Applications of power increasing sequences

ABSTRACT. In the present paper, a general theorem dealing with absolute matrix summability
of an infinite series has been established by using a quasi power increasing sequence instead of an
almost increasing sequence. Also, some results have been obtained from this theorem. The the-
orem broadens the applicability of existing summability methods by replacing almost increasing

sequences with the more general class of quasi f-power increasing sequences.
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1 Introduction

Let > a, be a given infinite series with the partial sums (s,). Let (p,) be a sequence of positive

numbers such that

Pn:va—>oo as (n—o0), (Poi=p_;=0, i>1).
v=0

The sequence-to-sequence transformation

1 n
Zpn = Fn ;pvsv

defines the sequence (z,) of the Riesz mean or simply the (N ,pn) mean of the sequence (sy),

generated by the sequence of coefficients (p,,) (see [10]).



Let B = (bny) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries.
Then B defines the sequence-to-sequence transformation, mapping the sequence s = (s,) to

Bs = (By(s)), where
B, (s) = mesv, n=20,1,...
v=0

Let (¢n) be any sequence of positive real numbers. The series Y a,, is said to be summable

© = |B,pnlk, k > 1, if (see [15])
Z ¢§_1|Bn(s) - Bn—1(8)\k < Q.
n=1

For ¢, = %, the ¢ — | B, pp|r summability reduces to | B, p,|r summability (see [26]). Further-
more, for ¢, = % and by, = %;, the | N, p,|x summability method is obtained (see [2]).

Given a normal matrix B = (b,,), two lower semimatrices B = (by,) and B = (b,,) are defined

as follows:
bov = Y bni, m,0=0,1,.. (1)
600 = Z_700 = bOOa bnv = Env - En—l,qu n= 17 27 (2)
and
Bn (S) = Z bnvs'u = Z bnva'u
v=0 v=0
AB,(s) =Bn(s) = Bao1(s) = Y bnuty. (3)
v=0

A positive sequence (g,,) is said to be almost increasing if there exist a positive increasing
sequence (¢, ) and two positive constant M and N such that Me, < g, < N¢, (see [1]). Obviously,
every increasing sequence is almost increasing. However, the converse need not be true as can be
seen by taking an example, say, b, = ne{=1" . A positive sequence X = (X,,) is said to be a quasi- f-
power increasing sequence if there exists a constant K = K (X, f) > 1 such that Kf, X,, > fi, Xm
for all n > m > 1, where f = (f,) = {n°(logn)?, ¢ >0, 0 < § < 1}(see [27]). For o=0, then
a quasi d-power increasing sequence is obtained (see [13]). It should be noted that, every almost

increasing sequence is a quasi d-power increasing sequence for any nonnegative d, but the converse



need not be true as can be seen by taking the example, say v, = n~° for § > 0. A sequence (),) is
said to be of bounded variation, denoted by (A,) € BV, if > 07 | |[AX,| =307 1 [An — Anga]| < o0

Summability factors of infinite series associated with Riesz means have been investigated by
several authors using quasi power increasing sequences (see [4,5,7-9]). On the other hand, numer-
ous results on absolute matrix summability factors and summability theorems involving almost
increasing sequences may be found in the literature (see [11,12,17,18, 21,22, 24,25]). Further
extensions involving quasi power increasing sequences and their generalizations may be found
in [19,20,23]. Since the class of quasi- f-power increasing sequences contains the class of almost in-
creasing sequences, results established under the latter assumptions may be extended to a broader
setting. Motivated by this observation, the present work generalizes Bor’s theorem [3] by replacing
the almost increasing sequence condition with the quasi- f-power increasing sequence condition.
Therefore, the scope of applicability of the corresponding summability theorem is enlarged. The
applicability of the main theorem is demonstrated through several consequences and special cases,

which recover previously known summability results under suitable choices of the parameters.

2 Known Result

In [3], Bor proved a theorem on |N,p,|x summability factors of infinite series by using an almost

increasing sequence.

Theorem 1 Let (X,) be an almost increasing sequence and let there be sequences (8,) and (A,)

such that
|AN| < By, (4)
Bn—0 as n— oo, (5)
> n|ABL X, < o0, (6)
n=1
|/\n|Xn = 0(1) (7)
If
f: [Anl =0(1) as m — oo, (8)
n



1
Zf|tn|k:O(Xm) as m — oo,
n

n=1
and (pp) is a sequence such that
m
Z ij—n it = O (X,) as m — oo,
n=1""
where (t) is the n-th (C,1) mean of the sequence (nay), then the series Y anA, is summable
|N,pn

| k> 1

3 Main Result

The main result of this paper is a generalization of Theorem 1 obtained by employing quasi power

increasing sequences.

