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A theorem on general matrix summability method

ABSTRACT. The paper presents a new general theorem on ¢ — |B; |, summability of an infinite
series, where B is a positive normal matrix, (¢,) is any sequence of positive real numbers, k > 1
and 6 > 0.
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1 Introduction

Let >  a, be a given infinite series with the partial sums (s,) and B = (b,,) be a normal ma-
trix, i.e., a lower triangular matrix of non-zero diagonal entries. Then B defines the sequence-
to-sequence transformation, mapping the sequence s = (s,) to Bs = (B,(s)), where B,(s) =
o obnwSy, n=0,1,... Let (¢,) be any sequence of positive real numbers. The series Y a,, is
said to be summable ¢ — |B;d|k, kK > 1 and § > 0, if (see [9])

oo

> R B(s) = Booa(s)]F < oo

n=1

For § =0, ¢, = 5—“ and by, = 2=, |N,p,[r summability (see [2]) is obtained.

2 Known Results

Concerning |N, p,|x summability, Bor [1] proved the following theorem.
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Theorem 1 Let the sequences (\y,) and (py,) satisfy the following conditions:

. Dn /\n
S el o), )
n=2 n
Pm|AAm| = O(pm|)\m\) as m — OQ. (2)
If
> polsul* = O0(Poyn) as n— oo (3)
v=1

where () is a positive non-decreasing sequence such that

1
Pn-l—l’}/nA (7) = O(pn+1) as mn— o0 (4)

then the series . anAn(vn) ! is summable [N, pp|p, k> 1

Theorem 2 [3] Let the sequences () and (py,) satisfy the condition (2) and
m n )\n k
Z%:O(l) as m — 0. (5)
n=2 n

If the condition (3) satisfies, then the series > anAn(yn) ™! is summable |N, py,|x, where k > 1 and

() is as in Theorem 1.
Lemma 1 [/] If the sequences (\,) and (p,) satisfy the conditions (2) and (5), then

PuA (IAl*) = O(palAnl®) as n— . (7)

3 Main Result

The aim of this paper is to establish a new theorem on ¢ — |B;d|; summability. Some further
papers on generalized absolute summability methods, we can refer to [5-8,10-16]. Let B = (b,,)

be a normal matrix, we associate two lower semimatrices B = (an) and B = (l;m,) as follows:

bpy = me, n,v=0,1, ... (8)
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and

boo = boo = boo; b = by — bo—10, n=12..

Bn(s) = anvsv = Zgnvav
v=0 v=0

AB,(s) = zn: Drio .
v=0

Now, we shall prove the following theorem.

(10)

(11)

Theorem 3 Let py11/Pyi1 = O (py/Py) and ¢pnpy, < O(Py,). Let all conditions of Theorem 2 be
satisfied with the condition (3) replaced by

n

Z¢gkpv|8v|k =O(P,yn) as n— oo.

v=1

If B = (bny) is a positive normal matriz such that

bno = 1, n = 0, 1, ceey

bn—l,v > by, forn>v+1,

_ofP

Z ~ =0(1) as m — oo.
n=2

n

ST

m—+1
Z by 1] = O (63F)  as m — o,

n=v+1

m—+1
Z (b(rs],k|Av (i)nv> | =0 (ngk_l) as m — 09,

n=v-+1

(12)

(18)

where Aq,(i)m,) = by — lA)m,_H, then the series > anAn(yn) ™1 is summable ¢ — |B;8|x, k > 1 and

0<d<1/k.
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4 Proof of Theorem 3

Let (M,,) be the sequence of B-transform of the series > an A, (7,)~ 1. Then, by (11), we have

Xn: l;m)av)\v (’Yv ) - .
v=1

By using Abel’s transformation for the above sum, we obtain

Ajw’n = ZA bnv)\ P)/'u Zar+bnn)\ ’Yn Zav

r=1

= Z Av(i)nv}\v(ﬁ)‘u)_l)sv + l;nn)\n(’)/n)_lsn

n—1
= b n Sn + Z A nv v) lsv + Z I;n,'qulA)\v(PY'qul)_lsv
v=1
n— 1A
+ Z bn,erl)\vA ((’YU)_l) Sv
v=1

