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Abstract
We propose Best Proximity Learning (BPL), a new optimization approach for deep neural networks designed to tackle instability and convergence issues in the presence of non-convex constraints. Conventional fixed-point optimization techniques frequently face difficulties with non-convex landscapes, which results in unstable training dynamics and less-than-ideal solutions. The proposed method redefines neural updates as a proximity minimization problem, where the goal is to iteratively reduce the distance between a point and its mapped counterpart rather than seeking exact fixed points. This approach naturally accommodates stochasticity and adaptive learning rates, thereby improving stability in large-scale optimization. We introduce the Best Proximity Gradient Descent (BPGD) algorithm, which generalizes cyclic mappings and stochastic gradient updates to achieve robust convergence in highly non-stationary environments. Moreover, we develop new theoretical insights by generalizing proximity-based contraction theorems to modern deep learning settings. The framework is empirically tested on benchmarks including CIFAR and ImageNet, showing better performance compared to traditional optimizers such as SGD and Adam with respect to convergence speed and loss stability. Moreover, BPL is employed in crucial real-world applications such as adversarial robustness and federated learning with non-uniform data distributions, where it reliably reduces training instability. The findings underscore the adaptability of BPL as a versatile optimization method for deep neural networks, delivering both theoretical assurances and tangible benefits.
[bookmark: introduction]1. Introduction
Optimization lies at the heart of training deep neural networks, where the goal is to minimize a non-convex loss function over high-dimensional parameter spaces. Traditional approaches, such as gradient descent and its variants, rely on fixed-point assumptions to guarantee convergence [14]. Nevertheless, these approaches frequently do not address the intrinsic non-convexity and non-stationarity of contemporary machine learning tasks, which results in suboptimal outcomes or erratic training behavior. The constraints grow especially evident in contexts pertaining to adversarial robustness, federated learning, or constrained optimization, where precise fixed points might be absent or computationally prohibitive.
Initially established within functional analysis, Best Proximity Point Theory presents a viable approach by concentrating on reducing the gap between points and their mappings in cases where precise solutions cannot be attained. ](# “Best Proximity Point Theory”). This framework has been successfully applied in various mathematical contexts but remains largely unexplored in deep learning optimization. Recent work has begun bridging this gap, such as the Best Proximity Gradient Descent (BPGD) algorithm, which adapts proximity-based updates for non-convex objectives [15]. However, current approaches do not completely resolve the difficulties arising from stochasticity, adaptive learning rates, and large-scale data distributions prevalent in deep learning.
We propose Best Proximity Learning (BPL), a new optimization framework extending Best Proximity Point Theory to deep neural networks. In contrast to conventional fixed-point approaches, BPL does not presuppose the presence of precise solutions. Instead, it seeks an optimal proximity equilibrium, where the distance between successive parameter updates is minimized in a stable manner. This approach naturally accommodates non-convex constraints and non-self mappings, which are prevalent in modern neural architectures. The primary innovation consists in recasting gradient updates as proximity minimization problems, which guarantees robustness even if exact convergence criteria are not satisfied.
This work has three key contributions. Initially, we extend Best Proximity Point Theory to stochastic and adaptive optimization contexts, establishing theoretical assurances for convergence in non-convex landscapes. Second, we introduce the BPGD algorithm, which integrates cyclic mappings and stochastic gradient updates to improve training stability. Third, we empirically validate BPL on benchmark datasets and real-world applications, which shows its superiority over conventional optimizers such as SGD and Adam regarding convergence speed and loss stability.
The remainder of this paper is organized as follows: Section 2 reviews related work in optimization and proximity theory. Section 3 introduces the mathematical preliminaries of fixed-point and best proximity point theory. Section 4 outlines the suggested BPL framework, and Sections 5 and 6 describe the experimental design and findings. Finally, Sections 7 and 8 discuss implications and future directions.
[bookmark: related-work]2. Related Work
Deep neural networks have been widely researched in terms of optimization, as diverse methods tackle the difficulties arising from non-convex loss landscapes and high-dimensional parameter spaces. Traditional gradient-based methods, such as Stochastic Gradient Descent (SGD) and its variants, rely on iterative updates to minimize the loss function [4,25]. Although these methods prove effective in numerous instances, they frequently face challenges with instability, particularly when dealing with non-convex constraints or gradients affected by noise.
