameworks [6]. Although these methods attain strong empirical performance, their theoretical comprehension is still lacking, especially in terms of stability and convergence properties. Recent research has examined the connection between graph structure and the stability of representations, where certain methods apply explicit Lipschitz constraints to achieve robustness [7]. However, these methods often sacrifice expressive power or require careful tuning of regularization parameters. Reference [8] examines the relationship between graph structure and the steadiness of dynamical systems, showing how frameworks based on differential equations can improve the resilience of GNNs.
[bookmark: neural-odes-in-graph-learning]2.2 Neural ODEs in Graph Learning
The merging of neural ODEs and graph learning has established novel avenues for continuous-depth models [2]. Graph ODE methods commonly express node dynamics as continuous-time systems, which grants theoretical benefits for capturing long-range dependencies [9]. Nevertheless, these approaches struggle with preserving steadiness, especially for rigid systems frequently found in graph-based data [10]. Existing stabilization techniques often rely on explicit constraints or specialized architectures, which may limit their applicability across diverse graph types. The study in [11] shows how specialized domain knowledge can contribute to the development of stable ODE formulations, yet these methods are limited in their broader applicability.
[bookmark: X8f34957ae5d1edfbf9ce4a640d8a339121861d7]2.3 Equilibrium Models and Fixed-Point Theory
Deep equilibrium models [3] have established that networks of unbounded depth can be trained effectively by fixed-point iterations, as implicit differentiation permits efficient gradient calculation. This framework has been adapted for graph data by implicit graph neural networks [12], which address fixed-point equations with iterative approaches. Although these methods show greater stability compared to conventional GNNs, they generally regard the graph structure as fixed input instead of a dynamic constraint influencing the equilibrium state. Recent theoretical studies [13] present monotone operator viewpoints on IGNN convergence, yet the examination does not completely address regularization effects dependent on topology.
The proposed method sets itself apart by merging these research strands with topology-conscious implicit regularization. In contrast to [7], our approach does not impose explicit Lipschitz constraints yet still achieves stability. Compared to [9], our approach explicitly links graph structure to ODE stability through Jacobian regularization. Compared to [12], the approach integrates graph-based constraints directly within the equilibrium conditions, which results in finer-grained management of convergence dynamics. This synthesis of ideas addresses key limitations in existing approaches while preserving the benefits of each paradigm.
[bookmark: Xfeedcbb30592d90d7fe992b0380ab7d7d1c5891]3. Background: Graph Neural ODEs and Equilibrium Models
To establish the theoretical foundation for our proposed method, we first review the key concepts of graph neural ordinary differential equations (GNN-ODEs) and deep equilibrium models. These frameworks supply the mathematical tools necessary for simulating continuous-time dynamics on graph-structured data, guaranteeing stable convergence via fixed-point iterations.
[bookmark: graph-neural-ode-formulation]3.1 Graph Neural ODE Formulation
The GNN-ODE framework generalizes conventional graph neural networks by describing the progression of node attributes as a dynamical system in continuous time. Given a graph  with node features , the dynamics are governed by an ordinary differential equation:

where  is a learnable drift function parameterized by , and  represents the graph adjacency matrix. This formulation extends discrete message-passing layers to continuous flows, which grants adaptive depth and flexible information propagation [1]. The final node representations are obtained by integrating Equation 1 over a time interval:

While theoretically appealing, this approach faces practical challenges in maintaining stability, particularly when  exhibits complex nonlinearities or the graph contains irregular structures [2]. Traditional stabilization techniques often impose explicit constraints on the Jacobian of , which can unnecessarily restrict the model’s capacity.
[bookmark: X5187aa9a1a7d938fd7e4f4c7630dacb1c48c060]3.2 Equilibrium Models and Fixed-Point Convergence
Deep equilibrium models present a different viewpoint by defining the forward pass as the resolution to a fixed-point equation [3]. In the context of graph-structured data, this implies identifying node embeddings ( X*) which fulfill:

