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Gaussian Generalized Olivier Numbers

Abstract. This study investigates the structural properties and potential applications of the Gaussian
generalized Olivier numbers, contributing to the broader theoretical landscape of integer sequences. Through
a combination of algebraic and analytic methods, we establish new recurrence relations, summation iden-
tities, and diverse representations for these sequences. In particular, we derive a Binet-type expression,
construct generating functions, and develop matrix formulations, while also presenting Simson’s formula
as an alternative analytical tool. Special attention is devoted to two notable cases—the Gaussian Olivier
numbers and the Gaussian Olivier—Lucas numbers—whose distinctive features highlight the richness of the
framework. Our findings demonstrate that these sequences exhibit unique combinatorial behaviors, making
them relevant for applications such as coding theory.

Keywords: Olivier numbers, Gaussian Olivier numbers, Pell-Padovan numbers, Pell-Perrin numbers.

1. Introduction

In recent years, generalized number sequences and their special cases have emerged as a central theme
in mathematical research, owing to their rich algebraic structures and diverse applications across number
theory, combinatorics, and applied mathematics. Among these, Gaussian-based constructions and Leonardo-
type sequences provide fertile ground for exploring recurrence relations, generating functions, and structural
identities. This paper extends these frameworks by introducing and analyzing Gaussian generalized Olivier
numbers, thereby contributing to the theoretical development of sequence theory and its potential applica-
tions.

This framework not only generalizes classical number sets but also provides fertile ground for construct-

ing new families of integer, rational, and polynomial sequences with distinctive properties. In particular,
1
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Gaussian numbers have been successfully applied to Fibonacci-type and Lucas-type sequences, as well as
to higher-order recurrences, yielding elegant closed forms, generating functions, and matrix representations.
These developments demonstrate how Gaussianization enriches the study of integer sequences by embedding
complex and functional structures into recurrence theory.

Within this broader landscape, Leonardo-type sequences have gained particular attention for their role
in exploring recurrence relations with intricate structural behavior. For further details on Leonardo-type
sequences, see Soykan (2026) [8,9]. These studies emphasize how Leonardo-type sequences serve as bridges
between classical integer families and new algebraic frameworks, offering insights into sequence growth,
combinatorial interpretations, and structural identities.

Generalized Olivier numbers belong to this Leonardo-type family. They exhibit deep connections with ad-
justed Pell-Padovan, Pell-Padovan, Pell-Perrin, third-order Fibonacci-Pell, and third-order Lucas-Pell num-
bers, while introducing distinctive algebraic identities and third-order recurrence structures. The purpose of
this paper is to investigate generalized Gaussian Olivier numbers and their associated properties. We begin
with a review of Gaussian numbers and their applications, then recall the generalized Olivier sequences.
Building on this foundation, we define generalized Gaussian Olivier numbers, derive their Binet-type for-
mulas and generating functions, and establish summation identities and structural properties. In doing so,
we highlight the interplay between Gaussian numbers and recurrence theory, showing how Gaussianization

extends the scope of algebraic and combinatorial analysis and enriches the study of integer sequences.

1.1. Gaussian Numbers. In this subsection, we recall the notion of Gaussian numbers and emphasize
both their classical role and contemporary (modern) extensions.
Traditionally, Gaussian numbers-more commonly referred to as Gaussian integers-form a distinguished

subset of the complex number system. Complex numbers are generally expressed in the form
z =a+ bi,

with a,b € R and i2 = —1. Gaussian integers impose the stricter condition that both a and b must be integers.
This restriction endows them with unique algebraic and arithmetic properties, making them indispensable
in areas such as factorization theory, Diophantine equations, and the distribution of primes in the complex
plane.

In contemporary research, however, the framework has been broadened considerably. The parameters
a and b are no longer confined to integers or real numbers; they may be taken as real functions, complex
functions, or even polynomials. Such generalizations naturally lead to Gaussian constructions and com-
bined recurrence relations, as seen in the study of Oresme numbers, Jacobsthal polynomials, and Mersenne
polynomials. For example, Oresme numbers extend the classical integer-based definitions by embedding
recurrence structures into rational-number frameworks, while Jacobsthal polynomials enrich the theory by
embedding recurrence structures into polynomial frameworks. These developments highlight the algebraic

and combinatorial depth of Gaussian-type sequences.
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In fact, Gaussian Oresme numbers are defined by
GOn = On + Z.Onfh

with initial values GOy = —2i and GO, = %, where the underlying Oresme numbers are given by the
recurrence

O7L+2 = On—i—l - %On, OO = O, 01 = %

This construction illustrates that, within Gaussian Oresme numbers, the coefficients may themselves be
rational numbers, thereby allowing a and b to vary with n and expanding the scope of Gaussian-type
sequences beyond their classical integer constraints.

This evolution underscores the versatility of Gaussian numbers: from their classical role in number
theory to their modern incarnations as polynomial and functional sequences, they continue to provide a

fertile ground for theoretical exploration and practical applications.

1.2. Generalized Olivier Numbers. In this subsection, we revisit the framework of generalized
Olivier numbers and highlight their two notable specializations: the Olivier sequence and the Olivier—Lucas
sequence. These sequences, defined through recurrence relations that extend classical integer families, ex-
hibit distinctive structural properties that enrich the study of number theory. Their algebraic behavior
and interconnections have implications ranging from combinatorial analysis to applications in coding theory,
underscoring their theoretical and practical importance.

A variety of related sequences have been introduced in the literature, each governed by third-order
recurrence relations. Among these are the adjusted Pell-Padovan sequence {M,, },,>0, third order Lucas-Pell
sequence {B,},>0 (OEIS: A099925, [2]), third order Fibonacci-Pell sequence {Gy,}n>0 (OEIS: A008346,
[2]), Pell-Perrin sequence {C), },,>0, Pell-Padovan sequence{R,, },>0 (OEIS: A066983, [2]). These are defined
respectively by

Mpis = 2Mp.q+M,,  My=0,M; =1,M =0, (1.1)
Bnis = 2Bni1+ By, By=3,B1=0,By =4 (1.2)
Grys = 2Gni1+ G, Go=1,G1=0,Gy =2, (1.3)
Cpis = 2Cn41+Cy, Co=3,C1=0,Cy =2, (1.4)
Roys = 2Rni1+ Ra, Ro=1,R =1,Ry=1. (1.5)

For more details on generalized Pell-Padovan numbers and their special cases, see Soykan [4].

