


	Numerical Solution of Fourth Order Ordinary Differential Equation Using Liouvillian Approach

Abstract
This study investigates a numerical approach for approximating solutions of fourth-order ordinary differential equations whose known closed-form solutions can be expressed in Liouvillian-type functions. The work focuses on converting selected fourth-order equations into equivalent systems of first-order ordinary differential equations and solving the resulting systems by the classical fourth-order Runge–Kutta method. The numerical approximations are then compared with known analytical solutions in order to assess the accuracy of the computed values. Two illustrative examples are considered. In the first example, a polynomial solution is approximated, and polynomial fitting is used to examine whether the numerical data can recover the expected quadratic form. In the second example, an equation with exponential and trigonometric components is considered, and the numerical values are used to guide the reconstruction of a solution form involving exponential and sinusoidal terms. The results show close agreement between the Runge–Kutta approximations and the corresponding analytical solutions for the selected test problems and step sizes. The study suggests that numerical sampling, combined with appropriate model fitting, can provide useful guidance in identifying candidate closed-form structures for some fourth-order ordinary differential equations. However, the approach depends on the suitability of the assumed fitting model and on the quality of the numerical data. Therefore, the method should be regarded as a computational aid for selected cases rather than a general replacement for symbolic methods such as differential Galois analysis.
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1. Introduction  
The study of differential equations has been done by many scholars over the years. Many studies and publications have been made on solutions of Liouvillian functions of differential equations by mathematicians like Otsubo [44], Singer [34], among others. The first discoveries were made by Liouville [25], who brought a major contribution in the study of differential equations. In a series of research over the years, he introduced the concept of Liouvillian functions and how they can be used to solve mainly first and second order differential equations. Since then, many researchers including Ulmer [33] have conducted many studies on solving higher order differential equations with Liouvillian solutions.
Singer [35] and others conducted a series of research over the years on computing Liouvillian functions and their solutions as the solutions of ordinary differential equations. They examined several algorithms developed by previous researchers like Mark [29] and Kovacic to determine the coefficients of differential equations and their Liouvillian forms. These researchers took the approach of using differential Galois groupings and mathematical computations of the same to determine Liouvillian solutions of fourth order ordinary differential equations, in which case, the equations were reduced to lower orders. This was followed by a computation of invariants and semi invariants arising from the transformations that produced the Liouvillian functions, and then used algorithms to determine such solutions [58].
Kovacic [35] developed the Kovacics algorithm that has been the basis from which many algorithms have emerged. This led to a major breakthrough in solving ordinary differential equations using Liouvillian functions but could only solve up to second order ordinary differential equations. Many other researchers like Kobuyo [27] and Giles [18] also developed algorithms that have been useful in computing the Liouvillian forms of differential equations which were initially mainly used for second order ordinary differential equations. Many mathematicians like George [17] have since made several attempts in developing algorithms for solving higher order ordinary differential equations but none has ever been as accurate and efficient as the Kovacic’s algorithm.
Najmuddin [39] conducted a research on Liouvillian solutions of fourth order ordinary differential equations by use of numerical methods. The equations were reduced to lower orders giving rise to a system of first order equations which were substituted into the original equation and solved numerically using power series methods like Euler methods, the Runge-Kutta and other numerical methods. In most cases the numerical methods proved effective, approximating the solutions to the exact values of the ordinary differential equations.
In a recent research conducted by Thierry [57], a third order ordinary differential equation was considered. The equation was transformed into subgroups of reducible solvable forms and irreducible forms. The irreducible forms were further grouped as invariants and semi invariants. Analysis of the subgroups was done to establish existence of Liouvillian functions and an algorithm was used to determine their solutions. This was used for third order ordinary differential equations.