The equilibrium point  can be computed iteratively using methods like forward iteration or Anderson acceleration, with gradients obtained via implicit differentiation. This approach provides built-in stability guarantees when  is contractive, ensuring convergence regardless of the number of iterations [4]. However, standard equilibrium models treat the graph structure as a static input rather than an active constraint on the convergence behavior.
[bookmark: X2e70a06f394911ab67855eb4e5d7a6509d787dd]3.3 Stability Analysis in Graph Dynamical Systems
The stability of GNN-ODE systems depends critically on the spectral properties of the Jacobian . For a fixed point  to be stable, the eigenvalues of  evaluated at  must lie within the unit circle in the complex plane [5]. Traditional approaches enforce this condition through global Lipschitz constraints, which may be overly restrictive for graph-structured data where stability requirements vary across nodes.
Recent research indicates graph topology can yield more refined stability conditions [6]. Specifically, the relationship between a node’s local neighborhood structure and its corresponding Jacobian block can determine stability patterns. This insight motivates our topology-aware regularization approach, which adapts stability constraints based on structural properties rather than applying uniform bounds.
These concepts jointly establish the foundation for our proposed method. The GNN-ODE dynamics are restructured as a fixed-point problem with regularization dependent on the graph, achieving stable convergence without reducing the model’s expressive capability. The next section details how this framework is implemented through implicit Jacobian regularization.
[bookmark: X7863804b2efef6b603896bb3fdf3d9423759adb]4. Proposed Method: Topology-Aware Implicit Regularization for GNN-ODEs
The proposed framework introduces a novel approach to stabilize graph neural ODEs through implicit regularization of the drift function’s Jacobian with respect to graph topology. As illustrated in Figure 1, the architecture substitutes conventional message-passing layers with a dynamical system which attains equilibrium states while preserving structural coherence among adjacent nodes. The technical details unfold across three key components: the graph-coupled drift function formulation, topology-aware Jacobian regularization, and efficient fixed-point solving with implicit differentiation.
[image: ]
Figure 1. Architecture of the GNN with Implicitly Regularized ODE Fixed-Point Layer
[bookmark: X3c7345380dc51376b4f32f2ae4c90c85c154e8d]4.1 Implicit Jacobian Regularization for Graph-Coupled Dynamics
The core innovation of our approach lies in the formulation of a graph-structured drift function  that naturally induces stable fixed-point convergence through implicit Jacobian regularization. Let  denote the feature vector of node , and  its neighborhood set. The drift function computes the instantaneous change in node features as:

where  is a learnable weight matrix,  is a nonlinear activation, and  is a pairwise interaction function. The key insight is that stability depends not just on the global Lipschitz constant of , but on the consistency of its local Jacobian behavior across graph edges.
For adjacent nodes , we define the Jacobian consistency regularization term:

This measures the Frobenius norm difference between the Jacobians of  with respect to neighboring node features. The complete regularization aggregates these terms over all edges:

The Jacobian matrices in Equation 5 capture how sensitive the drift function is to perturbations in each node’s features. The imposition of penalties on substantial differences between connected nodes guarantees that the dynamical system progresses smoothly in accordance with the graph topology. This is essentially distinct from global Lipschitz constraints, which would impose consistent sensitivity limits on all nodes without regard to their structural connections.
The pairwise interaction function  in Equation 4 is implemented as a multi-layer perceptron (MLP) that takes concatenated node features as input:

where  denotes concatenation and  are learnable parameters. This design supports extensive interactions among adjacent nodes while preserving differentiability for the Jacobian calculation in Equation 5.
[bookmark: Xa0385fd5fd2727ae07ee18685646c52eb40ee08]4.2 Fixed-Point Convergence with Graph-Structured Drift Function
The equilibrium states of the system are derived by fixed-point iteration, with node features changing based on the graph-structured drift function. For node  at iteration , the update rule combines the current state with the drift function’s output:

In this context, α denotes a trainable step size coefficient governing the extent of the adjustment. The fixed-point solution  satisfies , which simplifies to the equilibrium condition . This formulation naturally incorporates graph structure through the neighborhood aggregation in .
The contraction properties of the iteration map depend on the Jacobian , where  is the identity matrix. Local stability requires , with  denoting the spectral radius. The topology-aware regularization in Equation 6 implicitly imposes this requirement by encouraging alignment of Jacobians among adjacent nodes. Specifically, the regularization term  ensures that nodes connected in the graph exhibit similar sensitivity to perturbations, preventing unstable amplification of differences during iteration.
The fixed-point iteration terminates when the relative change in features falls below a threshold :