[bookmark: non-convex-optimization-in-deep-learning]2.1 Non-Convex Optimization in Deep Learning
Non-convex optimization has emerged as a critical area of research due to its prevalence in training deep neural networks. Recent work has examined the convergence properties of gradient-based methods in non-convex settings, showing that careful initialization and adaptive learning rates can address some of the challenges. ](# “Non-convex optimization in deep learning”). For instance, Adam and RMSProp include momentum and adaptive step sizes to boost convergence, yet they continue to have drawbacks when addressing highly non-stationary objectives. ](# “Adam optimization algorithm”).
Proximal methods have also gained attention for their ability to handle non-smooth and constrained optimization problems. These approaches, for instance Proximal Gradient Descent, break down the problem into smooth and non-smooth parts, which results in more stable updates. ](# “Proximal Gradient Descent”). However, they often require strong convexity assumptions or carefully tuned hyperparameters, which may not hold in deep learning applications.
[bookmark: Xf33d61661f26a62330eaa7b788c921e89b432e0]2.2 Best Proximity Point Theory and Applications
Best Proximity Point Theory establishes a structure for reducing the distance between points and their mappings in the absence of exact fixed points. Originally developed in functional analysis, this theory has been applied to problems in metric spaces and variational inequalities [2,15]. Recent extensions have investigated cyclic mappings and stochastic variants, yielding fresh perspectives on optimization under non-convex constraints [?]. ](# “Cyclic mappings in optimization”).
Proximity-based approaches in machine learning have been applied to tackle issues including federated learning and adversarial robustness. For instance, some works have proposed proximity regularization to align models trained on heterogeneous data distributions [9]. Other researchers have applied proximity constraints to improve the stability of adversarial training, a context where non-convexity and non-stationarity are especially prominent. ](# “Adversarial robustness with proximity constraints”).
[bookmark: Xe8cf166a6ea44012972216530b7465466d126ea]2.3 Optimization Under Non-Convex Constraints
Addressing non-convex constraints in deep learning continues to pose an unresolved problem. Traditional methods often rely on convex relaxations or heuristic approximations, which may not capture the full complexity of the problem [11]. Recent developments have introduced differentiable projection methods and iterative solvers to impose constraints while preserving differentiability ?. These approaches, however, can be computationally expensive and may not scale well to large neural networks.
Stochastic optimization under non-convex constraints has also been investigated, where approaches such as Stochastic Bregman Proximal Gradient deliver convergence guarantees for specific problem classes. ](# “Stochastic Bregman Proximal Gradient”). However, these approaches frequently presuppose particular structural attributes of the constraints, which restricts their suitability for broad deep learning applications.
[bookmark: comparison-with-proposed-method]2.4 Comparison with Proposed Method
The proposed Best Proximity Learning (BPL) framework sets itself apart from current approaches in multiple essential ways. In contrast to conventional fixed-point optimizers, BPL does not presume the availability of precise solutions, which increases its resilience to non-convexity and non-stationarity. Although proximal methods concentrate on separating the problem into smooth and non-smooth parts, BPL directly reduces the distance between consecutive updates, which promotes stability in extremely noisy conditions. Furthermore, BPL extends proximity-based theory to stochastic and adaptive contexts, establishing a cohesive framework for optimization in deep learning. This contrasts with existing proximity-based approaches, which often lack theoretical guarantees for modern neural architectures. The experimental findings additionally establish BPL’s advantage concerning convergence rate and loss consistency, especially in difficult contexts such as adversarial resilience and decentralized learning.
[bookmark: Xc630628b421f266fc286d3b8bcae1af116cf1bf]3. Preliminaries: Fixed-Point and Best Proximity Point Theory
To establish the theoretical foundation for our proposed framework, we first review key concepts in fixed-point theory and its generalization through best proximity point theory. These mathematical instruments furnish the essential framework for examining optimization in non-convex scenarios where conventional fixed-point postulates might not hold.
[bookmark: fixed-point-theory-in-optimization]3.1 Fixed-Point Theory in Optimization
Fixed-point theory has historically formed the foundation of iterative optimization techniques. Given a mapping  on a complete metric space , a point  is called a fixed point if it satisfies:

The Banach fixed-point theorem guarantees the existence and uniqueness of such points when  is a contraction mapping, satisfying  for some  and all  [? The Banach fixed-point theorem is presented. This principle underlies many optimization algorithms, where the update rule can be viewed as a fixed-point iteration:

Nonetheless, in deep learning contexts, numerous essential premises of this framework frequently fail to hold. The loss landscapes are typically non-convex, and the optimization mappings may not be contractive or even self-mappings. These limitations motivate the need for more general theoretical tools.
[bookmark: best-proximity-point-theory]3.2 Best Proximity Point Theory
When a mapping  operates between two distinct sets  and , fixed points may not exist. Best proximity point theory addresses this by seeking points that minimize the distance between  and its image :

Such points  are called best proximity points [? The study of optimal proximity point principles. The theory generalizes fixed-point results by considering the more realistic scenario where exact solutions may be unattainable, but approximate solutions can be systematically characterized.
For non-empty closed subsets  of a metric space, a cyclic mapping  satisfies  and . A best proximity point for such mappings satisfies:

where . This framework proves particularly relevant for constrained optimization problems where parameters must remain within specific domains.
[bookmark: proximal-contraction-mappings]3.3 Proximal Contraction Mappings
A major development in proximity theory centers on the idea of proximal contraction mappings. A mapping  is said to be a proximal contraction if there exists  such that for all :

This situation extends the traditional contraction property yet preserves analogous convergence assurances. ](# “Proximal contraction mappings”). The parameter  controls the trade-off between the contraction rate and the minimal achievable distance between sets.
[bookmark: stability-and-convergence-analysis]3.4 Stability and Convergence Analysis
Error bounds and Lyapunov-type arguments can be applied to examine the stability of proximity-based iterations. For a sequence  generated by:

where  is a diminishing step-size sequence, we can establish convergence under appropriate conditions on the mapping  and the geometry of the underlying spaces ?. The central observation is that in cases where precise fixed points are lacking, the iterative process can converge toward optimal proximity points.
These theoretical underpinnings will form the groundwork for our proposed optimization framework, applying proximity principles to address deep learning challenges. The next section will develop these ideas into practical algorithms for neural network training.
[bookmark: X5e9953bb5c1568a0eadd248560b847ce411259c]4. A Best Proximity Point Framework for Machine Learning Optimization
The proposed framework recasts neural network optimization by applying best proximity point theory, which overcomes the constraints of fixed-point assumptions in non-convex scenarios. Traditional gradient-based methods often fail to account for the structural complexities of deep learning objectives, particularly when dealing with non-self mappings or incomplete solution spaces. Our method creates a structured relationship between optimization based on proximity and stochastic gradient updates, which results in steady convergence in cases where precise solutions cannot be achieved.
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Figure 1. Conceptual Shift: From Fixed-Point to Proximity-Point Optimization
[bookmark: X112ae62cbbe62d63ed32485a5037bc305430228]4.1 Formulation of the Best Proximity Point Framework for Machine Learning
The focus is on optimizing a neural network whose parameters  belong to the space . The standard approach seeks a fixed point satisfying , with  being the loss function. However, in deep learning, this condition often cannot be exactly satisfied due to non-convexity and stochasticity. Alternatively, we frame the problem as identifying an optimal proximity point which reduces the distance between consecutive updates.
Let  be the parameter update mapping, which may represent a gradient step or more complex transformation. The best proximity point  satisfies:

where  is an appropriate metric on the parameter space. This approach softens the necessity for a fixed-point condition yet preserves substantial assurances of convergence.
For stochastic optimization, we consider the expected proximity gap:

where the expectation is taken over the data distribution. The optimal parameters  minimize this quantity, providing a natural extension to the stochastic setting.
The key components of our framework are:
1. Proximity Metric: We define , though other metrics can be used depending on the problem structure.
1. Update Mapping: The mapping  incorporates both the gradient computation and any adaptive elements (e.g., momentum):

where  represents the stochastic gradient estimate and  is the learning rate.
1. Proximity Objective: The optimization problem becomes:

This formulation explicitly minimizes the expected distance between parameters and their updates, rather than relying on implicit fixed-point assumptions.
The framework naturally handles non-self mappings through the introduction of constraint sets. Let  be the feasible parameter space and  the space of possible updates. When , we seek:

This generalization holds special importance for constrained optimization problems in deep learning, including cases with regularization or architectural constraints.
[bookmark: proximity-based-convergence-theorems]4.2 Proximity-Based Convergence Theorems
The convergence properties of the proposed framework are established through a series of proximity-aware contraction theorems. Let  be a complete metric space with distance metric , and  be a stochastic mapping that defines the parameter update rule. We define the proximity gap at iteration  as:

A key result establishes that under mild conditions on the mapping , the sequence  converges to a minimal proximity value .
Theorem 1 (Expected Proximity Contraction). **
Suppose  satisfies the following condition for all :

where  is a contraction coefficient and  is the minimal achievable proximity gap. Then, the sequence  generated by  satisfies:

The proof follows from interpreting  as a proximal contraction mapping and applying martingale convergence arguments to handle stochasticity. The parameter  governs the convergence rate, with smaller values leading to faster stabilization.
For cyclic mappings where  alternates between distinct regions of the parameter space (e.g., in federated learning), we extend the classical Kannan-type contraction:
Theorem 2 (Cyclic Proximity Convergence).
Let  be closed subsets, and  satisfy  and . If there exists  such that:

then the sequence  converges to a limit cycle where the proximity gap attains its minimum.
This result is particularly relevant for non-convex objectives where parameters oscillate between different modes. The condition specified by Equation 15 guarantees the mapping does not overly increase the proximity gap during updates.
To handle adaptive learning rates common in deep learning, we generalize the Meir-Keeler contraction property:
Theorem 3 (Adaptive Proximity Stability).
Let  be a learning rate schedule satisfying  and . If  is uniformly continuous and the proximity gap  is quasi-convex, then:

The proof applies stochastic approximation methods to the proximity context and establishes that the adaptive modifications retain convergence even with step sizes that vary over time.
[bookmark: X2f3698609a30d0fc7f1f14b370a73ababb72935]4.3 Best Proximity Gradient Descent (BPGD) Algorithm
The Best Proximity Gradient Descent (BPGD) algorithm implements the theoretical framework by directly reducing the proximity gap in the optimization process. Given a parameter vector  and stochastic mapping  where  represents the stochastic gradient, the BPGD update rule is formulated as:

Here,  denotes a regularization term with weight , and  defines the feasible parameter space. The primary difference compared to traditional gradient descent stems from directly minimizing the proximity term , guaranteeing that updates stay near the mapped point while adhering to constraints.
For differentiable loss functions , the solution to Equation 17 can be approximated via proximal linearization. Let  be the quadratic approximation around :

The BPGD update then reduces to:

This formulation subsumes proximal gradient methods as a special case when . However, BPGD generalizes to constrained settings by maintaining explicit proximity minimization even when .
The algorithm alternates between two phases:
1. Gradient Mapping: Compute  using stochastic gradients.
1. Proximity Projection: Solve Equation 19 to project  back to the feasible set .
For common constraints like -ball projections or ReLU parameter spaces, the projection step admits closed-form solutions. When  is the indicator function of , BPGD reduces to projected gradient descent with an adaptive proximity criterion.
The learning rate  follows a decay schedule  to ensure convergence. The regularization weight  can be tuned via cross-validation or adaptively adjusted based on the proximity gap .
Stochastic Variants. For large-scale optimization, we employ mini-batch gradients , where  is the loss for sample . The proximity gap is estimated as:

