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Abstract 

	This study presents a coupled Laplace Transform-Adomian Decomposition Technique (LT-ADT) for obtaining approximate analytical solutions of Bratu-type differential equations. The proposed framework combines the computational efficiency of the Laplace transform with the nonlinear handling capability of the Adomian decomposition method to construct rapidly convergent series solutions for highly nonlinear boundary value problems. The method transforms the nonlinear differential equation into an equivalent integro-differential form through the application of the Laplace transform, while the nonlinear exponential terms are decomposed using Adomian polynomials. Recursive relations are then developed to generate successive solution components without the need for linearization, discretization, perturbation assumptions, or restrictive approximations. To demonstrate the effectiveness of the proposed framework, three standard Bratu-type test problems with different parameter choices were considered. Approximate series solutions obtained through the LT-ADT approach were compared with known exact solutions and existing perturbation-based methods available in the literature. Numerical results revealed excellent agreement between the proposed method and the exact solutions, with absolute errors approaching zero throughout the computational domain. In all the considered examples, the coupled LT-ADT method produced more accurate results than the regular perturbation and classical perturbation techniques used for comparison. The findings establish that the proposed coupled Laplace Transform-Adomian Decomposition framework is a reliable, efficient, and highly accurate analytical technique for solving nonlinear Bratu-type differential equations. The method is computationally straightforward, avoids complicated calculations, and can be extended to a broad class of nonlinear differential and integro-differential equations arising in applied mathematics, physics, engineering, combustion theory, and thermal analysis. All calculations were performed using maple 2022 software.
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1. Introduction

Consider the nonlinear Bratu differential equation of the form:

                                 (1)


with initial conditions  .                           (2)

Nonlinear differential equations are fundamental tools for describing numerous processes encountered in science, engineering, physics, chemistry, and biology. Among these, the Bratu differential equation has received extensive attention because of its applications in combustion phenomena, thermal ignition systems, chemical kinetics, radiative heat transfer, and nanotechnology. The presence of a nonlinear exponential term in the equation makes the derivation of exact analytical solutions challenging in most cases. As a result, the search for reliable, efficient, and accurate approximation methods for solving Bratu-type differential equations continues to be an important focus of contemporary research. In recent years, several analytical and numerical methods have been proposed for the solution of Bratu-type problems. Otaide and Egborge [1] employed the regular perturbation approach to investigate Bratu equations with fractional exponents and demonstrated the effectiveness of perturbation techniques in generating accurate approximations. Similarly, Otaide and Enyinnaya [2] developed an efficient numerical procedure for obtaining closed-form solutions of nonlinear Bratu differential equations, showing that suitable numerical algorithms can provide highly accurate results. Furthermore, Otaide and Ugbene [3] applied the Taylor series technique to solve Bratu problems and obtained reliable approximations, while the same authors [4] later utilized shifted Legendre polynomials to numerically assess nonlinear Bratu differential equations, highlighting the applicability of orthogonal polynomial-based methods. The perturbation method has also been widely employed in the literature for solving Bratu-type equations. Salema and Thanoon [5] presented a perturbation-based solution strategy and reported satisfactory agreement between the approximate and exact solutions. Likewise, Zarebnia and Hoshyar [6] introduced a spline-based numerical method for Bratu-type equations, demonstrating that spline approximations can efficiently handle the nonlinearity inherent in such problems. Wazwaz [7] proposed the successive differentiation method for solving Bratu and Bratu-type equations and established its effectiveness through several numerical examples. Alternative iterative and variational techniques have also been investigated. Saravi et al. [8] applied He’s variational iteration method to Bratu’s equation and obtained rapidly convergent approximate solutions. Fenta and Derese [9] employed a sixth-order Runge-Kutta seven-stage method for second-order initial value Bratu-type problems and reported improved numerical accuracy. Similarly, Ezekiel [10] introduced an improved variational homotopy perturbation method that successfully addressed various Bratu-type problems. Hassan and Semary [11] utilized the optimal homotopy analysis method to derive analytic approximate solutions, demonstrating the flexibility of homotopy-based techniques for nonlinear boundary value problems. Weighted residual and spectral approaches have likewise been explored. Aregbesola [12] employed the method of weighted residuals to solve the Bratu problem and obtained highly accurate numerical solutions. Wazwaz [13] further demonstrated that the Adomian decomposition method provides a reliable framework for treating Bratu-type equations without requiring discretization or linearization. Changqing and Jianhua [14] developed a Chebyshev wavelet method for solving Bratu’s problem and showed that wavelet-based approximations can achieve high computational efficiency. More recently, Baccouch and Temimi [15] derived a new closed-form solution for Bratu’s problem, providing additional insight into the analytical structure of the equation. Earlier, Khouri [16] proposed a novel approach to Bratu’s problem that offered accurate approximations with reduced computational effort. Despite the significant progress achieved by these methods, challenges remain in balancing computational simplicity, convergence speed, and solution accuracy. Many existing techniques require extensive calculations, discretization procedures, perturbation assumptions, or complicated iterative schemes. Consequently, there is a continuing need for robust methods capable of producing accurate approximate solutions while maintaining computational efficiency. The Laplace Transform-Adomian Decomposition Technique (LT-ADT) represents one such promising approach. The method combines the strengths of the Laplace transform and the Adomian decomposition technique. The Laplace transform effectively handles differential operators and initial conditions, whereas the Adomian decomposition technique provides a systematic treatment of nonlinear terms through Adomian polynomials. The integration of these two techniques eliminates the need for linearization, perturbation parameters, or discretization, thereby simplifying the solution process while preserving accuracy. Motivated by these advantages, this study applies the LT-ADT framework to obtain approximate solutions of Bratu-type differential equations. Three test problems are considered to demonstrate the applicability, efficiency, and accuracy of the proposed method. The computations are implemented using Maple 2022 software, and the obtained results confirm the capability of the LT-ADT approach in generating highly accurate approximate solutions for nonlinear Bratu differential equations. The findings further establish the method as a reliable and computationally efficient tool for solving nonlinear problems arising in scientific and engineering applications.

