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Abstract
This paper presents a closed mixed quadrature rule constructed by averaging the Lobatto three-point rule and an anti-Lobatto four-point rule derived from the Lobatto formulation. The proposed rule is developed on the standard interval and is intended to improve the degree of precision obtained from its two constituent rules. The construction is based on combining the two lower-precision rules in such a way that the resulting averaged Lobatto rule attains precision five, whereas each of the constituent rules has precision three. The associated truncation error is examined through series expansion and comparison with the error terms of the base rules. An adaptive quadrature routine using the proposed rule as the core approximation formula is also considered. To assess the numerical behaviour of the method, five definite test integrals with known exact values are evaluated using the Lobatto rule, the anti-Lobatto rule, and the proposed averaged rule. The numerical results indicate that the averaged rule gives smaller absolute errors than the two constituent rules for the selected test cases. The adaptive implementation further reduces the required number of subintervals while maintaining high numerical accuracy for the tested examples. These results suggest that the proposed averaged Lobatto quadrature rule can provide an effective approach for the numerical approximation of definite integrals, particularly when a higher degree of precision is desired without abandoning the closed-type structure of the rule. The study remains limited to the theoretical derivation and numerical verification of the proposed rule on the selected test integrals.
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1. Introduction
The history of calculating area under the curve stretches back to 2000 BCE – 300 BCE. That is the ancient Greece. Greek Mathematicians defined "quadrature" as method of squaring.  Geometrically to construct a square with the exact same area as a given curve (squaring). Famous examples include the quadrature of the circle (squaring the circle) and Archimedes' Quadrature of the Parabola. Around 17th century, it comes the era of calculus geometry. i.e. the age of Newton-Cotes. They have developed new formulas to calculate the integral using successive polynomials at evenly spaced points.
Then the 19th century revolution took place i.e. the age of Carl Friedrich Gauss (1814). He invented methods that were used for optimal polynomial exactness by carefully selecting evaluation points (nodes) and multiplying by specific numerical integration weights. Those are nothing but Gaussian quadrature [1].
Down the years many mathematicians like Jacobi, Romberg etc [1] used high precision algorithms for integration process. Then the Clenshaw-Curtis quadrature, Fejer's quadrature [2] came to limelight for high accuracy formulations. Numerical analysis has become a wide range of tool in the present-day world especially in applied science and in almost its every branch. As like Mathematical Analysis, Number Theory or Algebraic Geometry, Numerical Analysis also became an independent and distinguished mathematical discipline in present day science world which started gaining momentum from late 17th century and entered its higher horizon in the realm of 20th century.
Adaptive quadrature like [7,8,9,13], for many years, is serving as a powerful tool for approximating integrals in smaller intervals where function behaves with rapid rate of change. 
The numerical quadrature rules are broadly classified into two categories, namely closed type quadrature rules and open type quadrature rules. A quadrature rule is said to be of closed type if the function evaluation is needed at the end points of the interval [a,b]. A quadrature rule is said to be of open type if both the end points are omitted from the evaluation of function. Newton-Cotes quadrature rules and Lobatto quadrature rules are examples of closed type rules whereas Steffensen's quadrature rules, Gauss-Legendre quadrature rules, and anti-Gauss quadrature rules are examples of open type rules. Open type quadrature rules are more useful for evaluation of singular integrals. anti-Lobatto rules are also of closed type.  
Richardson Extrapolation [1,2] is among those classical numerical algorithms and formulation which were developed to improve the precision and accuracy of quadrature rules by combining two approximations obtained with different step sizes [1,2,12]. Another important method is the Kronrod Extension technique [1,2], which extends Gaussian quadrature formulas by adding additional nodes to increase the degree of precision without discarding previously computed functional values [1,12].
R.N. Das and G. Pradhan [3], have coined mixed quadrature technique by combining two foremost quadrature rules in a decent manner to get a new rule with higher precision and better numerical performance. Authors P. Patra et al. [13,14,17] in recent years developed new enhanced quadrature by taking combination of two and more base rules and then developed an adaptive scheme for smaller intervals of integration within the interval and then the result were being verified by evaluating some real definite integrals.  Also S. K. Mohanty and R. B. Dash [5-11] have designed a smooth, flexible and healthy Generalised Quadrature Technique, whose effectiveness were observed both in adaptive and non-adaptive routine, while developing high precision quadrature rules [5,6,10,11], found to be an outstanding technique.  
In present work, we are to develop a higher precision averaged Lobatto quadrature of precision 5 from two rules of precision 3.
2. Preliminaries
In this section, we present the fundamental concepts and formulations of the base quadrature rules employed in the development of the proposed quadrature scheme.
2.1 Lobatto 3-point Quadrature Rule
Lobatto 3-point Rule [1] of precision 3 is
                                                                (1)
Error associated with the rule equationn (1) is
 
                                    
                                                              (2)  
2.2 Anti-Lobatto 4-point quadrature rule
Anti-Lobatto 4-point rule developed from 3-point Lobatto Rule [15,16,18]  is
                                               (3)
Applying Maclaurin’s series expansion on (3), we get
 