Building on these constructions, Olivier and Olivier—Lucas numbers are defined by the recurrences
O,=20,_54+0,_3+1, with Og=0,0, =1,0,=1, n >3,

and

K, =2K, 2+ K, 3—2, with K¢y=4,K, =1,Ky,=5, n2>3,
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respectively. Both sequences satisfy equivalent fourth-order linear recurrences:
On = Op_1+20,-2—0p_3— On747 Op = 0701 = laOZ = 1a03 =3, n > 47

K, = K, 1+2K, >— Kn—B - Kn—47 KO = 4’K1 = 17 K, = 55 K3 = 47 n > 47

These sequences are closely related to the Pell-Padovan families. For example, they satisfy the following

interrelations:
20, = Muyjo+ My +M,—1, K,=-2Mp4o+3My1+4M, +1,
100, = —=7Bn+2+9Bpt1 +11B, =5, K,, = B, + 1,
20, = Gui2+Gpi1—G,—1, K, =4Gpt2 —2Gp41 — 5Gy, + 1,
220, = 13C,42 —3Cph41 —5C, — 11, 11K,, = —12C} 42 + 18C, 41 + 19C,, + 11,
20, = Rpyo—1, 2K, =—-3Rp4o+4Rp+1 +5R, + 2.

The generalized Olivier sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order

recurrence relation
Wop=Wo 1 +2W, o —Wy_3—W,_4 (1.6)
with the initial values Wy = co, W1 = ¢1, Wy = co, W3 = ¢3 not all being zero.
The sequence can be extended to negative indices by defining

W_opn=-W_ oy +2W_ (o) + W_(n—3) = W_(n—gy, n=12,3,...

so that recurrence (1.6) holds for all integers n. For more information on generalized Olivier sequence, see
Soykan [5].

The characteristic equation of {W,,} is
P2 1=(B -2 - ) -1 = —2-1)(z2+1)(2—-1)=0

with roots

1++5 1-5
B=——,

Two notable specializations, Olivier sequence {O,,}},,>0 and Olivier-Lucas sequence {K,, },>0, of {W,,} are

y=-1, §d=1.

obtained by choosing particular initial conditions:
O, = 0p-14+20,-92—0p_3—0p_y4, 09 =0,0; =1,05=1,03 = 3, n >4, (1.7)
K, = K, 1+2K, 2— K, 53— K,_4, Ko=4,K1 =1,Ky=5,K3 =4, n>4, (1.8)
These sequences can also be extended to negative indices by applying the same recurrence relations:

Ofn = _O—(n—l) + 20—(71—2) + O—(n—S) - O—(n—4)

K., = K (n1)+2K _(n2)+ K _(n-3)— K_(4-4
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for n =1,2,3,.... Hence, recurrences (1.7)-(1.8) are valid for all integers n.
The explicit form of generalized Olivier numbers can be obtained through a Binet-type representation.
This closed-form expression highlights the role of the characteristic roots and provides a powerful tool for

both theoretical analysis and computational applications.

THEOREM 1.1. For all integers n, the generalized Olivier sequence {W,} admits the Binet’s formula

. pra” 23"
Y P o NN e T e (1.9)
p3y" pad”

R S o) g B ¢y gy
= A"+ Ag,Bn + Ag’}/n + A"

= A"+ AB" 4+ Az(—1)" 4+ Ay [6, p. 38, Theorem 1.1],

which can also be expressed as

(aW5 — a(l — a)Ws + (—a? + 1)W; — Wp)a"

Wn = 4a?2 —a—3
| (BWs = (L= B)Ws + (=5° + )Wy = Wo)8"
4* - -3
_ _ _1)n oW, —
—|-( Ws + 2W22 Wo)(=1) - Ws I;Vl WO, [5, p. 8, Theorem 2.1],
where
pr = Ws—=(B+7+0)Wa+ (By+B6+~5)W1 — Bv6Wo
1 1
= Ws+ 5(\/5— DWy — Wy — 5(JS— DWo,
pa = Ws—(a+v+6Wa+ (ay+ ad +v6)W1 — aydWy
1 1
= Ws— 5(x/5+ Wy — Wi + 5(x/5+ 1)Wo,
P33 = W3 — (Oé+,8 + 6)W2 + (aﬂ +a6+56)W1 — O(ﬂ(SWO = W3 — 2W2 + Wo,
pa = Wi—(a+B8+7)Wa+ (af +ay+ By)W1 — afyWy = W3 — 2W; — W,
and
A = b S D1
(a=B)a—7)(a=0) 5+5 '
Ay = P2 - P2
B=a)(B=7)(B—-0) 5-5"
D3 1
A - = —35Ps,
R G [ IO ) R
D4 1
Ay = = ——p4.
R Rt R IR R
This representation emphasizes the contribution of each root «, 5,7 = —1,§ = 1 of the characteristic

polynomial, and shows how the initial conditions determine the coefficients of the closed form.
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COROLLARY 1.2. For all integers n, the Binet’s formulas of Olivier and Olivier—Lucas numbers are given

by
B a2 5"-4-2 7nJrz gnt2
O = Gl e-9 BB F -9 (-t -B-8  G-a)6 B -7
1 W1 no 1 n 1
= (VB 45)a"+ 5 (=VE+5)8" = S (-1)" = 5

[6, .49, Theorem 1.4], [5, p. 8, Corollary 2.2],

and

o = ey
[5, p. 8, Corollary 2.2,
respectively.

The generating function provides a compact representation of the entire sequence and is a fundamental

tool for deriving identities and summation formulas.

LEMMA 1.3. [5, p. 11, Lemma 2.4]. Suppose fw, (2) = >, Wn2" is the ordinary generating function

of the generalized Olivier sequence {W,}. Then

iW o Wo + (W1 — Wo)z + (Wy — Wy — 2Wy) 22 4+ (Ws — Wy — 2W; + W) 23
o L 1—2—2224 23424 '

The previous lemma gives the following results as particular examples.

COROLLARY 1.4. [5, p. 12, Corollary 2.5]. The generating functions of Olivier and Olivier—Lucas
numbers are

z

0,z" = )
ng() " 1—2—-222423424
iK " 4—3z—42% + 23

2" = ,
S 1—2—222 423+ 24

respectively.

The exponential generating function offers an alternative perspective, particularly useful for analytic

and combinatorial interpretations.

LEMMA 1.5. Suppose > 77 Wn% is the exponential generating function of the generalized Olivier se-

quence {Wy,}. Then

g an—' = A% + AyeP* + Ase ™ + Aye®
n!
n=0

where Ay, As, A3, Ay are as defined in (1.9).
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Proof: Using the Binet’s formula of generating Olivier numbers we get
ZW Z(Ala”—i—Agﬁn + As(— )"+A4)Z—'

n=0

Separating terms yields
(oo} o0 oo
" (az)" (B2)" (=2)" z"
> Wats —ay o cay B A A
n=0 n=0 n=0 n=0 n=0
which simplifies to

Z an—' = A1e%% 4 AgyeP* + Ase ™ + Age®. O
n!