Theorem 2 Let B = (by,) be a positive normal matriz such that

boo =1, n=0,1, ..., ()

bnflyu 2 bnv7 fOT n Z v+ 1? (10>

b = O (g;) . (11)

Let (X,,) be a quasi-f-power increasing sequence for some 0 < 6 < 1, o > 0 and (%) be a
non-increasing sequence. If (A\,) € BV, the conditions (4)-(8) of Theorem 1 and

~ k1 ((Pn S| k

> ok (Pn> —[tal* = O(Xpm) a5 m — oo, (12)

n=1

tw|F = O(X,) as m — oo (13)

are satisfied, then the series Y apA, is summable ¢ — |B, pulx, k > 1.

Conditions (9)-(13) are standard assumptions on the matrix B and are used in the study of
absolute matrix summability. Conditions (12) and (13) provide the growth restrictions required
for the application of Holder’s inequality and the convergence arguments used in the proof.

The following lemma is required for the proof of the theorem.



Lemma 1 ( [6/) Under the conditions of Theorem 2, the following conditions hold;

nB,Xn=0(1) as n— oo, (14)
> BuXp < 0. (15)
n=1

4 Proof of Theorem 2

Let (I,,) denotes B-transform of the series > a,A,. Then, by (3), it follows that

AIn = i i)nvavAv = i ZAMU)WUUIU-
v=0

v=1

Applying Abel’s transformation to this sum, it follows that

n—1 2 v 2 n
Al, = Z A, (bm;)\”> Zmr + bn:L)\n Zrar
v=1 r r=1

=1

n—1 n—1
v+1 A v+1-
= § Av (bnv) )\'Utv § bn v A)\vtv
v=1 v ’ v=1 v o

n—1
A ty n+1
+ § bn,'qul)\'qul; + n bnn)\ntn
v=1

= In,l + In,2 + In,S + In,4~
To complete the proof of Theorem 2, it is enough to show that

S b Iy [F< oo, for r=1,2,34. (16)

n=1
The case for k = 1 follows directly by applying linear estimates and changing the order of sum-
mation without using Holder’s inequality. Therefore, the details of the proof are presented for the

case k > 1.



. . . . . T, 1 1 _
First, applying Holder’s inequality with indices k and &, where k> 1 and 7 + v =1

m—+1 m+1 n—1 R k
Z ¢Z71|In,1|k = Z ©n (Z ‘ (bnv) vl [ty >
n=2

n=2 =1

m+1 n—1 ~ 1 R k—1 k
= 03 el (Z (80| [Aubu)| N m)

= .
m+1 n—1 1 kE\ %
_ A~ k
n=2 v=1
1 k
n—1 R P k/ ®
x <Z (180(bu) =) )
v=1

m+1

- ong (B lut)
n—1 ) k=1
X (Z |Av(bm,)|> )
v=1
By (1) and (2),
Av(?)n'u) = Env - I;n,erl = l;nv - anl,v - Bn,v+1 + anl,v+1
= bpy —bp—1,0. (17)
Thus using (1), (9) and (10)
n—1 n—1
Z |Av(bnv)| = Z(bn—l,v - bnv) S bnn

= v=1

Thus, by (11) and using the fact that (£3P*) is a non-increasing sequence,
m+1 m—+1

n—1
T S O URICNEAY
n=2 n=2 v=1
m+1 PP k-1 /n—1 )
- o'y () (Z\Avwnv) |Av|’“tv|’“>
=2 n v=1

m m+1 k—1
PnPn »
= o) A Y (P) 1Ay (Bo)|

v=1 n=v+1
m o k—1 m—+1 )
= om > (B2) il S il
v=1 v n=v+1
y (10) and (17), it follows that

m—+1 ) m+1

Z |Av(bnv)| = Z (bnfl,u - bnv) < bvva

n=v+1 n=v+1



and so

m—+1

Yoo L I
n=2

by (4), (7), (13) and (15).