This flexible termination condition achieves computational effectiveness while securing convergence to a predetermined accuracy. The complete fixed-point solving procedure is summarized in Algorithm 1, which alternates between feature updates and neighborhood aggregation until convergence.
[bookmark: Xbb13d3667d4685447d1eb62c4b858591cb4730c]4.3 Implicit Backpropagation Through Equilibrium States
To optimize model training, we apply the implicit function theorem to derive gradients across equilibrium points while avoiding the unrolling of fixed-point iterations. Let  denote the equilibrium node features satisfying , where  encapsulates the update rule from Equation 8. Derivatives of the task-specific loss  concerning parameters  can be written as:

Here,  represents the Jacobian of the update function evaluated at equilibrium, and  is the identity matrix. The key insight is that the inverse term  captures the long-range dependencies induced by the fixed-point iterations, allowing gradient propagation through arbitrarily deep computations in constant memory.
The aggregate loss merges the task objective and the topology-aware regularization.

where  controls the regularization strength. The gradient of  is computed similarly to Equation 10, with the Jacobian differences from Equation 5 propagated through the equilibrium solver. This guarantees the regularization directly affects the parameter updates while preserving the stability of the fixed-point iterations.
[bookmark: graph-convolutional-ode-architecture]4.4 Graph-Convolutional ODE Architecture
The drift function  is implemented as a graph isomorphism network (GIN) [14] with ODE-specific modifications to ensure compatibility with continuous-time dynamics. For node  with neighborhood , the drift computes:

where  denotes a multi-layer perceptron and  is a learnable parameter. This approach retains the injective aggregation qualities of GIN while modifying it for feature dynamics governed by ODEs. The MLP consists of two linear layers with ReLU activation:

where ,  are weight matrices, and  are bias terms. The hidden dimension  matches the input feature dimension to maintain consistent state space dimensionality throughout the ODE flow.
To improve the stability of solving the ordinary differential equation, we add direct links between the starting and transformed attributes.

where  controls the strength of the skip connection. This term functions as a damping force, restraining node features from deviating excessively from their starting values while permitting meaningful progression of features. The equilibrium condition becomes:

This guarantees that the resulting embeddings preserve data from both the original attributes and the network topology.
[bookmark: termination-based-on-feature-stability]4.5 Termination Based on Feature Stability
The fixed-point iteration process requires a principled stopping criterion to balance computational efficiency with solution accuracy. The stopping criterion is established according to the proportional variation in node attributes between successive iterations. For node  at iteration , the feature stability metric is computed as:

where  denotes the Euclidean norm. The global convergence measure aggregates these node-wise differences:

where |V| denotes the count of vertices in the network. The iteration terminates when  falls below a threshold , indicating that the features have stabilized to within the desired tolerance. This adaptive stopping criterion dynamically adapts to the convergence properties of the graph, in contrast to fixed-depth unrolling methods which may either insufficiently or excessively iterate.
The threshold  is treated as a hyperparameter that controls the trade-off between computational cost and solution precision. Operationally, ε is assigned a minor positive value (e.g., 10⁻⁴) to achieve adequate convergence without excessive computational steps. The complete termination procedure is summarized in Algorithm 1, which monitors  after each update and exits the loop when the stability condition is met.
The feature stability criterion in Equation 17 directly relates to the contraction properties of the fixed-point mapping. For a contractive system,  is guaranteed to decrease monotonically, ensuring eventual termination. The topology-aware Jacobian regularization described in Section 4.1 encourages this contractive property by coordinating the sensitivity of adjacent nodes’ dynamics, thus supporting stable convergence across the whole graph.
[bookmark: experimental-setup]5. Experimental Setup
To evaluate the effectiveness of the proposed topology-aware implicit regularization for GNN-ODEs, we design experiments across multiple graph learning benchmarks. The framework assesses three primary dimensions: (1) stability of convergence across diverse graph topologies, (2) resilience to input disturbances, and (3) efficacy in downstream tasks relative to current approaches. This section details the datasets, baseline models, implementation specifics, and evaluation metrics.
[bookmark: datasets-and-tasks]5.1 Datasets and Tasks
We choose benchmark datasets covering diverse graph properties to evaluate generalizability. For node classification, the citation networks [15] and [16] are employed, displaying homophilic edge patterns where linked nodes tend to have analogous labels. To test performance on heterophilic graphs, we include [17] where adjacent nodes often belong to different classes. Graph classification tasks employ [18] and [19] from molecular biology, which require capturing complex structural patterns. For assessing robustness, we apply [20] with artificially created adversarial perturbations.
Each dataset is divided into training (60%), validation (20%), and test (20%) subsets, and 10 random seeds are employed to establish statistical reliability. The evaluation metrics include classification accuracy for node-level tasks, ROC-AUC for graph classification, and convergence rate (percentage of runs reaching equilibrium within 100 iterations) for stability analysis. We additionally measure the Jacobian consistency score  to quantify the regularization effect.
[bookmark: baseline-models]5.2 Baseline Models
Our evaluation includes four types of baseline methods: (1) Conventional GNNs such as [21] and [22], (2) Approaches based on ODEs, exemplified by [23] and [24], (3) Equilibrium-based models including [12], and (4) Architectures with stabilization features, covering [25] and [26]. Every baseline is executed with similar numbers of parameters and refined according to their initial training procedures.
The proposed model, termed TAG-ODE (Topology-Aware Graph ODE), implements the drift function from Equation 12 with hidden dimension 64, regularization weight , and convergence threshold . The ODE integration uses the dopri5 solver [27] with relative tolerance . All models are trained for 500 epochs with Adam optimizer (lr=0.01, weight decay=5e-4) on NVIDIA V100 GPUs.
[bookmark: perturbation-analysis]5.3 Perturbation Analysis
To evaluate robustness, we inject three types of adversarial perturbations following [28]: (1) Feature noise: Gaussian noise  added to node features with , (2) Edge perturbations: Random edge additions/deletions varying the graph density by , and (3) Structural attacks: Targeted rewiring using [29] with budget  edge changes per node. Performance degradation is measured relative to clean test accuracy.
[bookmark: implementation-details]5.4 Implementation Details
The Jacobian regularization term (Equation 6) is calculated efficiently by employing forward-mode automatic differentiation in the course of the fixed-point iterations. To optimize memory, we estimate Frobenius norm discrepancies with Hutchinson’s method [30], employing 10 stochastic projections. The equilibrium solver employs Anderson acceleration [31] with history size 5 to speed up convergence.
The model structure consists of two TAG-ODE layers with ReLU activation, succeeded by a linear readout layer for task-specific outputs. Batch normalization is applied before each ODE block to stabilize training. Initial node features are either dataset-provided or generated via one-hot encoding for categorical attributes. Graph adjacency matrices are normalized using symmetric Laplacian scaling  where  is the degree matrix.
[bookmark: results-and-analysis]6. Results and Analysis
[bookmark: convergence-behavior-and-stability]6.1 Convergence Behavior and Stability
The proposed TAG-ODE model shows better convergence behavior than traditional GNN-ODE methods. As illustrated in Figure 2, the relative change in node features shows a monotonic decline during fixed-point iteration and attains the convergence threshold in fewer than 15 iterations for 95% of test graphs. This quick stabilization differs from standard ODE approaches, which frequently need more than 30 iterations or do not converge at all on intricate structures. The improved stability stems from the implicit Jacobian regularization, which aligns the drift function’s sensitivity with the graph structure.
[image: data:image/png;base64,]
Figure 2. Relative change in node features during fixed-point iteration across different graph types
Evaluation of the Jacobian consistency scores indicates TAG-ODE attains 38% greater neighborhood alignment compared to unregularized models, with average scores of 0.72 versus 0.52. This topological consistency is apparent in the heatmap visualization (Figure 3), with interconnected nodes displaying analogous Jacobian configurations. The regularization effect is particularly pronounced in heterophilic graphs, where baseline methods often develop unstable node-specific dynamics.
[image: data:image/png;base64,]
Figure 3. Jacobian similarity heatmap for a representative graph, showing regularization-induced alignment between adjacent nodes
[bookmark: downstream-task-performance]6.2 Downstream Task Performance
Table 1 compares classification accuracy across benchmark datasets. TAG-ODE outperforms all baselines on 7 of 8 tasks, with particularly strong gains (+4.2% absolute) on the heterophilic Texas dataset. The benefit diminishes slightly yet remains present (+1.3%) for homophilic citation networks, which indicates that the advantages of regularization extend to various graph structures. Importantly, the model sustains this performance while assuring convergence, in contrast to conventional GNN-ODEs which attain similar accuracy on certain tasks but show unstable iterations.
Table 1. Node and graph classification accuracy (%) across datasets
	Model
	Cora
	PubMed
	Texas
	PROTEINS
	ENZYMES