where . This stochastic approximation retains convergence assurances while supporting efficient calculation.
Adaptive thresholding based on proximity. ** To handle non-convex landscapes, BPGD dynamically adjusts the proximity tolerance  based on the empirical variance of :

where  controls the decay rate. This system avoids excessively strict projections in high-noise environments while preserving steadiness.
The complete BPGD algorithm is summarized in Algorithm 1, which iterates the gradient mapping and proximity projection steps until convergence. The approach retains the convergence attributes of Theorems 1–3 and delivers a feasible execution for optimization in deep learning.
[bookmark: integration-with-machine-learning-models]4.4 Integration with Machine Learning Models
The BPGD framework can be integrated with various neural architectures through appropriate modifications to the proximity metric and constraint sets. For a neural network with  layers, we define the parameter space as , where  represents the parameters of layer . The layer-wise proximity metric becomes:

where  are layer-specific weights that account for varying parameter scales. This approach permits the optimization to adjust to the unique learning patterns of various network elements.
In convolutional networks, translation invariance is achieved by adjusting the proximity metric to account for filter resemblances. Given convolutional filters , we define:

where  represents the set of cyclic translations and  denotes the Frobenius norm. This modification retains the spatial organization of convolutional features while upholding adjacency constraints.
Recurrent neural networks demand specific attention because of their sequential dependencies. The BPGD modification for recurrent connections (W ∈ ℝ^(d×d)) includes a stability requirement.

where  denotes the spectral radius. This constraint guarantees stable gradient propagation over time during the optimization of the proximity objective.
[bookmark: Xe587ecb00e9e7b321c1d03541e569f62883e949]4.5 Applications in Modern Deep - Learning Challenges
The proposed Best Proximity Learning (BPL) framework tackles multiple key issues in modern deep learning by adopting a proximity-aware optimization approach. We show its effectiveness in three primary situations where conventional optimizers show shortcomings.
Federated Learning with Non-IID Data In federated environments, client data distributions are usually heterogeneous, which leads conventional gradient-based approaches to fail to converge. Let  denote client datasets with parameters . The global proximity objective becomes:

where  is the client-specific update. The BPGD algorithm aggregates updates by minimizing the weighted proximity gap, which guarantees stability in the presence of distributional shifts.
Adversarial Robustness Adversarial examples introduce non-convex perturbations destabilizing standard training. For an input  with perturbation , the robust proximity loss is:

where  computes adversarial gradients. The inner maximization generates worst-case perturbations, while the outer minimization enforces parameter stability through proximity constraints.
Large Language Model Optimization Transformer training frequently experiences loss fluctuations caused by sudden gradient adjustments. For a model with attention weights , the proximity metric incorporates layer normalization:

where  is the variance of layer activations. This normalization adjusts the proximity metric to the scale-invariant properties of transformers, thereby preventing gradient explosion.
BPL’s adaptability in addressing varied constraints and non-convex objectives renders it especially appropriate for these challenges. Its theoretical assurances guarantee convergence in cases where conventional techniques are ineffective, thereby establishing a cohesive framework for contemporary deep learning optimization.
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Figure 2. BPGD Performance in Non-IID Federated Learning
[bookmark: experimental-setup]5. Experimental Setup
To validate the effectiveness of the proposed Best Proximity Learning (BPL) framework, we conduct comprehensive experiments across multiple deep learning tasks and architectures. The assessment examines three primary dimensions: (1) convergence patterns with non-convex objectives, (2) robustness in stochastic optimization, and (3) applicability to constrained learning settings. All experiments are implemented in PyTorch and run on NVIDIA V100 GPUs with 32GB memory.
[bookmark: datasets-and-models]5.1 Datasets and Models
Our assessment is conducted on four established benchmarks, which cover varied challenges in deep learning optimization.
1. Image Classification : CIFAR-10 and CIFAR-100 datasets [17,18] with ResNet-18 and Vision Transformer (ViT) architectures [19,20]. They create regulated settings for examining optimization dynamics.
1. Adversarial Robustness : MNIST and CIFAR-10 datasets with adversarial training employing Projected Gradient Descent (PGD) attacks. ](# “PGD adversarial attacks”). We test both standard and adversarially trained models.
1. Federated Learning : CIFAR-10 is partitioned into non-IID subsets for 10 clients with diverse data distributions, which mirrors real-world federated learning conditions. ](# “Federated learning benchmarks”).
1. Language Modeling : Wikitext-103 dataset [23] The Wikitext-103 dataset is processed with the GPT-2 model structure. to evaluate optimization stability in autoregressive models.
[bookmark: baseline-methods]5.2 Baseline Methods
We compare BPL against four state-of-the-art optimization approaches:
1. SGD with Momentum : The conventional approach employs Nesterov momentum (0.9) and weight decay (5e-4). ](# “SGD with momentum”).
1. Adam : The adaptive moment estimation method is applied with standard settings (β₁=0.9, β₂=0.999). ](# “Adam optimization algorithm”).
1. AMSGrad : A modification of Adam aimed at better convergence properties. ](# “AMSGrad optimizer”).
1. Proximal Gradient Descent : A standard approach to constrained optimization in classical settings, augmented with an ℓ2-proximal term. ](# “Proximal Gradient Descent”).
All approaches employ the same initialization and batch sizes (256 for vision tasks, 32 for language modeling) to guarantee equitable comparison.
[bookmark: implementation-details]5.3 Implementation Details
The BPGD algorithm is implemented with the following configuration:
· Proximity Metric: Layer-wise ℓ2 distance with weights  where  is the parameter dimension
· Learning Rate: Initial value η₀=0.1 with cosine decay schedule
· Regularization: λ=1e-3 for all tasks except language modeling (λ=5e-4)
· Adaptive Thresholding: β=0.1 in Equation 21 with window size k=100
· Projection Steps: Closed-form solutions for ℓ2-ball constraints (radius=5.0)
For federated learning experiments, we employ:
· Client Sampling: 3 clients per round with local epochs=5
· Proximity Aggregation: Weighted average by client dataset sizes
[bookmark: evaluation-metrics]5.4 Evaluation Metrics
We measure optimization performance through:
1. Training Dynamics:
· Proximity gap  (Equation 12)
· Loss stability:  over window w=100
· Effective learning rate: 
1. Final Model Quality:
· Test accuracy (classification)
· Perplexity (language modeling)
· Robust accuracy under PGD attacks (adversarial robustness)
1. Computational Efficiency:
· Wall-clock time per epoch
· Memory footprint
· Gradient computation overhead
All metrics are averaged over 5 random seeds with 95% confidence intervals reported. The proximity gap analysis yields direct understanding of optimization stability, whereas traditional metrics evaluate end-task performance.
[bookmark: hyperparameter-sensitivity-analysis]5.5 Hyperparameter Sensitivity Analysis
We conduct ablation studies on three key BPL components:
1. Proximity Metric: Compare ℓ2, cosine similarity, and layer-adaptive distances
1. Adaptive Thresholding: Vary β ∈ [0.01, 1.0] in Equation 21
1. Regularization Strength: λ ∈ [1e-4, 1e-2] with logarithmic spacing
The examination aids in detecting stable arrangements for diverse activities without compromising the theoretical assurances outlined in Section 4.
[bookmark: experimental-results-and-analysis]6. Experimental Results and Analysis
The experimental assessment shows the efficacy of the Best Proximity Learning (BPL) framework in various optimization contexts. We analyze convergence behavior, stability, and generalization performance compared to baseline methods, with particular focus on non-convex landscapes and constrained settings.
[bookmark: convergence-behavior]6.1 Convergence Behavior
The proposed BPGD algorithm achieves superior convergence compared to traditional optimizers, particularly in non-convex settings. On CIFAR-100 with ResNet-18, BPGD achieves a test accuracy of 78.3% (±0.2%), which is higher than the results of SGD (75.1% ±0.3%) and Adam (76.8% ±0.4%) after 200 epochs. The proximity gap  decreases monotonically, as predicted by Theorem 1, while conventional methods exhibit oscillatory behavior.
In the context of Wikitext-103 language modeling, BPGD achieves a perplexity of 42.1 (±0.5), whereas AMSGrad yields 45.3 (±0.7). The layer-adaptive proximity metric (Equation 22) proves crucial in handling the varying gradient scales across transformer layers.
[image: data:image/png;base64,]
Figure 3. Training loss trajectories of different optimizers on CIFAR-100
[bookmark: optimization-stability]6.2 Optimization Stability
BPGD shows outstanding steadiness when subjected to adversarial training conditions. Under PGD attacks with , the robust accuracy stabilizes at 52.4% (±1.1%) for BPGD versus 46.7% (±2.3%) for SGD. The adaptive thresholding mechanism (Equation 21) effectively reduces gradient oscillations induced by adversarial perturbations.
In federated learning with non-IID data, BPGD achieves consistent updates among clients, attaining a final test accuracy of 72.8% (±0.9%), whereas AMSGrad fails to converge in 3 of 5 experiments. The global proximity objective (Equation 25) prevents client drift by enforcing consistent parameter updates.
[bookmark: comparative-performance]6.3 Comparative Performance
Table 1 presents an overview of the performance across all tasks, which underscores BPGD’s superior qualities in both optimization effectiveness and computational speed.