The method used in transformations and the Galois group analysis was very theoretical, complex and required many computations ranging from the differential Galois groups, primitive and non-primitive forms and also computations into invariants and semi invariants. In their study, Michael [33], the researchers acknowledged the technicalities and the time cost involved in their work, for example there was no direct access to the Liouvillian groups which required further computations making the process lengthy and tedious. There was also no clear guide on which grouping to use making it a trial and error exercise and still the presence of Liouvillian solution was not guaranteed.
The study of Liouvillian functions and their applications in mathematical modeling and engineering science has gained the attention of many researchers in the recent past. Habib [21] in his book, numerical methods for ordinary differential equations, demonstrated how first order ordinary differential equations can be used to express a differential equation in terms of its simplified algebraic forms which simplifies the process of solving complex ordinary differential equations. These simplified algebraic expressions can then be used to approximate the Liouvillian solutions of higher order ordinary differential equations. This is useful in indicating the expected behavior of the equation at given points which helps in modeling with increased accuracy and efficiency [7]. Not all differential equations have exact Liouvillian solutions, in such cases, numerical methods have been used to approximate the Liouvillian solutions and have always proved authentic and reliable [1]. The aim of this study therefore, was to provide a simple novel approach to Liouvillian solutions of FOODE.  
Several researchers have used different numerical methods to approximate solutions of differential equations. We examine the Runge-Kutta method related work as it is the method that was used in this study to approximate Liouvillian solutions of the FOODE. Several Mathematicians have studied the Runge-Kutta methods and their effectiveness in numerical iterations [48]. Amirul [3] conducted a research on comparative study on numerical solution of an initial value problem for ODE with Euler and Runge-Kutta methods. A problem was formulated of the form; y = g (t, y(t)), where f (x, y(x)) is a given function and y(x) is the solution of the differential equation. The Euler method was used to approximate the solution of the differential equation using the formula [23]
The Runge-Kutta method was also used to approximate the solution of the same differential equation. The accuracy of these methods depended on the step size h. The Euler method was found to be less accurate as compared to the Runge-Kutta method which was found to be more stable, more efficient and more accurate as it converged to the exact solution of the initial value problem [52].
Another study was conducted by Shampine [51] on comparing error estimations for Runge-Kutta methods. The study estimated the local error obtained in using the Runge-Kutta (RK) method by varying the step sizes. It was observed that the RK methods are fairly stable but resulted in a non-asymptotic behavior when large step size is used which required further studies. Gowri [28] studied the numerical solution of the quadratic Ricatti differential equation. The Runge-Kutta method was used in solving the equation. The results obtained at different points were analyzed for absolute errors and it was observed that the RK4 method approximated the results exactly.
Another study was conducted by [5] on Analysis and comparative study on numerical solutions of initial value problems in ordinary differential equations with Euler and Runge-Kutta methods. The Euler method and the Runge-Kutta methods were used comparatively to solve an initial value problem. It was concluded that the Runge-Kutta method was more consistent, converged faster and accurately hence more appropriate for the solution of initial value problem in ordinary differential equations. The Runge-Kutta methods has been extensively discussed by [24] in his work, numerical methods in engineering with MATLAB. Various Runge-Kutta methods and their modification with Matlab functions have been discussed. It’s concluded that the Runge-Kutta methods are extensive, elaborate and reliable in approximating ordinary differential equations.
1.1 Motivation for the Study
Previous research on Liouvillian solutions used complex and tedious symbolic computational analysis like Galois groups. These approaches may not apply to all differential equations especially where the equations are complex.  Sometimes when the differential Galois groups or the Lie symmetry points are known, the Liovillian solutions are not guaranteed creating the need for further computations. This study sought to obtain Liouvillian solutions of a fourth order ordinary differential equation using simple numerical techniques like the Runge-Kutta methods combine with model fitting techniques to obtain the Liouvillian solutions by reverse application.