Error associated with the rule eqn (3) is 
      
                 (5) 
Hence the anti-Lobatto 4-point rule derived from Lobatto 3-point rule is of precision 3. 
3. Construction of Average quadrature by using anti-Lobatto 4-point rule with Lobatto 3-point rule
Taking the average of Lobatto 3-point rule and anti-Lobatto 4-point rule in equation (1) and (3) respectively we get the mixed quadrature rule as      
                                                 (6)                                                                                
Or, we can write this as
   
where,
                                                                                         (7)
                                                                                 (8)
Now
                                                                                     (9)
and  

                                                                                      
On simplification, we get
                                                (10)
From equation (10) it is clearly evident that, the above rule is of precision 5 as the truncation error highlights that the 5-point average Lobatto formula is exact for polynomials up to degree 5, with the first non-zero error term appearing as Peano’s Kernel [1,2,4] derivative related.
4. Error Analysis
The error analysis leads to the following theorems.
Theorem 1
Assuming that possesses sufficiently many continuous derivatives on the interval , the truncation errors corresponding to the two base quadrature rules and the proposed constructed rule satisfy the error estimates , 
, and , respectively.
Proof
The result obtains from (2), (5) and (10)



Theorem 2
Assuming that  possesses sufficiently many continuous derivatives on the interval , the absolute value of the truncation errors corresponding to formulated rule is less than the two base quadrature rules.
Proof:
From (2) and (10) 
From (5) and (10) 
5. Numerical Verification
The approximate values obtained using the proposed Quadrature Rule  and its constituent quadrature rules are presented in Table 1.  displays the corresponding absolute truncation errors for different types of listed test integrals [19], providing a comparative assessment of the accuracy and performance of the different quadrature. Below we provide the considered test integral with the exact value of the integrals (Closed form)
1. = 2.350402387287603
2. =0.746824132812427
3. =0.794825180668111
4. = -0.444444444444444
5. =0.364221932032132
Table 1:  Approximate values of five test integrals computed using the constituent quadrature rules and the proposed quadrature rule  .
	Integral
	Approximation value
	Absolute value of error

	
	 
	
	
	
	
	

	1
	2.362053756543496

	2.338773621833568

	2.350413689188532

	1.1651369
	1.1628765

	1.13019009


	2
	0.747180428909510

	0.746470136296222

	0.746825282602866

	3.5629610

	3.5399652

	1.1497900


	3
	0.789451774898485

	0.800247709172440

	0.794849742035463

	5.3734058

	5.4225285

	2.4561360


	4
	-0.326752714489516

	-0.505376093770292

	-0.416064404129904

	1.1769173

	6.0931649

	2.8380040


	5
	0.366248530415346

	0.362454033688759

	0.364351282052053

	2.0265984

	1.7678983

	1.2935002
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Figure 1: Absolute truncation error comparison among different quadrature rules for .
Remark 1: From Table-1 and Figure 1, the integral , the truncation errors associated with the Lobatto 3-point rule and the Anti-Lobatto 4-point rule become significant from the second decimal place onward, reflecting a moderate level of numerical accuracy. In contrast, the proposed  rule exhibits a considerably smaller truncation error, which appears only from the fifth decimal place onward. This substantial reduction in error demonstrates that the proposed constructed rule achieves superior accuracy and enhanced numerical reliability compared to its constituent quadrature rules for the given integral. 
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Figure 2: Absolute truncation error comparison among different quadrature rules for .
Remark 2: From Table-1 and Figure 2, the integral for , the truncation errors associated with the Lobatto 3-point rule and the Anti-Lobatto 4-point rule become significant from the fourth decimal place onward. In contrast, the proposed  rule exhibits a considerably smaller truncation error, which appears only from the sixth decimal place onward. This substantial reduction in error demonstrates that the proposed constructed rule achieves superior accuracy and enhanced numerical reliability compared to its constituent quadrature rules for the given integral.
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Figure 3: Absolute truncation error comparison among different quadrature rules for .
Remark 3: From Table-1 and Figure 3, the integral for , the truncation errors associated with the Lobatto 3-point rule and the Anti-Lobatto 4-point rule become significant from the 3rd decimal place onward. In contrast, the proposed  rule exhibits a considerably smaller truncation error, which appears only from the fifth decimal place onward. 
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Figure 4: Absolute truncation error comparison among different quadrature rules for .
Remark 4: From Table-1 and Figure 4, the integral for , the truncation errors associated with the Lobatto 3-point rule and the Anti-Lobatto 4-point rule become significant from 1st the 2nd decimal place respectively. In contrast, the proposed  rule exhibits a considerably smaller truncation error. 
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Figure 5: Absolute truncation error comparison among different quadrature rules for .
Remark 5: From Table-1 and Figure 1, the integral for , the truncation errors associated with the Lobatto 3-point rule and the Anti-Lobatto 4-point rule become significant from the 3rd decimal place onward. In contrast, the proposed  rule exhibits a considerably smaller truncation error, which appears only from the fourth decimal place onward. 
6. Application in Adaptive quadrature routine
An adaptive quadrature algorithm has been developed [7,8,13] with a prescribed tolerance of 
and applied to the five test integrals listed above. The performance of the proposed adaptive scheme is evaluated in terms of the obtained approximation values, the number of steps (subintervals) required to achieve the desired accuracy, and the corresponding absolute final errors. The numerical results are presented in Table 2.
Table 2: Approximation values, number of steps, and absolute final errors obtained using the adaptive quadrature algorithm.
	Integral
	For the rule 
	For the rule 
	For the rule 