It is worth emphasizing that Lemma 1.5 does not appear in the earlier treatment of Olivier numbers given
in [5]. To ensure that our exposition remains both complete and self-contained, we have taken the initiative
to present the lemma here together with its full proof. In doing so, we clarify the underlying rationale of
the exponential generating function and reinforce the theoretical framework within which our subsequent
results are developed. This addition not only fills a gap in the existing literature but also provides a stronger
foundation for the identities, summation formulas, and structural properties that will be established in the
following sections.

The previous Lemma gives the following results as particular examples.

COROLLARY 1.6. Fzponential generating function of Olivier and Olivier-Lucas numbers are

a):

1 1
O, 5)e™* —V5 +5)eP? — 7% — —¢”.
Z;n f+) 0(f+)e S¢ 7~ 5
b):
- z" az Bz —z z
ZKn—:e +e’F +e F +ef.
n=0 n!

Next, we turn our attention to summation identities associated with the generalized Olivier numbers.
Such formulas are of particular importance because they provide compact expressions for partial sums of
the sequence and reveal deeper structural relationships between consecutive terms. They also serve as useful
tools for deriving combinatorial identities and for establishing connections with other recurrence families. In

this way, summation identities enrich both the algebraic and analytic perspectives of recurrence theory.

THEOREM 1.7. [7, Theorem 3.4] For n > 0, the following sum formulas for generalized Olivier numbers

hold:

(@): > Wi =2(=(n+3)Wyhys+ Wapo + 2n+ 1)W1 + (n+ )W, + 3W5 — Wy — TWy — 2W).
k=0

(b): > Wa = Wapyo — (n+2)Wapy1 + (n+ 1)Way + (n 4 2)Wap—1 + 2W3 — 3Ws — 2W; + 2.
k=0

(c): > Wopp1 = —(n+ 1)Wapyo + (n+ 3)Wapg1 + (n 4+ 1) Wa,, — W1 — Wi + 2W5 — 2.
k=0

(d): S Wy =L(—(n+1)W_ iz —Wopio+ Cn+1)W_ppq + (n+2)W_,, + Wi + Wa — Wi — 2Wy).
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(e): Y Woop=-W_oppo—(n+1)W_opp1 +(n+3)W_op+ (n+1)W_g9,_1 + W35 — W — 2Wj.
k=1

(f). Z W_2k+1 = 7(n+2)W_2n+2+(7’L+1)W_2n+1+(n+2)W_2n+W_2n_1+W3+W2*3W1*Wo.
k=1

In summary, generalized Olivier numbers serve as a unifying framework that brings together several classical
and modern recurrence families, including Pell-type, Padovan-type, and higher-order Fibonacci—Lucas struc-
tures, while simultaneously introducing new algebraic identities. Their capacity to accommodate integer,
rational, and even polynomial coefficients, together with the possibility of extending definitions to negative
indices, demonstrates the remarkable flexibility of the model and its potential for uncovering deeper com-
binatorial relationships. By situating Olivier and Olivier-Lucas sequences within this broader landscape,
we emphasize their role as a conceptual bridge between established recurrence systems and innovative gen-
eralizations, thereby opening new avenues for theoretical exploration and practical applications in number
theory, combinatorics, and related fields. Furthermore, the explicit Binet’s formulas, generating functions,
and summation identities provide complementary analytic perspectives: the closed forms highlight the influ-
ence of characteristic roots, while the generating functions and sum formulas encapsulate the entire sequence
in compact algebraic expressions. Taken together, these tools form a robust foundation for deriving identi-
ties, matrix representations, and structural properties, ensuring that generalized Olivier numbers occupy a

central position in the ongoing development of recurrence theory and its applications.

2. Gaussian Generalized Olivier Numbers

Having established the structural framework, recurrence relations, and analytic tools for generalized
Olivier numbers, we are now prepared to extend our investigation into their Gaussian counterparts. In
particular, we turn to the definition and analysis of generalized Gaussian Olivier numbers and their two
notable special cases, the Gaussian Olivier and Gaussian Olivier—Lucas sequences. This transition marks
the point where classical recurrence theory meets Gaussianization, opening the way to new closed forms,
generating functions, and identities that enrich the broader study of integer sequences. In what follows, we
introduce Gaussian generalized Olivier numbers and examine their fundamental properties. Central to this
discussion are Binet’s formula, which provides an explicit closed-form representation of the sequence, and the
generating function, which encapsulates the entire sequence within a single algebraic expression. Together,
these tools clarify the recursive structure of the sequence, establish a foundation for further theoretical
exploration, and offer computational techniques that extend the scope of recurrence theory into new algebraic
and combinatorial domains.

Gaussian generalized Olivier numbers {GW,, },,>0 = {GW,,(GWy, GW1, GWa, GW3) },,>0 are defined by

GW, =GWp,_14+2GW,,_o — GW,,_3— GW,,_4 (21)
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with the initial conditions

GWo = Wo+iW_1=Wo+i(2Wy — Wy + Wy — Ws),
GW, = Wi +iW,,
GWy = Wy+iWny,
GWs = Wa+iWs,

not all being zero. The sequences {GW,, },>0 can be extended to negative subscripts by defining

GW_, = —GW,(nfl) + QGW,(n,Q) + GW,(n,g) — GW,(n,4)

for n =1,2,3,.... Thus, recurrence (2.1) holds for all integer n. Note that for all integers n, we get,
GW, = W, +iW,_1, (2.2)
GW_, = W_,+iW_,_1. (2.3)

In the following table, we present the first few generalized Gaussian Olivier numbers, including those with
both positive and negative subscripts, thereby providing a clear illustration of how the sequence behaves
across its entire domain and highlighting the natural extension of the indexing scheme to encompass both
the standard positive indices and their negative counterparts.

Table 1. The first few generalized Gaussian Olivier numbers.

n GW,, GW_,

0 GW, GW,y

1 GWh 2GW1 — GWy + GWo — GW3

2 GW, 3GWy — GW1 — 2GWy + GW3

3 GWs 4GW, — AGW,y + 4GWy — 3GWs

4 2GWy — GW7 — GWy + GW3 8GWy — 4GW1 — TGWo + 4GW35

5 GWy —2GW1 — GWy + 3GW3 9GW; — 12GWy + 12GWy — 8GW3

6 AGWy — AGW7 — 3GWy + 4GW3 21GWy — 12GW7 — 20GW5 + 12GW3
7 AGWy — TGW1 — AGWy + 8GW35 22GW1 — 33GWy + 33GWy — 21GW3
8 9GWy — 12GW7 — 8GWy + 12GW3 55GWy — 33GW1 — b4GW4 + 33GW3
9 12GWy — 20GW1 — 12GWy + 21GW3 56GW — 88GW, + 88GWo — 55G W
10 22GW,y — 33GWy — 21GWy + 33G W3 144GWy — 88GW1 — 143GW5 + 88G W3
11 33GW5 — 54GW7 — 33GWy + 55GW3  145GW7 — 232GWy + 232G Ws — 144GWy

12 56GWy — 88GW; — 585G Wy + 88GWs3  3TTGWy — 232GW, — 37T6GWy + 232G W3

13 88GWy — 143GW, — 88GWy + 144GW3  378GW1 — 609GW + 609GWo — 37T7TGW3
Gaussian Olivier numbers, GW,, : GW,,(0,1,1+ 4,3+ i) = GO,, are defined by

GO, =GO, _14+2G0,,_5 — GO, _3 — GO, _y4, (24)
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with the initial conditions
GOy =0,GO1 =1,GO3 =1+1,GO3 =3 +1,
and Gaussian Olivier-Lucas numbers, GW,, (4 — i,1 + 4i,5 + 4,4 + 51) = GK,,, are defined by
GK,=GK,_1+2GK,_2—GK,_3—GK,_u,
with the initial conditions
GKy = 4—i,GK; =1+4+4i,GKy; =5+1,GK3 =4+ bi.