2. Solvable Equations of Fourth Order Ordinary Differential Equations
In this section we define the fourth order ordinary differential equation, convert it into a system of first order ODEs and apply the initial conditions. We consider a fourth order ordinary differential equation below
                               A0(x)y4 + A1(x)y’’’ + A2(x)y’’ + A3(x)y’ + A4(x)y = g(x) 
Taking
v1(x) = y(x)
v2(x) = y’(x)
v3(x) =y’’(x)
v4(x) = y’’’(x)
This implies that;
v’1(x) = v2(x) 
v’2(x) = v3(x) 
v’3(x) = v4(x) 
v’4(x) = g (x – v1(x) – v2(x) – v3(x) – v4(x)) 
We take initial conditions as follows;
v1(x) = α 
v2(x) = β 
v3(x) = γ
v4(x) = δ
We use the Runge–Kutta method (RK4) with Matlab to solve the reduced forms of the fourth order ordinary differential equation and compare the results with known analytical solution to establish accuracy.
3. Numerical Example 1
The examples used in this section were obtained from previous research work done by other mathematicians. The fourth order ordinary differential equations used were solved by analytical methods and the Liouvillian solutions obtained in the previous work have been used in this study as a basis for comparison for the accuracy of the RKM used in this study. Consider the fourth order ordinary differential equation below;
                                             y4 – x2y’’’+ 3xy’’ – y’ + 6y = g(x) 
The exact solution was given as; y = x2 with the following initial conditions;
v1(0) = 0
 v2(0) = 0
 v3(0) = 2
 v4(0) = 0
3.1 Reduction of to a system of first order differential equations.
We rearrange the equation as follows;
                                                       y4 = g(x) - y + 6y’ - 3xy’’ +x2y’’’) 
We let; u1 = y
             u2 = y’’
             u3 = y’’
             u4 = y’’’
This implies that; u’1 = v2 = y’
                            u’2 = v3= y’’
                            u’3 = v4 = y’’’
                           u’4 = g((x) - u1 + 6u2 - 3xu3 + 3x2u4))
	3.2 Runge-Kutta Algorithm Application and Solution