2. Materials and Methods 

2.1 Preliminaries of Laplace Transform [26]

2.1.1 Definition. The Laplace transforms of a function  is defined by

 

Where the domain of  is the set of all real numbers  for which the improper integral converges. Thus,  is called the inverse Laplace transform of  and this is written as 



2.1.2 Definition. A continuous function  on [0, ) is said to be of an exponential order , if  and a non-negative number  such that



2.1.3 Theorem. Let  be continuous on. If  is of an exponential order , then 



2.1.4 Theorem. Let  and  be continuous on. Then for , we have that


Proof. 

 

 

 

 



2.1.5 Theorem. Let  be h-times continuously differentiable on. If  for , then 



2.1.6 Definition. The convolution of two functions  and  is denoted by  and defined by
 

2.1.7 Theorem. If  and , then 

Proof. 

By definition
 

 

Changing the order of integration, we obtain the following:

 

Suppose , then it follows that  and .

Therefore, 
 

2.2 The Adomian Decomposition Technique [13]

The Adomian decomposition technique consists of decomposing the unknown function  of the Bratu differential equation into a sum of an infinite number of components by the series
 

where the components  need to be calculated recursively.
Through the use of a recurrence relation, which typically requires readily evaluated basic integrals, it is possible to simply determine these components.
Integrating twice in (1) from  to , and using the initial conditions (2) we obtain the following:

 

In the process of determining the recurrence relationship we substitute (3) into (4) to obtain

 

However, the nonlinear term  can be expressed by an infinite series of the Adomian polynomials  and this is given by

 

where all types of nonlinearities can be analyzed with the Adomian polynomials .
Thus;  been the nonlinear function, using (6) the Adomian polynomials  is given by



                                             

Hence 


2.3 Laplace Transform-Adomian Decomposition Technique [27]

Consider the nonlinear integro differential equation (IDE) of the form

                           (8)

with initial condition  

where  represents the unknown function,  is the non-linear term,  represents a given real-valued functions and  is considered as the kernel.
Applying the Laplace transform on both sides of (8) we obtain the following:

                                           (9)                                                      
                                     (10)
 =                                   (11)

Now, the nonlinear term  on the right-hand side of (11) is treated using the Adomian decomposition method.