These sequences can also be extended to negative indices by applying the same recurrence relations:

GO, = —GO_(_1) +2GO_(,_2) + GO_(_3) — GO_(5_y)
GK_, = 7GK—(TL—1) + QGK—(TL—Q) + GK—(TL—S) - GK—(7L—4)
for n =1,2,3,.... Hence, recurrences (2.4)-(2.5) are valid for all integers n.

Note that for all integers n, we have

GOn = On + 7:Onflv

GK’VL Kn +iK7L—1~

In Table 2 and 3, we present the first few Gaussian Olivier and Gaussian Olivier-Lucas numbers with
positive and negative subscripts.

Table 2. Gaussian Olivier numbers Table 3. Gaussian Olivier-Lucas numbers

n GO, GO_, n GK, GK_,

0 0 0 0 4—1 4—1q

1 1 0 1 1444 —1+45¢

2 1+74 —i 2 541 5—4i

3 341 -1+ 3 4451 449
4 44 31 1-3i 4 9+ 4i 9—11¢

5 8+ 4i —3+4i 5 11+ 94 —11 4207
6 12 + 8¢ 4—8i 6 20 4 112 20 — 29

7 21 4+12¢ -84 123 7 29 4 207 —29 + 4%
8 33+21i 12 — 214 8 49429 49 — 761

9 55433 —21 4 334 9 76449  —76+ 125¢
10 884 55¢ 33 — 55t 10 125+ 764 125 — 199:
11 144 +88;  —55+88i 11 199+ 1256 —199 + 3244
12 23241447 88 — 1444 12 32441997 324 — 5213
13 3774 232¢ —144 + 2323 13 521 + 3247 —521 + 845:¢
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Next, we present the Binet’s formula for the Gaussian generalized Olivier numbersa concise closed form
expression derived from solving the characteristic equation associated with their recurrence relation, which
not only encapsulates the inherent recursive structure of these numbers but also provides valuable insights
into their algebraic properties, thereby serving as a powerful analytical tool for further theoretical exploration

and computational applications.

THEOREM 2.1. The Binet’s formula for the Gaussian generalized Olivier numbers is
GWn = (Aloz" + Agﬂn + A3(71)n + A4) + Z‘(Aloénil + Agﬂn_l + Ag(fl)nil + A4)

where Ay, Aa, Az, Ay are as defined in (1.9).

Proof. The proof follows from (2.2) and (1.9). O

In light of the preceding theorem which establishes a comprehensive framework for analyzing the intrinsic
properties of these sequences the ensuing results emerge naturally as special cases, thereby illustrating not
only the far reaching generality of the theorem but also its capacity to encapsulate specific, elegantly distilled

instances as direct corollaries of the broader theoretical framework.
COROLLARY 2.2. For all integers n, we have following identities,

(a): GO, = (35(V3+5)a” + 15 (—V5+5)8" — 5 (—1)" = 3) +i(55(VB+5)a" "+ 35 (—V5+5)8" 7 —
P,

(b): G, = (" + 8" + (=)™ + 1) +i(a" "+ 5" 4 (=1)" " 4 1),

Building on the preceding discussion and analytical developments, the following theorem introduces the
generating function of the Gaussian generalized Olivier numbers a single, unified algebraic expression that
encapsulates the entire infinite sequence, thereby revealing the intricate interplay between the sequence’s re-
cursive properties and its combinatorial structure while also furnishing a powerful tool for further theoretical

exploration and practical computational analysis.

THEOREM 2.3. Let faw,(2) = Y nro GWaz™ denote the generating function of Gaussian generalized

Olivier numbers. Then,

i GW. 2" — GWy + (GWl — GW())Z + (GWQ — GWy — 2GW0)212 + (GWg — GWy — 2GW; — (—I)GW())ZB
— " 1—2—2224234 24

(2.6)
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Proof. Using the definition of generalized Gaussian Olivier numbers, and substracting z >~  GW,,2",

222307 (GW2", (=1)23 300 GW, 2™ and (—1)2* Y00 ) GW,2™ from Y 02  GW,z" we obtain

(1-2-22% = (-1)2° = (-1)2") Y GW,.2"
n=0

= i GW,2"™ — 2z i GW, 2" — 222 i GW,z" — (—1)23 i GW,2" — (—1)z* i GW, 2"
n=0 n=0 n=0 n=0 n=0

- i GW, 2" — i GW, 2" —2 i GW, 2" — (=1) i GW,z"T3 — (=1) i GW, 2"
n=0 n=0 n=0 n=0 n=0

= i GWp 2" — i GWp_12" =2 i GWp_22" — (—1) i GWy_32" — (1) i GW,yy_y 2"
n=0 n=1 n=2 n=3 n=4

= (GWy+ GWiz + GWaz? + GW323) — (GWoz + GW12% + GWa2?) — 2(GWo2? + GW2%) — (—1)GWy2?
+ D (CWy = GWysy = 2GW, g — (—1)GWi_g — (—1)GW,_y)2"
n=4

= GWO + (GW1 - GW())Z + (GW2 — GW1 — 2GW0)22 + (GW3 — GWQ — 2GW1 — (—1)GWO)Z3.

Rearranging above equation, we obtain (2.6). O

Theorem 2.3 gives the following results as special cases.

COROLLARY 2.4. The generating functions of Gausian Olivier and Gausian Olivier-Lucas numbers are

iGO = iy
=
n=0

1—2—2224 2%+ 2%

iGKnZ” _ (=9 + (=3 +5i)z —2(4+3i)224+(1—5i)z37
= 1—2—-2224+2°+2

respectively.