We then used the Runge-Kutta algorithm to estimate the values using Matlab. This was executed as follows with the given initial conditions
  v1(0) = 0
  v2(0) = 0
  v3(0) = 2 
  v4(0) = 0
We randomly chose a step size h = 0.125 and applied the RK4 method with Matlab.

Table 1: Comparison between the RK4 and the exact solution.
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The results above demonstrate that the RK4 method was able to approximate the exact solution accurately, proving its effectiveness in approximating the solutions of FOODE.

3.3 Graphical representation and interpretation
The results obtained in the table above were plotted comparatively against the values of h and represented in the figure below;











	Figure 1: Graphical representation of the RK4 values against the step size x
	

	[image: ]
	


The RK4 and the exact solutions were comparatively plotted against the values of x at the given step sizes. The exact and the approximated solutions demonstrates a perfect agreement pointing to a hyperbolic curve as shown below. The nature of this curve provides a basis for further estimation using model fits to obtain the Liouvillian solutions.
3.4 Determination of the exact Liouvillian function from the Numerical approximation
In the above example, the exact solution was known and the approximation was made in comparison to the known exact solution which was provided through symbolic computation. Assuming the Liouvillian solution was not known, such that the exact values as provided in the above tables were not available, we seek to determine if we can estimate the exact solutions from the RK approximated values.
We observed that the RK4 method approximated accurately the exact Liouvillian solution of the fourth order ordinary differential equation. From observation, the graph produced appears to be a polynomial curve. We fit a polynomial to the curve and use the values from the RK4 approximated values to estimate the exact Liouvillian solution, assuming it was not known.
We begin by fitting a quadratic function to the curve as shown below. We fit a polynomial model to the graph to determine the exact Liouvillian solutions. We consider a quadratic equation of the general form
                                                   y = ax2 + bx + c
We pick the values from the table and substituted in the equation as shown below.
When y (0) = 0, c = 0 hence; y = ax2 + bx 
We pick the paired points (0.125, 0.01562525) and (0.25, 0.812360) from the table and substitute in equation in order to solve for a and b as follows;
Solving the two equations simultaneously we obtain 
a = 1.000243955 and b = -0.000028494375. The estimated solution therefore becomes
                                           y = 1.000243955x2 – 0.000028494375x
We see that as the accuracy increases, step size h tends to zero; the coefficient of x2 stabilizes to 1 whereas the coefficient of x tends to 0. The estimated solution therefore tends to y = x2 which is quadratic and Liouvillian. We again try to fit a cubic function to the curve to as shown below and study the relationship;
Consider a general cubic function of the form
                                               y = ax3 + bx2 + cx + d 
Taking:
                y(0) = 0, d = 0,  y =ax3 + bx2 + cx
We take three paired points from the table above and substitute in this equation to be able to solve for a, b and c as follows; (0.125, 0.1562525), (0.25, 0.0625081238), (0.375, 0.1406435144)
Solving these equations gives the values of a, b and c as follows;
a = 0.00010328063, b = 1.000070468271, c = 0.000010573974 and d = 0
The approximated solution therefore becomes;
y= 0.00010328063x3 + 1.000070468271x2 + 0.000010573974x
               
Picture 1 :    A graph showing a quadratic fit to the RK4 solution
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3.5 Summary of findings
We observed that as the accuracy increases the coefficients of x3 and x tends to 0 whereas the coefficient of x2 tends to 1.This implies that the Exact Liouvillian solution of the fourth order ordinary differential equation tends to the parabolic equation
                                       y = x2
which is in perfect agreement with the one provided through symbolic computation. From this example, we see that since the RK4 methods approximated accurately the exact solution of the differential equation, we can use the same method to derive by approximation the Liouvillian solution in situations where symbolic computations cannot be used.
4 Numerical Example 2
We consider a FOODE of the form
                                                      y4 – y’’’– y’’ – y’ – 2y = 0                                                                           (4.1)                  
with initial conditions: y (0) = y’ (0) = y’’ (0) = 0; y’’’ (0) = 30 and the variable x being in the interval [0, 2]
Equation (4.1) was analyzed by [24] in his book Numerical methods for engineering with Matlab, and found the exact solution under the given conditions to be
                                                                   y(x) = 2e2x - 5e-x + 3cos(x) - 9sin(x)
For our case, we analyze the FOODE using the same conditions and the exact solution for our numerical solution and analysis
	4.1 Reduction to a system of first order differential equations


We reduce equation to a system of first order ODEs as follows. Given the equation
                                                      y4 – y’’’ – y’’ – y’ – 2y = 0 
We rearrange the equation above in terms of; c1 = y
                                                                         c2 = y’
                                                                         c3 = y’’
                                                                         c4 = y’’’
This can be expressed as: y’1 = c2 
                                         y’2 = c3 
                                        y’3 = c4 
                                        c’4 = g (y3 + y2 + y1 + 2y) 
This can be rewritten as; c1’ = c2 = y’ 
                                        c’2 = c3 = y’’ 
                                        c’3 = c4 = y’’’ 
                                       c4’ = g (y3 + y2 + y1 + 2y) 
The equation above is solved using the RK4 method with Matlab and the results are shared in the table below.


Table 2 : showing the comparison between the Runge-Kutta values and the Exact solution
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4.2 Graphical representation and interpretation
In the above example, the exact solutions were known and the approximations were made in comparison to the known exact solution which was provided through symbolic computation. Assuming the Liouvillian solution was not known, such that the exact values as provided in the above tables are not available, we seek to determine if we can estimate the exact solutions from the Runge-Kutta approximated values.
Figure 2: Comparison of Runge-Kutta Approximation against the Exact Solutions
[image: ]



	