	GCN
	81.3
	78.9
	59.2
	72.1
	63.8

	GAT
	82.7
	79.4
	61.5
	73.5
	65.2

	GNN-ODE
	83.1
	80.2
	62.8
	74.3
	66.7

	IGNN
	83.5
	80.7
	64.1
	75.0
	67.3

	StableGNN
	82.9
	79.8
	63.7
	74.6
	66.1

	TAG-ODE
	84.8
	81.9
	68.3
	76.5
	68.9


The scatter plot in Figure 4 illustrates how TAG-ODE’s performance advantage scales with graph complexity. For less intricate molecular structures (left group), the advancement compared to GNN-ODE averages 1.8%, whereas for more complicated social networks (right group), the difference increases to 3.4%. This suggests the topology-aware regularization becomes increasingly valuable as structural heterogeneity grows.
[image: data:image/png;base64,]
Figure 4. Performance comparison between TAG-ODE and conventional GNN-ODE models across graph types
[bookmark: robustness-to-perturbations]6.3 Robustness to Perturbations
Under adversarial attacks, TAG-ODE achieves markedly greater accuracy compared to baselines (Table 2). For feature noise at σ=0.5, the model retains 72.1% accuracy versus 63.4% for the next-best method. The benefit is clearest when facing structural attacks, as Jacobian regularization retains 68.9% accuracy at 10 edge modifications per node, which is 12.5% higher than the performance of unregularized ODEs. This robustness stems from the drift function’s stable response to perturbations, as neighborhood-aligned dynamics prevent localized distortions from propagating uncontrollably.
Table 2. Robustness evaluation (% accuracy retention) under perturbations
	Attack Type
	GCN
	GAT
	GNN-ODE
	IGNN
	TAG-ODE

	Feature (σ=0.5)
	58.2
	60.7
	63.4
	65.1
	72.1

	Edge (±50%)
	61.5
	63.8
	66.2
	68.0
	73.8

	Structural (10)
	52.3
	56.4
	56.4
	60.2
	68.9


[bookmark: computational-efficiency]6.4 Computational Efficiency
Notwithstanding the extra regularization component, TAG-ODE attains comparable training durations owing to accelerated convergence. On the OGB-Arxiv dataset, the model completes training in 3.2 hours versus 3.8 hours for GNN-ODE and 4.1 hours for IGNN. This improved performance arises from two aspects: (1) the fixed-point solver needs fewer steps to achieve equilibrium (12 on average compared to 28), and (2) implicit differentiation eliminates the need to backpropagate across the complete sequence of iterations. Memory usage remains comparable to standard ODE methods at approximately 4.2GB for graphs with 100k nodes.
[bookmark: ablation-study]6.5 Ablation Study
We dissect TAG-ODE’s components through controlled removals (Table 3). The deactivation of Jacobian regularization (w/o Reg) results in the most substantial decline in performance (-3.1% accuracy), which underscores its critical role in achieving stable learning. Removing the topology-aware drift function (w/o Topo) harms heterophilic tasks most (-2.8%), while disabling skip connections (w/o Skip) primarily impacts convergence rate (+41% more iterations). The complete model balances these aspects optimally.
Table 3. Ablation study on Texas dataset (% accuracy)
	Variant
	Accuracy
	Iterations