By Holder’s inequality,

m+1

Z 902_1 | In,2 |k
n=2

m—+1

IS
n=2

m—+1

1) Z ok~

m+1

O(I)Z k— 1bk 1

n=2

PvPo

k—1
) LTI

k
— Dv
e (5] il
AI/\IZW () " +0(1) IAm|Z<p (e

ANIX, + O(1) A | X

v

) It,|*

'U

Bo Xy + O(1)[Am| Xom

m — 00,

n—1 k
! (Z |bn,v+1|A)‘v|tv|>

v=1

n—1 n—1 k=1
! (Z |bn,v+1|A)‘v|tv|k> x (Z |bn,v+1|A)‘v|)

= v=1

k-1

(Z b1 8ot |’“> x (iAA)

m+1 Onp k—1 /n—1 R
O(l) Z (?’l) (Z |bn,’u+lﬁv|tvk>
n=2 n v=1

DY Bl Y
v=1

o(1) vzm::l (

PvPov

P,

m—+1

Onp k—1
rnrn an
(522) " tousa

m—+1

5v|t ‘k Z |bnv+1‘

n=v+1

n=v+1

)



By (1), (2), (9) and (10),

v

|Bn,v+1| = Z(bn—l,i - bm)

=0
Thus, using (1) and (9),
m—+1 R m—+1 v
Z |bn’v+1| = Z Z(bnfl,i - bni) <1,
n=v+1 n=v+1 i=0

then

m+1 m P k—1 1
Sk e = oY e (B) sint
n=2 = v

v=1
m—1 v D k—1 1

- om Y awm et (5) el
v=1 r=1 r

m p k—1 1
+oowma, Yok (B) Lk
v=1 v

m—1 m—1
= 0(1) Y v|ABIX, +0(1) > B Xy + O(1)mBm Xom
v=1 v=1

= O(1) as m — oo,

by (6), (12), (14) and (15).



Furthermore, again using Holder’s inequality,

m+1 m—+1 n—1 |t |
Z 905;1|1n73|k < Z Pn (Z |bn vt|[Av1| = )
n=2 n=2
™ 1 Al
v+1
S Z QD (Z |bn v+1||>\v+1| > <Z ‘bn v+1| >
n=2
m—+1
<

—1
1k | Ao
> ekl (meﬂum ) (Z' “')
n=2
m+1 . D k—1 /n—1 |t|
= 0(1) Z (pnil (P) Z |bn v+1||/\v+1|

n=2

m—+1 Onp k—1 /n—1 |t |
= 0(1) Z ( ; n) (Z |bn v+1||/\v+1| )

n=2

TSI~ 2 R R
= 0(1)Z|Av+1|7“ > (;”) b1
v=1 n

n=v+1

k m+1

m k—1
PvPo tv 7
- omZ(P R S

v=1 n=v+1

m D k—1 ‘t |k
v v
= ng < ) Avrtl= =

m—1 k—1
- 1
- 0<1>Z|AAU+1|Z¢ O
v=1 T
kl
; \Ammzw ) e

m—1

= 0(1) Z Bot1Xv+1 + OD)| A1 [ Xms1

v=1
= O(1) as m— oo,

by using (4), (7), (8), (11), (12) and (15).



Finally,

Z‘Pﬁ_l‘InA ‘k = O(I)Z k_lbfm|>‘n|k|tn|k
n=1 n=1

- Pn
= oY () e
n=1 n

k
- " Al |Z<P () 0* +0(1) I/\m\Z<p )

0(1) S |AM X + O()Am| X

3
3

o(1) BnXpn + O A | X = 0O(1) as m — oo,

by (4), (7), (11), (13) and (15). This completes the proof of Theorem 2.

5 Conclusions

The main contribution of this paper is the extension of a known summability theorem from almost
increasing sequences to the more general class of quasi f-power increasing sequences. This shows
that the summability results remain valid under different assumptions, thereby enlarging the scope
of applicability of the theorem. Consequently, the obtained result provides a broader framework
for the study of absolute matrix summability factors of infinite series. Further extensions may
be considered by using some of the conditions of Theorem 2 or by investigating other classes of
summability methods.

If 0 = 0 in Theorem 2, a theorem dealing with quasi J-power increasing sequences is obtained

(see [16]). Theorem 1 follows by taking ¢, = %, bpy = and (X,,) as an almost increasing

Pv
Py

sequence. Similarly, for ¢,, = 5’ 2 and (X,,) an almost increasing sequence, a theorem dealing with
| B, pr|r summability is obtained (see [14]). In the last two cases, the condition (\,) € BY is not
required.
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