	
	App. value
	steps
	Final |Error|
	App. value
	steps
	Final |Error|
	App. value
	steps
	Final |Error|

	1
	2.350402387532476

	48
	2.448734548

	2.350402387042729

	48



	2.448734548

	2.350402387334968


	4


	4.736566694

	2
	0.746824132873681

	30
	6.125411289


	0.746824132751174

	30
	6.125344676


	0.746824132813376

	4
	9.493517083



	3

	0.794825180656652


	58



	1.145938899

	0.794825180679570

	58

	1.145938899

	0.794825180663370

	7

	4.741318448


	4


	-0.444444444219827
	252
	2.246172137

	-0.444444444669060
	250

	2.246152153
	-0.444444444363034
	64

	8.141015639


	5



	0.364221932325822

	42

	2.936901278

	0.364221931738491


	42



	2.936417221

	0.364221932096751

	11


	6.461886581



 
Observations
1. We have observed anti Lobatto rule is of better efficacy than of Lobatto rules.
2. As we can see [16,18] gives better result in general scheme, but here we found anti Lobatto is better than Lobatto both in adaptive and non-adaptive scheme.
3. But our Rule  , which is constructed averaging Lobatto 3-point rule () and anti-Lobatto 4-point rule ( derived from Lobatto 3-point rule ()[16,18]) gives higher stability both in adaptive and non-adaptive routine 
4. Also, our newly developed adaptive algorithm taking the mixed rule/average rule   as the core rule gives better accuracy when calculated in precision 5.
5. The above tabulated result reflects that this rule  can be constructed in higher order precision so as to get more and more accurate results.
6. The study may provide support to researchers working in this field; however, it needs to be improved.
7. This manuscript contributes to numerical analysis by proposing an averaged Lobatto quadrature rule with a higher degree of precision while retaining the simplicity of closed-type quadrature formulas. The method has potential applications in scientific computing, engineering, physics, and applied mathematics, where accurate and efficient numerical integration is essential. The inclusion of an adaptive quadrature framework further enhances its practical relevance by improving computational efficiency without compromising accuracy. Although additional theoretical analysis and methodological refinement are desirable, the study provides a promising foundation for future research on hybrid quadrature techniques and higher-order integration schemes.
8. The work is of interest to the scientific community because it introduces a quadrature rule that achieves greater accuracy than the classical Lobatto and Anti-Lobatto rules while maintaining computational simplicity. The proposed approach may benefit researchers and practitioners in numerical analysis, scientific computing, engineering, and related disciplines that rely on efficient numerical integration methods.

Conclusions
A closed averaged Lobatto quadrature rule has been developed by combining the three-point Lobatto rule with a derived four-point anti-Lobatto rule. The resulting formula retains the closed-type structure of the constituent rules while increasing the degree of precision from three to five. Error analysis shows that the leading error term of the proposed rule is of higher order than those of the individual Lobatto and anti-Lobatto rules, providing a theoretical basis for its improved accuracy. Numerical experiments on five test integrals demonstrate that the proposed rule consistently yields smaller absolute errors than the constituent rules. In the adaptive quadrature setting, the method also attains the prescribed accuracy with fewer subintervals, indicating improved computational efficiency. These results suggest that the averaged Lobatto rule is an effective and accurate approach for the numerical evaluation of definite integrals.
The present conclusions are based on the specific construction and benchmark problems considered in this study. Further research is required to assess the performance of the proposed rule for broader classes of integrands and to explore possible extensions to higher-order and multidimensional quadrature schemes.
Limitations
The present study is limited to the construction and verification of one averaged Lobatto quadrature rule obtained from the Lobatto three-point rule and the derived anti-Lobatto four-point rule. The numerical assessment is restricted to five selected definite integrals with known exact values, and therefore the observed improvement should not be interpreted as a universal performance guarantee for all integrands. The adaptive routine is evaluated only through the reported numerical examples, without a detailed comparison against a wider range of established adaptive quadrature algorithms. The theoretical analysis depends on the assumed smoothness of the integrand and the existence of the required derivatives on the interval of integration. Singular, discontinuous, highly oscillatory, or poorly behaved functions are not examined in detail. Further work may consider broader test functions, rigorous implementation details, and comparison with standard high-order quadrature methods.
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