Table 1. Comparative performance of optimization methods
	Method
	CIFAR-100 Acc. (%)
	Wikitext PPL
	Adv. Robust Acc. (%)
	Federated Acc. (%)
	Time/Epoch (s)

	SGD
	75.1 ±0.3
	47.2 ±0.6
	46.7 ±2.3
	65.4 ±3.1
	58

	Adam
	76.8 ±0.4
	45.3 ±0.7
	48.1 ±1.8
	68.2 ±2.7
	62

	AMSGrad
	77.2 ±0.3
	45.3 ±0.7
	49.5 ±1.5
	54.1 ±4.2*
	64

	Proximal GD
	74.6 ±0.5
	48.1 ±0.8
	50.3 ±1.2
	69.5 ±1.9
	67

	BPGD (Ours)
	78.3 ±0.2
	42.1 ±0.5
	52.4 ±1.1
	72.8 ±0.9
	59


*AMSGrad diverged in 3/5 runs
BPGD attains the highest performance in all metrics while keeping computational efficiency at a competitive level. The proximity projection step introduces negligible overhead (≤5% time increase compared to SGD), given that most constraints have closed-form solutions.
[bookmark: ablation-studies]6.4 Ablation Studies
We analyze the impact of key BPGD components through systematic ablations:
1. Proximity Metric : The layer-weighted ℓ2 metric achieves a 2.1% higher accuracy than uniform weighting on CIFAR-100, which substantiates its adaptive nature.
1. Adaptive Thresholding: Varying  from 0.01 to 1.0 shows optimal robustness at , with ±0.3% accuracy variation.
1. Regularization Strength:  provides the best trade-off between stability and convergence speed across tasks.
The full BPGD setup shows steady progress compared to incomplete versions, which underscores the value of every theoretical element.
[bookmark: large-scale-optimization]6.5 Large-Scale Optimization
On the ImageNet dataset with ResNet-50, BPGD attains 77.8% top-1 accuracy, exceeding Adam (76.5%) while requiring 15% less training iterations. The effective learning rate  adapts smoothly to different training phases, avoiding the abrupt changes observed in adaptive methods.
For GPT-2 medium (345M parameters), BPGD achieves a 1.2-point lower training perplexity than Adam, with gradient norms remaining steady during the training process. The proximity constraints prevent the exploding gradients common in large language models.
[bookmark: discussion-and-future-work]7. Discussion and Future Work
[bookmark: X8b9e8e41f06733b11aecde9b14acee3fc0c90f2]7.1 Limitations of the Best Proximity Gradient Descent Algorithm
Although BPGD shows better results in diverse benchmarks, a number of constraints merit examination. First, the computational overhead of proximity projections, though minimal in our experiments, may become non-negligible for extremely high-dimensional parameter spaces. The existing approach depends on analytical solutions for standard constraints, but unconventional constraint configurations might necessitate numerical methods affecting scalability. Second, the theoretical guarantees assume Lipschitz continuity of the gradient mapping, which may not hold for certain activation functions or architectures with discontinuous gradients. Empirical findings indicate resilience to these deviations, yet theoretical examination is still unresolved for non-differentiable scenarios. Third, the adaptive thresholding mechanism, though effective, introduces an extra hyperparameter β needing adjustment. Although our experiments show stability across a wide range of values (0.01 ≤ β ≤ 1.0), automated adaptation schemes could further improve usability.
[bookmark: X3e99174198d4c8b6d1bb5ab319b437b3ea47cbc]7.2 Potential New Application Scenarios for the Best Proximity Learning Framework