In what follows we have that: 
        
                                                              
where the nonlinear term   at the right-hand side of (2.1) is given by

  ,                  (12)

where the Adomian polynomials can be obtained for all forms of non-linearity.
Substituting (3) and (12) into (11) results in the following:

 = 

The Adomian decomposition technique admits the use of the following recursive relations

 =                                                                   (13)                                                                                                       and                                                                                 
 for                    

Applying the Inverse Laplace-transform to the system (13), gives  and defines 
Thus, leading to the complete determination of .	

2.4 Mathematical Applications

In this section, Three Bratu-type problems were solved using the suggested methodology. The results show the reliability and efficiency of the proposed scheme.

Test Problem 1. [5]

Consider the Bratu-type problem (1), by choosing  and    to obtain:

                                (14)

                                             (15)

The exact solution of the system (14) is given as:    

                                                             
Solution.
Integrating (14) from  to , and using the initial conditions (15) we obtain the following:

                                            

Comparing (16) with (8) we have that ,  and .
Applying the Laplace transform on both sides of (16) we obtain the following:

 

It follows that  . 

Suppose  then we have that

 

Substituting the series assumption for  and the Adomian polynomials for  as given above in (3) and (12) respectively, also using the recursive formula (13) we obtain

               
 

We recall that the Adomian polynomials for  are given by

.           (20) 

Taking the inverse Laplace transform of both (18) and using the recursive relation (19) gives

 

Using (3), the series solution is given by

 

Test Problem 2. [5]

Consider the Bratu-type problem (1), by choosing  and    to obtain:

                                                               (21)
                                                                                      (22)

The exact solution of the system (21) is given as:    

 
Solution.
Integrating (21) from  to , and using the initial conditions (22) we obtain the following:

 

Comparing (23) with (8) we have that ,  and .
Applying the Laplace transform on both sides of (23) we obtain the following:

 

It follows that     . 

Suppose  then we have that
                                             

Substituting the series assumption for  and the Adomian polynomials for  as given above in (3) and (12) respectively, also using the recursive formula (13) we obtain

               
 

We recall that the Adomian polynomials for  are given by
           

Taking the inverse Laplace transform of both (25) and using the recursive relation (26) gives

 .

Using (3), the series solution is given by

 

Test Problem 3. [1]

Consider the Bratu-type problem (1), by choosing   and  to obtain:

                               (27)

                                             (28)

The exact solution of the system (27) is given as:    

                                                       
Solution.
Integrating (27) from  to , and using the initial conditions (28) we obtain the following:

 
Comparing (29) with (8) we have that ,  and .
Applying the Laplace transform on both sides of (29) we obtain the following:

 

It follows that     . 

Suppose  then we have that
                                             

Substituting the series assumption for  and the Adomian polynomials for  as given above in (3) and (12) respectively, also using the recursive formula (13) we obtain

               

We recall that the Adomian polynomials for  are given by

           

Taking the inverse Laplace transform of both (31) and using the recursive relation (32) gives

 

Using (3), the series solution is given by

 

3. Results and Discussion

3.1 Results

The proposed approach is applied to three test problems, and the obtained numerical results are compared with existing methods reported in the literature and presented in tabular form as follows:
Table 1: Numerical results of the proposed method compared with Perturbation Method by [5] for Test problem 1
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute error by 
Perturbation Method [5]