4.3 Determination of the exact Liouvillian function from the Numerical approximation
The ordinary differential equation above is linear with constant coefficients whose characteristic equation can be given as;
                       λ4 – λ3 – λ2 – λ1 + 2 = 0
Since the differential equation is linear with constant coefficients, the exact solution will be the sum of the exponential terms;
                              y(x) = c1ekx + c2emx + c3enx + c4etx
where k, m, n and t are the roots of the characteristic polynomial. Solving the characteristic equation gives;
                                       (λ - 2) (λ + 1) (λ2 + λ + 1) = 0
The solution of this equation gives the exponential terms;
                  u1(x) = e2x
                  u2(x) = e-x
                  u3(x) = cos(x)
                  u4(x) = sin(x)
These functions ui(s) are Liouvillian by definition. We proceeded to estimate the LF by inspection. We fit an exponential model equation of the form;
                                               y(x) = A1e2x + A2e-x + A3cos(x)+ A4sin(x) 
By observation, the graph revealed an exponential growth. To be able to approximate the exact function, we fitted an exponential model to the graph as shown below.
	4.4 Reconstruction of the Liouvillian solution using the RK4 values


In order to solve for the Ai(s), we reconstruct the exact solution using the classical Prony-Type exponential model fitting with the RK approximated values as exact samples since the approximation was in very close agreement with the exact solutions. We compute the linear recurrence coefficients from the RK4 data using the step size h = 0:25 and the Euler’s general fourth order homogenous linear recurrence relation formula of the form;
            yi+4 +v1yi+3+v2yi+2 + v3yi+1 + v4yi = 0 
Substituting the yi(s) from the RK4 values we obtain the values of vi(s) as follows; For i = 0
6:986383 + 2.66186314v1 + 0.7218283v2 + 0.08354025v3 = 0
For i = 1
15.337569+6.986383v1+2.66186314v2+0.72182812v3+0.08354025v4 
For i = 2
30.2590179+15.337569v1+6.986383v2+2.66186314v3+0.72182812v4 = 0

For i = 3
55.971423+30.2590179v1+15.337569v2+6.986383v3+2.66186314v4 = 0
For i = 4
99.087506+55.971423v1+30.2590179v2+15.337569v3 + 6.986383v4 = 0 
Solving the above equation yields the following values for the vi(s)
                                 v1’ =-4.36507161 
                                 v2’= 6.98739335 
                                v3’ = 4.91505184 
                                 v4’= 1.28381297
Assuming the exact solution was not known such the characteristic equation 4.7.1 was not known, we assume a characteristic polynomial equation of the general form
                                                              r4 – v1r3 – v2r2 – v3r-v4 = 0 
We fit these values into our characteristic equation and solve for the values of ri (s) in;
                           r4 – v1r3 – v2r2 – v3r-v4 = 0 
                          r4 + 4.36507161r3 – 6.98739335r2 – 1.28381297
Solving this we get the ri(s), (r =1, 2, 3, 4) to be;
                        r1’= 1.6484375
                        r2’= 0.7788086
                        r3’= 0.968913
                       r’4 ± 0:247396i
Assuming a general solution of the form;
                               f(x) =p1emx + p2etx + p3eux + p4evx 
We solved for constants using the Lyapunov characteristic exponent formula
                                 λi = 
Taking h = 0.25 and substituting, we get
 m’ =2.000
 t’ = -1.000 
u’= i
v’= -i
The exact model structure follows the form;
                                                        y(x) = p1e2x + p2e-x + p3eix + p4e-ix 
We use the Runge-Kutta values and we fit coefficients using the RK4 data to obtain the values of the pi(s) as shown below; 
Taking the values of y at the given points
y (0) = 0
y (0.25) = 0.083007813
 y (0.5) = 0.720050415
 y (0.75) = 2.657390709
Upon substitution, we get that;
	p1 = 2
 p2 = -5
 p3 = 1:5 + 4:5i
 p4 = 1:5 - 4:5i 
	