[e.e]
Next, we give the exponential generating function of Zo GW, %y of the sequence GW,.
e

o0
LeEMMA 2.5. Suppose that fraw, (2) = > GW, %y is the exponential generating function of the Gauss-
n=0 ’
ian generalized Olivier sequence {GW,, }. Then,

e n A A
Z GWn% = (A1e** + Ase’* + Aze % + Aqge®) + i(;leaz + er’ﬁz — Aze 7 4+ Ag€®).

n=0
Proof: Using the Binet’s formula of Gaussian generalized Olivier numbers or exponential generating

function of the generalized Olivier sequence we get

0o o 0o o
Z)GWHH = ZJ(WU +ZWTL—1)H

> n e n
z . z
= E Wh - +1 § W1 -
n n.
n=0 n=0

A A
= (Aye™ + AgeP* 4+ Aze™ + Aye®) + i(;leo‘z + ?Zeﬁz — Aze™ 4+ Age®). O
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The previous Lemma gives the following results as particular examples.

COROLLARY 2.6. Ezponential generating function of Gaussian Olivier and Gaussian Olivier-Lucas num-

bers are
a):
i o — (i(\/3+ 5)e®* 4 i(—\/5+ 5)ef* — Tome_ ~e?)
— n! 10 10 2

i VE+5 .. V5-5

1
Bz o=z _ .z
e’” + ce 5€ ).

Ve D). T sve-1)° T2
b):

0 n 1 1
ZGKnZ— = (™ + e t e +e?) +i(—e + ZePT —e77 4 €7).
= n! e B

3. Some Identities About Recurrence Relations of Gaussian Generalized Olivier Numbers

In this section, we present a systematic collection of identities involving Gaussian Olivier numbers and
Gaussian Olivier-Lucas numbers. These relations, derived from their recurrence definitions and generating
functions, reveal intricate algebraic and combinatorial structures. Such identities not only deepen our the-
oretical understanding of the sequences but also provide useful tools for further exploration and potential

applications in areas such as coding theory and discrete mathematics.

THEOREM 3.1. For all integers n, the following identities hold:
10GO,, = 9GK,4+3—T7GK,12 —9GK, 11 +2GK,, (3.1)
GK, = 5GO0,43—6G0,12 —5G0,11 +4GO,,. (3.2)
Proof. To establish identity (3.1), we assume a linear relation of the form
GO,, =aGK, 13 +bGK 12+ cGKpy1 + dGK,.

By substituting n = 0,1,2,3 and using the initial values of GO,, and GK,,, we obtain the system

GOy = aGK3+bGK; + cGK +dGKy
GOy = aGK4+bGK3+cGKy +dGK,
GO; = aGKs5+bGKy+ cGK3+ dGK,
GO3 = aGKg+bGKs+cGKy+ dGK3
Solving this system yields a = 3, b= —15, ¢ =—=, d =%, which confirms the stated identity.

Similarly, to prove identity (3.2), we assume

GK, = aGOp i3+ bGO, 2 + cGOyiq + dGO,,.
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Substituting n = 0,1, 2,3 and applying the initial conditions gives

GKy = aGO3+bGO3 + cGO; + dGOq
GK, = aG04+bGO3+ cGOy + dGO;
GKy; = aGOs5+ bGO4 + cGO3 + dGO2

GKs = aG0g+ bGOs5 + cGO4 + dGO3

Solving this system yields a =5, b = —6, ¢ = —5, d = 4, thereby establishing the second identity.

These identities illustrate the deep interconnections between Gaussian Olivier and Gaussian Olivier—
Lucas numbers. By expressing each sequence in terms of the other, they highlight the structural symmetry
inherent in their recurrence relations. Such results not only enrich the algebraic theory of Gaussian general-
ized Olivier numbers but also provide a foundation for deriving further identities, summation formulas, and
matrix representations in subsequent sections.

In the study of recurrence sequences, it is often useful to separate the contributions of even and odd
indices, as this decomposition reveals additional structural symmetries and provides analytic simplifications.
By examining subsequences defined by even and odd terms, one can derive generating functions that encap-
sulate their behavior in compact closed forms. This approach not only clarifies the recursive nature of the

sequences but also offers powerful tools for deriving identities and exploring combinatorial interpretations.

LEMMA 3.2. ([1]) Let f(z) = >,° anz™ be the generating function of the sequence {a,}n>0. Then the

generating functions of the subsequences {azn }n>0 and {azn+1}tn>0 are given by

fagn (Z) = Z a2nzn = 9 )

fa2n+1(z) = ZaQnJrlzn:

respectively.

The above lemma provides a general framework for decomposing generating functions into their even and
odd components. Applying this principle to Gaussian generalized Olivier numbers yields explicit closed-form
expressions for the subsequences, thereby illuminating the interplay between their recursive definitions and

combinatorial structures.
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THEOREM 3.3. The generating functions of the subsequences {GWay,} and {GWay, 11} are given by

i GWQnZn (33)

n=0
GW(] + (—5GVV() + GWQ)Z + (7GW(] - GW1 — 3GW2 + GWJ)Z2 + (—3GVV() + GWl + 2GW2 — GW5)23
24— 5234822 — bz +1 ’

Z GW2n+1Zn (34)

n=0
GWy + (—5GW1 + GWg)Z + (—GW() + 6GW1 + GWy — 2GW3)22 + (GWy — 2GWy — GWo + GW3)23
24— 5234822 —5z+1

)

respectively.

Proof. From Lemma 1.3, we obtain

GWo + (GWy — GWo)V/z + (GWa — GWy — 2GWo)z + (GW5 — GW, — 2GW; + GWo)V/z8

few,(Vz) = s 2t VB ;
GWo — (GW1 — GWo)/z + (GWs — GW — 2GWy)z — (GW3 — GWa — 2GW; — (—1)GWo)y/Z"
few,(=V2) = -

1+zZ—22— 2 + 22

Applying Lemma 3.2, we obtain

o w faw,(VZ) + fow, (—Vz)
nXZ%GWQnZ B 2 )
and
Z GW2n+1Z” = fGWn (\ﬁ) —QfGWn(_\/g) ,

n=0
which simplify to (3.3) and (3.4). O

From Theorem 3.3, we obtain the following Corollary.

COROLLARY 3.4. The generating functions of the subsequences GOay, GO2py 11, GKoy, GKoy11 are given

by:
a):
s () = (144)z — (14 24)2% + 423
GOm\Z) = A58 182 Br41 )
F (2) = 1+ (=2+1d)z+ (1 —1i)2?
GOzni1\2) = 24— 5234822 —bz 41"
b):

(4—14) + (=15 +68)z + (16 — 9i)2% + (=5 + 41)23
24— 5234822 —5z+1

(14 44) — (1 +150)z + (—1 4 160)2% + (1 — 5i)z®
24— 5234+ 822 —5z+1 ’

faK,, (2)

)

feKon 1 (2) =
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These results demonstrate how the decomposition into even and odd subsequences provides additional an-
alytic clarity. By isolating the contributions of GOs,,, GOy 41, GKay, GKoy 1, we uncover structural sym-
metries that are otherwise obscured in the full sequence. Such generating functions not only enrich the
algebraic theory of Gaussian generalized Olivier numbers but also serve as powerful tools for deriving further
identities and exploring applications in combinatorics and discrete mathematics.