	0.1
	0.01001671124
	0.01001671124
	0.00000000e-00
	1.117×10−8

	0.2
	0.04026954565
	0.04026954565
	0.00000000e-00
	7.2635 ×10−7

	0.3
	0.09138328521
	0.09138328521
	0.00000000e-00
	0.00000849054

	0.4
	0.1644575533
	0.1644575533
	0.00000000e-00
	0.0000494120

	0.5
	0.2611638145
	0.2611638145
	0.00000000e-00
	0.0001968626

	0.6
	0.3839002149
	0.3839002149
	0.00000000e-00
	0.0006183771

	0.7
	0.5360233017
	0.5360233017
	0.00000000e-00
	0.0016503540

	0.8
	0.7221811037
	0.7221811037
	0.00000000e-00
	0.0039113549

	0.9
	0.9487774909
	0.9487774909
	0.00000000e-00
	0.0084672048




Table 2: Numerical results of the proposed method compared with Perturbation Method by [5] for Test problem 2
	
	Exact solution
	Approximate solution
	Absolute Error by 
the proposed method
	Absolute error by Perturbation Method [5]

	0.1
	0.005008355622
	0.005008355622
	0.00000000e-00
	2.3386 ×10−8

	0.2
	0.02013477282
	0.02013477282
	0.00000000e-00
	0.00000149142

	0.3
	0.04569164261
	0.04569164261
	0.00000000e-00
	0.00001688860

	0.4
	0.08222877663
	0.08222877663
	0.00000000e-00
	0.00009410781

	0.5
	0.1305819072
	0.1305819072
	0.00000000e-00
	0.0003551506

	0.6
	0.1919501074
	0.1919501074
	0.00000000e-00
	0.0010464518

	0.7
	0.2680116508
	0.2680116508
	0.00000000e-00
	0.0025969723

	0.8
	0.3610905518
	0.3610905518
	0.00000000e-00
	0.0056791045

	0.9
	0.4743887455
	0.4743887455
	0.00000000e-00
	0.0112663280




Table 3: Numerical results of the proposed method compared with Regular Perturbation Method (RPM) by [1] for Test problem 3
	
	Exact solution
	Approximate solution
	Absolute Error by 
the proposed method
	Absolute error by   Regular Perturbation Method (RPM) [1]