When we sum the complex conjugate terms, we got that;
P3eix + p4e-ix= 3cosx - 9sinx
The exact reconstructed solution of the ODE becomes;
f’(x)= 2e2x - 5e-x + 3cos(x) - 9sin(x) 
4.5 Summary of findings
From the two examples above, we prove that the Runge-Kutta algorithm approximated accurately the exact Liouvillian solution of the fourth order ordinary differential equation. The Runge-Kutta values were then treated as sampled date and used to inversely reconstruct the Liouvillian functions that could produce the same set of data assuming the exact solutions were not known. We have seen that both the polynomial and the exponential fit models used were able to approximate accurately the exact Liouvillian solutions that had been earlier obtained by analytical methods.
In example 1, we fitted both a quadratic and a cubic model using the RK4 values as sampled data. We observe that the set of data tends to stabilize at y = x2 which was earlier given as the Liouvillian solution of the ODE.
In example 2, we determined the characteristic polynomial of the FOODE and used the Prony method to determine the unknown coefficients by substituting the RK4 values. We obtained with precision the exact values as those obtained analytically and reconstructed the correct Liouvillian solution, proving that this approach is accurate and effective.

Conclusion
This study considered the use of the fourth-order Runge–Kutta method for approximating solutions of selected fourth-order ordinary differential equations associated with Liouvillian-type closed forms. The fourth-order equations were reduced to systems of first-order equations, and numerical approximations were generated for prescribed initial conditions. In the examples considered, the computed values showed close agreement with the known analytical solutions. The numerical data were further used to guide model fitting, including polynomial fitting in the first example and exponential-trigonometric reconstruction in the second example. These results indicate that accurate numerical approximations can assist in identifying plausible functional forms for certain differential equations when the expected structure is simple or can be reasonably inferred. The findings also show that numerical methods may complement symbolic approaches by providing evidence about the behaviour of solutions and by supporting exploratory reconstruction of candidate formulas. Nevertheless, the method requires careful selection of the fitting model, validation against the differential equation, and appropriate error analysis. Future work should include broader classes of fourth-order equations, systematic residual testing, comparison with other numerical methods, and clearer criteria for identifying when a fitted function can be accepted as a valid Liouvillian-type solution.

recommendation
This study therefore recommends further research on Liouvillian properties of systems of first order differential equations. This study used the fit model technique to approximate the Liouvillian solutions of the fourth order differential equations; further research should focus on other numerical methods that can be used to determine Liouvillian solutions of more complex higher order ordinary differential equations.
Limitations
The study is limited to a small number of selected fourth-order ordinary differential equations with known analytical solutions. Therefore, the results do not establish a general method for determining Liouvillian solutions of arbitrary fourth-order equations. The reconstruction procedure depends on choosing an appropriate model form, such as a polynomial, exponential, or trigonometric expression, and this choice may not be evident for more complicated equations. The numerical results are also affected by the selected step size, initial conditions, and rounding of computed values. A rigorous convergence analysis, residual verification, and sensitivity study are not fully developed. In addition, the method is tested mainly by comparison with already known exact solutions, which limits its ability to demonstrate performance in genuinely unknown cases. Further validation is required before the approach can be considered reliable for general symbolic reconstruction.
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Figure 2: Comparison of the Runge-Kutta Approximation against the Exact Solutions
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X | Exact y = 2% | RK4 Values | Absolute error
0.125 | 0.01562500 | 0.01562500 0.0000000
0.250 | 0.06250000 | 0.06250000 0.0000000
0.375 | 0.1406250 | 0.140627544 0.0000003
0.500 | 0.25000000 | 0.25000659 0.00000007
0.625 | 0.39062500 | 0.39063669 0.00000012
0.750 | 0.562500000 | 0.56251804 0.0000018
0.875 | 0.76562500 | 0.76564947 0.00000024
1.000 | 1.00000000 | 1.00000031 0.00000031
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