The decomposition of generating functions into even and odd subsequences, as established in Corol-
lary 3.4, provides a fertile ground for deriving additional algebraic identities. By carefully manipulating
these generating functions, one can uncover relations that connect Gaussian Olivier numbers and Gaussian
Olivier-Lucas numbers in nontrivial ways. Such identities highlight the structural symmetry between the
two families and demonstrate how generating functions serve not only as compact analytic representations

but also as engines for producing deeper recurrence relations and cross-sequence connections.
REMARK 3.5. From Corollary 8.4 we obtain
(L +14)z — (1+20)2 +i2°) far,, (2) = (4 — ) + (=15 + 60)2 + (16 — 98)2 + (=5 + 41)2°) fcos, (2).

The left-hand side (LHS) expands as

LHS = ((1+i)z— (14202 +i2%) ) GKypz"
n=0

= (1+1)z Z GKopz"™ — (14 2i)2* Z GKop2™ +i2° Z GKyp2"
n=0 n=0 n=0

= (140))  GEppz"t = (1+420) Y GKpnz" 41 GEypz"t?
n=0 n=0 n=0

= (1+14)(GKoz + GK22*) — (14 2i)GKo2* + Y (1 +§)GKan—2 — (1 + 2i)GKon_4 + iGKopn_g)2"

n=3

The right-hand side (RHS) expands as

RHS = ((4—i)+4 (=15+6i)z + (16 — 9i)2% + (=5 + 4i)z ZGOQnZ
= ((4=14))_ GOz2" + (—15+6i)z Z GO2n 2" + (16 — 9i)22 Z GOag,2" 4 (=5 + 4i)z Z GOz 2"
n=0 n=0 n=0
= ((4=1))_ GO22" + (—15+6i) 3 GOpnz™™ + (16 — 9i) Y GO2 2" + (=5 + 4i) Z GOgp 2" *
n=0 n=0 n=0 n=0

= (4 —i)(GOgz + GO42%) + (=15 + 6i)GOy2>

+ Z —)GOgp + (=15 4 61)GO02n—2 + (16 — 9i)GOgp_s + (—5 + 4i)GO3p_g) 2"

Since

(144)(GKoz + GK2?) — (14 20)GKz? = (4 — i)(GOy + GOsz + GO42%),
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comparing coefficients yields the identity

(1+i)GK2n_2—(1+2i)GK2n_4+iGK2n_6 = (4—i)G02n—|—(—15+6i)G02n_2+(16—9’5)G02n_4+(—5+47;)G02n_6.

(3.5)

Similarly, from Corollary 3.4, we obtain
(L+4)z — (142022 +i2°) fara,a (2) = ((1+48) — (1 +15i)z + (=1 4 16)2 + (1 — 5i)z%) fgo,. (2)3.6)
(L4 (—2+19)z+ (1 —1)2°) fars, (2) = ((4—19)+ (=15 +68)z + (16 — 9i)2% + (=5 + 41)2®) fc0,, , (6T)
(14 (=242 + (1 =0)2°) fora, i, (2) = ((1+40) = (1+150)z + (=1 + 16i)2% + (1 = 50)2°) G0, (3B)

As above, one can derive identities analogous to (3.5) by applying (3.6)-(3.8).

This remark illustrates how generating function manipulations yield nontrivial cross-relations between Gauss-
ian Olivier and Gaussian Olivier—Lucas subsequences. Such identities not only reinforce the algebraic sym-
metry between the two families but also provide a framework for deriving further recurrence relations and
combinatorial interpretations in subsequent analysis.

One of the most fruitful approaches in the study of recurrence sequences is to establish convolution-
type identities that connect different families of sequences. Such relations not only highlight the algebraic
interplay between Gaussian Olivier numbers and their classical counterparts but also provide powerful tools
for deriving summation formulas and cross-sequence transformations. In particular, identities of Honsberger
type reveal how Gaussianized structures inherit and extend the combinatorial richness of the original Olivier

framework.
THEOREM 3.6. (Homnsberger’s Identity) For all integers m,n, the following identity holds:
GWhim = GWp0pi1 + GW,_1(20,, — Oy — Opy—2) + GWy_9(=Opy, — Op1) — GW,_30,,,
i.e.,
GWan = GWiy 3042+ GW, 122053 — Op—g — Op—5) + GWip1(—Op—3 — Ops) — GW,,, Oy 3.

Proof. The proof can be established either by direct application of the Binet’s formulas for GW,, and
O,, or by induction on n. Both approaches confirm the validity of the stated identity. [

The general identity above can be specialized to obtain relations involving Gaussian Olivier numbers
and Gaussian Olivier—Lucas numbers. By substituting GW,, = GO,, and GW,, = GK,,, respectively, we

obtain the following corollary.

COROLLARY 3.7. For all integers m,n, the following identities hold:

GOn+m = G0n0m+1 + GOn71(2Om - Omfl - Om72) + G0n72(_0m - Omfl) - G0n730m7

GKn—&-m = GKnOm-i-l + GKn—l(QOm - Om—l - Om—2) + GKn—Q(_Om - Om—l) - GK7L—3Om7
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i.e.,
G0m+n = G0m+30n72 + G0m+2(20n73 - On74 - On75) + GOerl(_Onf?) - On74) - GOmOnf&
GKm+n = GKm,JrBOan + GK7n+2(20n73 - On74 - On75) + GKerl(_OnfB - On74) - GKmOn73~

These identities demonstrate how Gaussian Olivier numbers and their Lucas-type counterparts inherit con-
volutional structures from the classical Olivier sequence. They provide a unified framework for expressing
mixed-index terms, thereby enriching the algebraic theory and offering new pathways for combinatorial

interpretations and applications.

4. Simson’s Formula

We now turn our attention to Simson’s formula in the context of Gaussian generalized Olivier num-
bers. This classical determinant identity, when adapted to Gaussianized structures, provides an elegant and
compact relation that further enriches the analytical framework of these sequences. In particular, it demon-
strates how Gaussian Olivier numbers preserve deep structural symmetries across indices, linking forward
and backward terms through determinant evaluations. The result appears as a special case of [3, Theorem
4.1], and its adaptation here underscores the versatility of Simson-type identities in the study of generalized

recurrence families.

THEOREM 4.1 (Simpson’s formula of generalized Gaussian Olivier numbers). For all integers n, the

following identity holds:

GWiis GWnis GWnir GW, GWs GW. GW, GW,
CGWare GWari GW, GWooy | | GWy GW, GW, GW.,
CWpsr GWn GWar GWao | | GWi GWy GW_, GW_,
GW,  GWnoi GWn_o GWi_s GWy GW_, GW_, GW_,

Proof. The result follows directly from Theorem 4.1 of [3], applied to the Gaussian generalized Olivier
framework. [

The general determinant identity above can be specialized to obtain explicit evaluations for Gaussian
Olivier and Gaussian Olivier—Lucas numbers. These special cases highlight how Simson’s formula translates

into concrete algebraic constants when applied to particular initial conditions.