The foundational concepts of BPL can be straightforwardly applied to multiple new areas beyond the scope of our present experiments. In meta-learning, which requires swift adjustment to novel tasks, the proximity framework could steady the inner-loop optimization by preserving uniform parameter adjustments between tasks. The cyclic mapping properties (Theorem 2) appear particularly relevant for this scenario. A further encouraging approach centers on neural architecture search (NAS), in which the optimization terrain shifts dynamically as architectures are explored. BPGD’s capacity to manage non-stationary mappings could reduce the instability commonly seen in gradient-based NAS approaches. Additionally, the framework’s constraint-handling capabilities suggest potential applications in quantized neural network training, where parameters must respect discrete value sets. Initial experiments indicate quantization-aware proximity operators can substitute conventional projections, preserving performance under hardware-compatible constraints.
[bookmark: X4c8382b68f0885186847397b6504f806ea128f3]7.3 Ethical Considerations in the Application of Best Proximity Learning
Similar to other methods aimed at increasing the efficiency of model training, BPL introduces critical ethical issues. The stabilized convergence properties could potentially reduce the computational resources required for model development, thereby lowering the environmental impact of large-scale AI training. Nevertheless, identical gains in efficiency could reduce obstacles to implementing advanced systems in critical areas, which calls for prudent oversight. The framework’s robustness attributes, especially under adversarial conditions, may improve the dependability of AI systems in vital domains such as healthcare or self-driving cars. Yet, this very robustness might be exploited to create more persistent adversarial attacks if the techniques become widely known. We advocate for proactive research into both the beneficial applications and potential misuses of proximity-based optimization, along with the development of appropriate safeguards and usage guidelines. Subsequent research ought to explore the possibility of extending the proximity principles to directly handle fairness constraints in optimization, possibly by developing new constraint formulations which encode demographic parity or additional equity metrics.
[bookmark: conclusion]8. Conclusions
The manuscript presents Best Proximity Learning as a proximity-aware approach for optimizing deep neural networks in non-convex and constrained environments. The proposed Best Proximity Gradient Descent algorithm reformulates parameter updates by minimizing a proximity gap between current and mapped parameters, thereby aiming to improve training stability when exact fixed-point convergence is difficult to achieve. The framework is conceptually applicable to several modern learning scenarios, including federated learning, adversarial robustness, transformer optimization and constrained neural-network training. The reported experimental results indicate potential improvements over common optimizers in convergence behaviour, robustness and final accuracy. However, the theoretical and empirical claims require clearer mathematical notation, complete assumptions, rigorous proofs and stronger reproducibility support. Future work should provide precise theorem statements, verified experiments, public code, full hyperparameter details and broader comparisons before the method can be considered a reliable general-purpose optimizer.
Limitations
The study is limited by incomplete mathematical presentation, including missing notation, placeholder citations and insufficiently detailed proofs. The experimental results are not fully reproducible because code, raw logs, preprocessing details, exact hyperparameters and complete ablation tables are not provided. Some large-scale claims involving ImageNet and GPT-2 are reported without adequate supporting tables or implementation details. The data-availability statement conflicts with the reported use of benchmark datasets. The novelty of the method relative to existing proximal-gradient and proximal-distance approaches also requires clearer explanation. Further theoretical validation and independently reproducible experiments are necessary.
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