	0.0
	0.0000000000e-0
	0.0000000000e-0
	0.00000e-00
	0.00000e-00

	0.1
	0.3334259671e-2
	0.3334259671e-2
	0.00000e-00
	1.03000e-10

	0.2
	0.1334817448e-1
	0.1334817448e-1
	0.00000e-00
	6.59000e-09

	0.3
	0.3007530000e-1
	0.3007530000e-1
	0.00000e-00
	7.50000e-08

	0.4
	0.5357205597e-1
	0.5357205597e-1
	0.00000e-00
	4.21000e-07

	0.5
	0.8391846707e-1
	0.8391846707e-1
	0.00000e-00
	1.60751e-06

	0.6
	0.1212192000e-0
	0.1212192000e-0
	0.00000e-00
	4.80000e-06

	0.7
	0.1656048966e-0
	0.1656048966e-0
	0.00000e-00
	1.21038e-05

	0.8
	0.2172338041e-0
	0.2172338041e-0
	0.00000e-00
	2.69696e-05

	0.9
	0.2762937000e-0
	0.2762937000e-0
	0.00000e-00
	5.46750e-05

	1.0
	0.3430041152e-0
	0.3430041152e-0
	0.00000e-00
	1.02881e-04




3.2 Discussion

The numerical outcomes presented in Tables 1–3 provide strong evidence of the effectiveness, accuracy, and computational reliability of the proposed Laplace Transform–Adomian Decomposition Technique (LT-ADT) for solving Bratu-type differential equations. The method successfully generated analytical series solutions whose numerical evaluations coincide exactly with the known exact solutions throughout the computational domain .
For Test Problem 1, the obtained series solution reproduced the exact expansion term-by-term, demonstrating that the decomposition process effectively captured the exponential nonlinearity without introducing truncation inaccuracies. As shown in Table 1, the approximate solutions are identical to the exact values at all nodal points considered. The absolute error of the proposed method remained zero to machine precision throughout the interval. In contrast, the perturbation method reported in the literature exhibited errors that increased steadily from at to at . A notable feature observed in Test Problem 1 is the stability of the proposed algorithm as the solution magnitude increases. Although the solution grows monotonically with , no deterioration in accuracy was detected. This indicates that the recursive Adomian polynomial construction effectively handles the nonlinear exponential term while the Laplace transform component suppresses the accumulation of numerical errors commonly encountered in iterative discretization procedures.
For Test Problem 2, the problem is generally more challenging because the nonlinear source term grows more rapidly than that of Test Problem 1. Nevertheless, the proposed technique again recovered the exact series solution with remarkable precision. Inspection of Table 2 shows that the approximate solution generated by LT-ADT coincides with the exact solution at every computational point. The absolute error remained zero throughout the interval, while the perturbation method accumulated progressively larger errors, reaching approximately at . The comparison clearly demonstrates that the LT-ADT framework is capable of preserving solution accuracy even when the nonlinear effect becomes stronger. The absence of numerical oscillations or divergence suggests that the recursive structure of the method converges rapidly and remains insensitive to the growth of the exponential term. Another important observation from Test Problem 2 is the rapid convergence of the decomposition series. Only a few computed components and were sufficient to reconstruct the exact solution expansion. This significantly reduces computational effort and makes the approach attractive for practical nonlinear boundary-value and initial-value problems.
For Test Problem 3, the resulting solution exhibits a slower growth rate compared with the previous two examples. The LT-ADT method again generated a series solution that matches the exact analytical solution exactly. Table 3 reveals that the absolute error produced by the proposed method is zero at all evaluation points, including the endpoint . In contrast, the Regular Perturbation Method (RPM) produced nonzero errors that increased gradually as increased. The RPM error rose from approximately at to at . The behavior observed in Test Problem 3 further confirms the robustness of the LT-ADT approach. Even though the nonlinear coefficient differs significantly from those in the previous examples, the method maintained the same level of accuracy. This consistency indicates that the algorithm is not sensitive to variations in the governing parameters of the Bratu equation. A comparative assessment of all three test problems reveals an important convergence characteristic. The proposed scheme maintained zero absolute error regardless of whether the exponential nonlinearity was strong, moderate, or weak. Such behavior suggests that the convergence radius of the generated decomposition series is sufficiently large over the considered domain. The results also demonstrate the complementary strengths of the Laplace transform and Adomian decomposition procedures. The Laplace transform automatically incorporates the initial conditions and converts the differential equation into a simpler algebraic form, while the Adomian decomposition process systematically handles the nonlinear terms without requiring linearization or perturbation assumptions. Unlike perturbation-based methods, the proposed technique does not depend on the existence of a small parameter. Consequently, the method avoids the restrictions commonly associated with perturbation expansions and remains applicable to a broader class of nonlinear Bratu-type models. Another advantage evident from the numerical results is the elimination of discretization errors. Since the method constructs a semi-analytical series representation rather than relying on finite-difference meshes or finite-element grids, numerical instability and mesh dependency are avoided. From a computational perspective, the Maple implementation showed that only a few recursive iterations were required to obtain highly accurate approximations. The recursive formulas generated successive solution components directly, thereby reducing computational complexity and execution time. The exact agreement observed between the approximate and exact solutions further validates the correctness of the constructed Adomian polynomials. Accurate representation of the nonlinear exponential terms is crucial for the success of decomposition methods, and the present results confirm that the polynomial formulation was implemented correctly. The error trends reported for the perturbation and regular perturbation methods provide additional insight into the superiority of the proposed approach. While those methods exhibit increasing deviations from the exact solution as grows, the LT-ADT solution remains unaffected, indicating better long-range accuracy within the solution domain. The results also suggest excellent numerical stability. No evidence of divergence, oscillation, or loss of precision was observed throughout the interval, which is particularly important for nonlinear differential equations containing exponential source terms. Furthermore, the consistency of the results across three distinct Bratu-type models indicates that the proposed methodology possesses strong generalization capability. The method can therefore be expected to perform effectively for a wider class of nonlinear differential equations involving exponential nonlinearities.
Overall, the numerical evidence demonstrates that the coupled Laplace Transform-Adomian Decomposition Technique is a highly accurate, rapidly convergent, stable, and computationally efficient approach for solving Bratu-type differential equations. The method consistently outperformed the perturbation and regular perturbation methods used for comparison, producing solutions that coincide exactly with the known analytical solutions while maintaining zero absolute error across the entire computational domain. These findings establish LT-ADT as a reliable semi-analytical framework for the treatment of nonlinear differential equations arising in combustion theory, thermal ignition, chemical reaction modeling, radiative heat transfer, and related engineering applications. Despite the effectiveness of the coupled Laplace Transform-Adomian Decomposition framework in obtaining approximate analytical solutions to Bratu-type differential equations, the present study has some limitations that should be acknowledged. First, the method was mainly tested on selected Bratu-type problems with known exact solutions. Although the obtained results demonstrate high accuracy and rapid convergence, the performance of the technique for more complex nonlinear problems without exact solutions remains insufficiently explored. Second, the study focused primarily on one-dimensional Bratu-type differential equations. Consequently, the applicability of the proposed framework to higher-dimensional problems, systems of nonlinear equations, or problems involving irregular geometries was not investigated. Another limitation is that the convergence of the Adomian decomposition method may depend strongly on the nature of the nonlinear term and the choice of initial approximation. For strongly nonlinear problems or problems with singularities, the convergence rate may deteriorate, thereby affecting computational efficiency and solution accuracy. Furthermore, the study assumed ideal mathematical conditions, including smoothness and continuity of the solution functions. Real-life physical models governed by Bratu-type equations may involve discontinuities, stochastic effects, noisy data, or parameter uncertainties, which were beyond the scope of this research.
Finally, the implementation was limited to deterministic Bratu-type models. Extensions to stochastic, fractional, delay, or variable-order Bratu equations were not considered and may require further modification of the proposed framework.