COROLLARY 4.2. For all integers n, the following identities hold:

GOpt3 GOpya GO, GO,
GO, GO, GO, GO,_
(a): 2 i Pl
GOnt1 GO, GO,_1 GO,_s

GO, GOp_1 GOp_3 GO,_3
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GKni3 GKnio GKn.1 GK,
GK GK, GK GK, _
(b): n+2 141 n n—1 — 80 — 40i.
GK,y1 GK, GK,1 GK, o
GK, GK, 1 GK, > GK,_j3

These results illustrate how Simson’s formula, when applied to Gaussian Olivier and Gaussian Olivier—

Lucas numbers, yields elegant determinant identities with explicit complex values. Such evaluations not
only reinforce the algebraic coherence of Gaussianized sequences but also provide a bridge between classical

determinant identities and modern generalizations in recurrence theory.

5. Summation Formulas for Gaussian Generalized Olivier Numbers

We now extend the summation identities obtained for generalized Olivier numbers to their Gaussian
counterparts. These formulas are particularly valuable because they provide closed expressions for partial
sums of Gaussian sequences, expressed in terms of only a few consecutive Gaussian numbers and initial
conditions. Such identities highlight the structural efficiency of the recurrence relation and allow for deeper
algebraic and combinatorial interpretations. Moreover, they demonstrate how Gaussianization preserves
the summation structure of classical sequences while introducing new algebraic features through complex

coefficients.

THEOREM 5.1. Forn > 0, the following sum formulas for Gaussian generalized Olivier numbers hold:

(a): Z GWy, = 2(=(n+ 3)GWyy3 + GWyia + 2n + 1)GWyir + (n 4+ 4)GW,, + 3GW3 — GW; —
7GW1 — 2GWy).

(b): Z GWay, = GWapia — (n+ 2)GWapiq + (n + 1)GWa,, + (n+ 2)GWay, o1 + 2GW3 — 3GW, —
2GW1 +2GWy.

(c): Z GWapi1 = —(n4+1)GWap 1o+ (n+3)GWap 41 +(n+1)GWay —GWa,, 1 —GW3+2GWo—2GW,.

(d): Z GW_p = 2(—(n+1)GW_,153— GW_p 0+ (2n+1)GW_ 11+ (n+2)GW_,, + GW3+ GWs —

GW1 —2GWy).
(e): Z GW_or, = —GW_gp10— (n+1)GW_g, 11+ (n+3)GW_o, + (n+1)GW_g,,_1 + GW3—GW; —
k=1
ZGWO

(f) Z GW_gk11 = (TL + Q)GW72H+2 + (TZ + 1)GW72H+1 + (TL + Q)wazn + GW_o,_1 + GW3 +
GW2 - 3GW1 — GWy.

Proof. These identities follow directly from Theorem 1.7, which provides summation formulas for the
scalar sequence {W,,}, together with the recurrence relation W,, = W,,_1 + 2W,,_o — W,,_3 — W,,_4. The
Gaussian structure is preserved under summation since addition is defined componentwise. O

By substituting the initial conditions of the Gaussian Olivier and Gaussian Olivier—Lucas numbers into

the general summation identities, we obtain explicit closed-form formulas for each case. These corollaries
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illustrate how Gaussianization modifies the constants while preserving the overall summation structure, with

the first specialization tailored specifically to the Gaussian Olivier sequence.

COROLLARY 5.2. Forn > 0, the Gaussian Olivier numbers satisfy:

(a): > GO = 3(—~(n+3)GOpnys+ GOpia + (20 + T)GOp 11 + (n+4)GO, + 1 + 2i.
k=0

(b): Z GOQk = G02n+2 — (n + 2)G02n+1 + ('ﬂ + ].)GOQn + (n + 2)G02n,1 +1—3q.
k=0

(C): Z G02k+1 = —(n + 1)G02n+2 + (7’L + 3)G02n+1 + (n + 1)G02n —GOgqp—1 —1+1.
k=0

(d): > GO_p=3(-(n+1)GO_py3— GO_pi2+ (2n+1)GO_p i1 + (n+2)GO_,, + 3 + 2.
k=1

(e): > GO_9p =—-GO_2p49— (n+1)GO_2p11 4+ (n+3)GO_2, + (n+ 1)GO_9,—1 + 2 + 1.
k=1

(f): > GO_9p41=—(n+2)GO_3p42+ (n+1)GO_2,11 + (n+2)GO_g9,, + GO_9y—1 + 1 + 2i.
k=1

Likewise, by applying the initial conditions of the Gaussian Olivier—Lucas numbers, the general summa-

tion identities specialize to the following explicit formulas.

COROLLARY 5.3. For n > 0, the Gaussian Olivier-Lucas numbers satisfy:

(a): Y GKy = L(—(n+3)GKpys + GKpio+ (2n+ 7)GKy i1 + (n+4)GK, — 8 — 12i).
k=0

n

(b): Z GKyy, = GK2n+2 — (TL + 2)GK2n+1 + (TL + 1)GK2n + (TL + Q)GKznfl —1— 3.

k=0

(C): Z GK2k+1 = —(’I’L + 1)GK2n+2 + (n + 3)GK2n+1 + (’I’L + l)GKgn —GKop_1—2—1.
k=0

(d): X GK_y=4(-(n+1)GK_p13— GK_pia+ 2n+1)GK_ i1+ (n+2)GK_,, + 4i).
k=1

(e): Z GK_2k = —GK_2n+2 — (n + 1)GK_2n+1 + (n + S)GK_Qn + (TL + 1)GK_2n_1 —5 + 3i.
k=1

(f) Z GK_2k+1 = —(n + 2)GK_27L+2 + (7’L + 1)GK_2”+1 + (n + 2)GK_27L + GK_Qn_l + 2 — bi.
k=1

These summation identities demonstrate how Gaussian Olivier and Gaussian Olivier—Lucas numbers inherit
the summation structure of their classical counterparts while introducing new constants that reflect the
Gaussian framework. They provide compact closed forms for partial sums, reveal deeper algebraic rela-
tionships, and serve as a foundation for further exploration of combinatorial identities and applications in

complex recurrence theory.

6. Matrix Formulation of GW,,

Building on the matrix formulation of Olivier numbers, we now extend the representation to their
Gaussian counterparts. This approach encodes the recursive structure directly into matrix powers, allowing
us to express Gaussian Olivier and Gaussian Olivier—Lucas numbers in compact algebraic form. The following

lemma formalizes this connection.
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We define the square matrix A of order 4 as

1 2 -1 -1

10 0 0
A= ,

01 0 0

0 0 1 0

which satisfies det(A) = 1. Note that, according to [5, Theorem 8.1. (a)],

Ont1 20, —Op1—Op2 —On — On—1 —On
On 20,1 —0p_9—0p—3 —04,_1—0p_o —0Op_

On-1 204, 95—0,_3—04_4 —0p_2—0,_3 —0,_o

On—2 20, 3—0,4-0p5 —0np3-0,_4 —0Op_3

A'VL —

We now present the following lemma, which establishes the matrix formulation of Gaussian generalized

Olivier numbers.