= Mn,l + Mn,2 + Mn,3 + Mn,4~

First, by (12) and (15), we achieve

m m

DOEFETMF = > @ A Fy F s
n=1 n=1
_ i sk [ Anl"Pnlsn]” | s |
= Py
A (] nl*
_ Sk k m 5k k
= 00 X8 () Soa o 00 2 S it
n=1 r=1 n=1
m—1
An ¥ A |¥
0wy (5L P+ 02y
m—1
n )\n
= 0@) A(I ) Z|)\n+1| A ( >+0 ZM
n=1 n=1 n+1
+ O An "
Then by (4), (5), (6), (7), we get
m m—1
_ Dn|An DPn+1|An Dn+1|An |
Zqﬁfﬁ—i_k 1|Mn71|k — 0(1) Z ‘]3 | Z +1‘ +1+1| Z +1| +1+1 ( )
n=1 n=1 n n n

= O(1) as m — .
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Secondly, by Holder’s inequality, (15), (18), we obtain

v

n=2

m—+1 m—+1 n—1
O R W 1<Z’A oo

)

m+1 n—1 n—1 k-1
< 3 e (z]mm, Lol ) (S
! N ‘ Is |
< Z ¢fzk+k_1b']r€1;1 <Z A IA) v )
= Z |)‘ | |Sv‘k Tf:l ¢)6k|A |
< e nv

Nol* o l50]*
= (;55’“7—01 as m — oo,
o ); R 1)

as in M, ;. Now, by (2), we get

= Sk+k—1 k = Sk+k—1 \A)\ H5v|
Z on, |Mnd‘ < Z on, Z ‘bn vl ————
n=2
m-+1 n— 1 Do n—1 P k-1
< Z ¢ik+k_1 (Z ‘bn,v+1|k|sv|k ‘)‘v| kP> <Z Pv>
n=2 v=1 v=1""Y

Here, the condition (16) gives

& paasy Nol¥ Dy [0
Sl M, F = 0(1) ] @dkthe 1<Zlbnm‘“ - )

P,
n=2 n=2 v=1 v

Thence, by (15) and (17), we get

S 5 S, Al sl
Z ¢;slk+k—1|Mn,3|k = 0(1) Z ¢5k+k lbfml <Z|b” vl |“fy“)

n=2 v v
+1
_ Mol polsol® TN s
B Z Z ¢n |bn7v+1|
v'Yv n=v+1

)\’U v v F
= 0(1)2&,’“7' |Pp7|s | =0(1) as m — oo,
v=1 v v

as in M, 1.
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Finally, we obtain

m—+1 m—+1 k
Z ¢flk+k—1|Mn’4|k < Z pOkth—1 <Z|bn o1 e |sv|A( ))
n=2
m+1 »
v+1
= o )Z ¢6k+k ! (Z |bnv+1||)‘ ||3v‘ ~ )
n=2
m—+1 1 » k-1
k v+1
= 0(1) ) ¢pfthe 1<Zlbnv+l|k|A " 5. D ) (Z L) :
n=2 1 v

Now, using (16), we get

n=2 n=2 v=1 Pq)-t,-l'Yu
Then, by (17), we get

m+1 k. m+1

- Ao|” Pot1 |0
S ot = o3 Pl bl SR
n=2 v=1 v+1’7y n=v+1
A v v
= Z¢6k—| [ pu 50| O(1) as m — oo,
Pv—&-erU

as in M, 1. Therefore, we prove that > oo ¢2F+k=1Mf, |k < oo for 7 = 1,2,3,4 so the proof of

Theorem 3 is completed.

5 Conclusion

In this paper, a new general theorem about absolute matrix summability of the series > a,An(7,) 7!

is proved for k> 1 and 0 <6 < 1/k.
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