	w/o Reg
	65.2
	19

	w/o Topo
	65.5
	17

	w/o Skip
	66.8
	23

	Full TAG-ODE
	68.3
	12


The findings together indicate topology-aware implicit regularization attains better stability-performance balances than current methods. The model achieves robust convergence and flexible adaptation to diverse learning tasks by imposing Jacobian constraints that align the ODE dynamics with the graph structure.
[bookmark: discussion-and-future-work]7. Discussion and Future Work
[bookmark: limitations-of-the-proposed-method]7.1 Limitations of the Proposed Method
Although TAG-ODE shows robust empirical performance, a number of constraints merit examination. First, the implicit Jacobian regularization requires computing pairwise derivatives across edges, which incurs  memory overhead for -dimensional features. Although our Hutchinson estimator reduces this cost, very large graphs may still face scalability challenges. Second, the fixed-point convergence guarantee relies on the drift function’s contractivity, which cannot be strictly enforced without explicit Lipschitz constraints. In practice, we observed occasional divergence (2.3% of runs) on graphs with extreme degree heterogeneity. Third, the model presumes a fixed topology while solving ordinary differential equations, which restricts its suitability for graphs with dynamically changing connections [32]. These limitations suggest opportunities for architectural refinements and theoretical extensions.
[bookmark: potential-application-scenarios]7.2 Potential Application Scenarios
The stability properties of TAG-ODE make it particularly suitable for safety-critical applications requiring reliable predictions. In molecular property prediction, the guaranteed convergence aligns with the need for consistent results across similar compounds [33]. Financial fraud detection systems could benefit from the resistance to adversarial disturbances during the examination of transaction networks [34]. The method’s capacity to sustain consistent dynamics on heterophilic graphs also aids social network analysis, where opposing perspectives frequently engage within communities [35]. Subsequent implementations ought to focus on situations where conventional GNN-ODE models display erratic performance or heightened responsiveness to input fluctuations.
[bookmark: ethical-considerations]7.3 Ethical Considerations
Two ethical aspects merit attention when applying topology-aware GNN-ODEs. First, the Jacobian regularization could inadvertently amplify biases present in the graph structure by enforcing neighborhood consistency. For instance, in social networks with homophily, the model might perpetuate existing segregation patterns [36]. Second, the deterministic convergence of the fixed-point formulation makes it simpler for attackers to deduce sensitive node attributes by employing gradient-based probing [37]. Mitigation strategies include adversarial training during regularization and differential privacy for Jacobian computations. These concerns highlight the need for careful auditing before deploying the method in socially impactful domains.
[bookmark: future-directions]7.4 Future Directions
Three promising research directions emerge from this work. One approach is to establish adaptive regularization weights that address node-specific stability needs, which could more effectively manage graphs exhibiting both homophily and heterophily. Second, adaptation of the framework to temporal graphs would necessitate pairing the Jacobian constraints with drift functions that vary over time [38]. Third, theoretical connections to graph spectral theory may yield tighter bounds on convergence rates based on Laplacian eigenvalues [39]. Such advances could further bridge the gap between the empirical success and theoretical understanding of stable graph ODE models.
[bookmark: conclusion]8. Conclusions
This study presents a topology-aware implicit Jacobian regularization approach for improving the stability of fixed-point graph neural ODE models. By aligning the local Jacobian behavior of adjacent nodes, the proposed framework seeks to incorporate graph structure directly into the equilibrium learning process. The reported results indicate that the TAG-ODE model achieves stable fixed-point convergence, improved robustness to feature and structural perturbations, and competitive performance across selected graph learning tasks. The approach also reduces dependence on explicit Lipschitz constraints, which may help preserve model flexibility in complex graph settings. Overall, the manuscript suggests that graph-informed regularization can contribute to more stable continuous-depth graph representation learning. However, the strength of the conclusions depends on clearer mathematical presentation, complete experimental reproducibility, corrected dataset references, and independent verification of the reported results.
Limitations
The proposed method has several limitations. The computation of Jacobian-based regularization may increase memory and computational cost, especially for large graphs or high-dimensional node features. The convergence guarantee is not fully strict because explicit contractivity is not enforced in all cases. The method also assumes a fixed graph topology during equilibrium computation, limiting direct applicability to dynamic graphs. In addition, the reported experiments require stronger reproducibility support, including complete dataset details, implementation settings, code availability, and statistical variation across runs.
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