LEMMA 6.1. For n > 0, the following identity holds:

n

W14 12 -1 -1 GWs
GWorz | |10 0 0 GWs
aWor | 01 0 o aw,
aw, 00 1 0 aWo

Proof. The proof proceeds by mathematical induction on n. For n = 0, we have

0

GWs 12 -1 -1 GWs
G | |10 0 o GWs
aw, | o1 0o o aw, |’
aWo 00 1 0 aWo

which is trivially true. Assume the identity holds for n = k, i.e.,

CWiss 12 -1 -1 GWs
GWie | |10 0 0 GWo
Wia | |01 0 o0 GW,
GW, 00 1 0 aWo
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For n =k + 1, we obtain

k+1 k
12 -1 -1 GWs 12 -1 —1 12 -1 -1 Wy
10 0 0 aw: | |10 0 o0 10 0 0 W,
01 0 o0 awi | o1 0 o 01 0 0 aw,
00 1 0 aWo 00 1 0 00 1 0 aWo
12 -1 -1 CWiis
_ 1 0 0 0 GWiya
lo1 0 o CWi
00 1 0 GW,
GWia
B GWiys
- GWito
GWia

Thus, by induction, the identity holds for all n > 0. O

We define the matrices

GWg GW2 GW1 GWO
GW, GWy  GW, GW_;

New = ; (6.1)
GW, GWy, GW_1 GW_,

GWo GW_1 GW_o GW_3

and

GWnys GWoyo GWoypr  GW,

GWn+2 GWn—l—l GWn GWn— 1
Eew = . (6.2)
GWn+1 GWn Ganl GWn72

GW, GWp_1 GW,_o GW,_3

With these definitions, we obtain the following theorem.

THEOREM 6.2. Using Now and Egw , we have

A"Ngw = Egw.
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Proof. We compute

On+1 2011 - On—l - On—2 *On - On—l *On GWS GWZ GWl
On 207171 - On72 - On73 _Onfl - On72 _Onfl GWZ GWI GWO
A"Ngw =
On-1 204,-2—0,-3—-0p—4 —0p_2—0,_3 —0,_2 GWy GW, GW_4
On—2 20n—3 - On—4 - On—5 _On—3 - On—4 _On—3 GWO GW—I GW—Q
aj;p a2 a3 a4
B a1 a2 Q23 G4
az1 a3z 033 a34
a41 Q42 (43 Q44
where
ailr = GW3On+1 - GWOOn - GWI (On + Onfl) - GW2 (Onfl - 2On + On72) ;
a1 = GW30, — GW1(On_1 4+ Op_2) — GW3 (On—2 — 20,1 + Oy_3) — GW,0,,_1,
azi = GW30,_1 —GW2(0p_3 — 20,2+ Op—s) — GWO0p_o — GW; (Oy,—2 + Oy, _3),
ay1 = GW30,_2 —GW2(0On_s — 20,3+ Oy_5) = GWO0y,_3 — GW1 (Oy—3 + Oy _y),
a2 = GW0,41 —GWy (0 + Op—1) — GO, W_1 — GW; (Op—1 — 20, + Oy —2)
azy = GW20,, —GW_10y-1 — GWy (On—1 4+ Opn—2) — GW1 (Op—2 —205,_1 + Oy _3) ,
asz = GWQOn—l - GW—lOn—Z - GWl (On—3 - 2071—2 + On—4) - CTYVVO (On—Q + On—B) )
asy = GW0,_9 —GW_10,_3 — GW1 (Op—4 — 20,3+ Oy—5) — GWy (Oy—3 + Oy _4)
a1z = GW10n+1 - GW_q (On + Onfl) — GO, W_y — GW, (Onfl - 20,, + Onfg) R
azs = GWL10, —GW_20,,_1 —GWy(Op—2 —20p,_1 4+ Op_3) —GW_1 (Op—1 + Op_3),
azz = GW10,-1 —GWy (O3 —20,_2+ O,_4) —GW_1 (Op—2 + Oy_3) — GW_50,,_1,
a3 = GW10p_2 — GWy(Op—s — 203+ Op5) — GW_1 (Op—3 + Op—s) — GW_50,,_3,
ais = GWOn41 —GW_1 (Op—1 — 20, + Op—2) —GOW_3 — GW_5 (0, + Oy 1) ,
aze = GWHO, —GW_30,_1 —GW_5(0p_1+ Op_2) —GW_1 (Op—2 —20,,_1 + Op_3),
azes = GWO0,_1 —GW_4 (On—Z + On—3) -GW_, (On—3 — 20,2 + On—4) - GW—BOn—27
ass = GWpO,_2 —GW_3(0p—3+ Opn_s) —GW_1 (Oy—4 —20,_3+ Oy_5) — GW_30,,_3,

Now the required equality follows from Theorem 3.6. [J

GWy
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REMARK 6.3. Of course, the proof of Theorem 6.2 can be shortened as follows. The multiplication
A" Ngw yields a matriz with entries a;; expressed in terms of Gaussian Olivier numbers and classical Olivier

numbers. For example,
al = GW3O7H—1 - GWOOTL - GWl(On + On—l) - GWQ(On—l - 20n + On—Q)a

and similar formulas hold for the other entries. The required equality then follows directly from Theorem 3.6.

O

By substituting GW,, = GO,, with initial conditions (GOy, GO1, GO2, GO3) into (6.1) and (6.2), and
similarly GW,, = GK,, with (GKy, GK1, GK3, GK3), we obtain the specialized matrices

3+¢ 144 1 0 GOp,y3 GOpyo GO, GO,
1+4 1 0 0 GOpio GOpy1 GO, GO,
Nco = , Bgo = )
1 0 0 —i GOpy1 GO, GO,_1 GOp_g
0 0 -3 =141 GO, GO,_1 GO,_o GO,_3
and
44 5 5+1 1+ 44 4—1 GK,i3 GK,i2» GK,.1 GK,
5+1 1+44 4 —1q —1+54 GK,i2 GK,y1 GK, GK,_;
Ngg = ) Eck =
14+4i 4—1 —1+5i 5—4i GK,11 GK, GK,.1 GK,_ o
4—1¢ —145t b—4i —4+% GK, GK,_.1 GK,_» GK,_3

From Theorem 6.2, we derive the following corollary.
COROLLARY 6.4. The following identities hold:

(a): A"NGO = Eco.
(b): AnNGK = EGK~
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