4. Conclusion

In this study, a coupled Laplace Transform-Adomian Decomposition Technique (LT-ADT) was successfully developed and applied for obtaining approximate analytical solutions of Bratu-type differential equations. The proposed framework combines the computational strength of the Laplace transform with the recursive efficiency of the Adomian decomposition method to handle the nonlinear exponential terms that characterize Bratu-type models. The methodology transformed the governing nonlinear differential equations into equivalent integral forms through the Laplace transform, while the Adomian decomposition procedure effectively handled the nonlinear components using Adomian polynomials. This coupling eliminated the need for discretization, perturbation assumptions, linearization, or restrictive transformations, thereby simplifying the computational process. Three standard Bratu-type test problems were considered to demonstrate the effectiveness and applicability of the proposed scheme. In all cases, the obtained series solutions converged rapidly and matched the exact solutions with remarkable accuracy. The numerical results presented in Tables 1–3 showed that the proposed LT-ADT approach produced zero absolute error for the selected computational points, outperforming the perturbation-based techniques reported in the referenced literature. The results further confirmed that the proposed method is highly reliable, efficient, and computationally straightforward for solving nonlinear Bratu-type differential equations. The recursive structure of the method allows successive solution components to be determined easily, making the technique attractive for practical implementation and symbolic computation. characteristics and provides highly accurate analytical approximations with only a few iterative terms. Moreover, the excellent agreement between the approximate and exact solutions establishes the validity and stability of the coupled framework. The method also demonstrates strong convergence. Therefore, the coupled Laplace Transform-Adomian Decomposition Technique can be regarded as a powerful alternative tool for solving nonlinear differential equations arising in applied mathematics, physics, engineering, combustion theory, heat transfer, chemical reaction models, and related scientific applications. Future studies may extend the proposed framework to systems of nonlinear differential equations, fractional Bratu-type models, stochastic differential equations, singular boundary value problems, and higher-dimensional nonlinear problems.
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