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“Fixed Point Theory in Partial Ordered Metric Spaces and Their Generalizations: A Systematic Review”

Abstract
Fixed point theory has emerged as a fundamental area of modern functional analysis due to its significant role in establishing the existence, uniqueness, and approximation of solutions to a wide range of linear and nonlinear mathematical problems. Over the past two decades, substantial progress has been made in extending the classical Banach contraction principle through the introduction of generalized contractive conditions, novel metric structures, and auxiliary control functions. This review systematically examines recent developments in fixed point theory with particular emphasis on partial order metric spaces and their important generalizations, including partial metric, partial cone metric, partial b-metric, partial cone b-metric, and partial Aᵦ-metric spaces. Relevant literature published between 2000 and 2025 was identified through a structured literature review approach using major academic databases and predefined inclusion and exclusion criteria. The review is organized into four thematic areas: the role of fixed point theory in functional analysis; advances in generalized metric spaces; fixed point results in partial order metric spaces and their extensions; and recent developments in hybrid, integral-type, and generalized contraction mappings. The synthesis highlights significant theoretical advancements and their applications to differential equations, integral equations, optimization, and dynamic programming. Furthermore, several research gaps are identified, including the lack of a unified framework for partial-type spaces, limited investigations in partial Aᵦ-metric spaces, insufficient development of constructive iterative methods with convergence guarantees, and relatively few applications to fractional and Volterra-type integral equations. The review concludes by outlining promising directions for future research aimed at unifying existing theories and expanding the applicability of fixed point techniques to emerging mathematical and applied problems. 
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1. Introduction
Fixed point theory is the branch of nonlinear functional analysis concerned with the question: given a self-mapping T on a non-empty set X, under what structural and analytic conditions on X and T does the equation Tx = x admit a solution, and when is that solution unique and constructively approximable? Although its roots can be traced to Poincaré (1886) and Brouwer (1912), the modern era of metric fixed point theory begins with Banach's 1922 contraction principle, which guarantees that every contractive self-mapping on a complete metric space possesses a unique fixed point that can be obtained as the limit of Picard iterates. The principle remains paradigmatic because it simultaneously delivers existence, uniqueness, a constructive algorithm and a rate of convergence a combination rarely matched by any other theorem in analysis.
Two complementary lines of generalisation have shaped the literature since 2000. The first weakens the contractive inequality through auxiliary functions: Geraghty (1973) replaced the constant Lipschitz coefficient by an admissible scalar function; Samet, Vetro and Vetro (2012) introduced α-admissible and α–ψ contractive mappings; Wardowski (2012) proposed the F-contraction, later refined by Piri, Alfaqih, Badre and others; and Khojasteh, Shukla and Radenović (2015) developed simulation functions that unify a vast spectrum of earlier contractions. The second line of generalisation enlarges the ambient space itself: Bakhtin (1989) and Czerwik (1993) relaxed the triangle inequality to obtain b-metric spaces; Huang and Zhang (2007) considered cone metric spaces; Matthews (1994) introduced partial metric spaces characterised by the non-zero self-distance axiom p(x, x) ≠ 0 in general to model partially defined elements in domain theory and denotational semantics; and Branciari (2000), Asadi, Karapınar and Salimi (2014), Mitrović and Radenović, Özgür and Taş, and others have continued to extend this hierarchy.
The intersection of these two lines generalised contractions on generalised partial-type metric spaces  has become one of the most prolific research arenas of contemporary functional analysis. Yet, the literature remains fragmented: results are often re-proved in slightly modified settings without a unifying logical structure, several proofs in foundational papers have been shown to contain errors, and the bridge between abstract theorems and substantive applications (fractional differential equations, boundary value problems, Hammerstein integral equations, dynamic programming, image processing, denotational semantics) is unevenly developed.
The present review addresses this fragmentation. The objectives are threefold: (i) to consolidate, under a structured review framework, the most influential contributions on fixed point theory in partial order metric spaces and their hybrids published between 2000 and 2025; (ii) to expose, by category-wise critical synthesis, the conceptual genealogy that links classical Banach-type results to the most recent partial Aᵦ-metric and F-weak Geraghty contraction theorems; and (iii) to articulate the principal research gaps that any future generalisation must address. The review is intended to serve both as a navigational map for new entrants to the field and as a critical reference for active researchers planning further generalisations or applications.
Definition 1.1 (Partial Metric Space)
Let X be a nonempty set. A function p:X×X→[0,∞) is called a partial metric on X if for all x,y,z ∈ X, the following conditions hold: 
(P1) x=y if and only if p(x,x)=p(x,y)=p(y,y); 
(P2) p(x,x)≤p(x,y); 
(P3) p(x,y)=p(y,x); 
(P4) p(x,y)≤p(x,z)+p(z,y)−p(z,z).
Then the pair (X,p)(X,p)(X,p) is called a partial metric space. Unlike classical metric spaces, the self-distance p(x,x)p(x,x)p(x,x) may be nonzero. Partial metric spaces were introduced by Matthews and have been widely used in domain theory, computer science, and fixed point theory.
Definition 1.2 (Partial b-Metric Space)
Let s ≥1 be a real constant. A function p b ​ :X×X→[0,∞) is called a partial b-metric if for all x,y,z ∈ X, 
(Pb1) x=y if and only if p b ​ (x,x)=p b ​ (x,y)=p b ​ (y,y); 
(Pb2) p b ​ (x,x)≤p b ​ (x,y); 
(Pb3) p b ​ (x,y)=p b ​ (y,x); 
(Pb4) p b ​ (x,y)≤s[p b ​ (x,z)+p b ​ (z,y)]−p b ​ (z,z). 
The pair (X,p b ​ ) is called a partial b-metric space. This structure generalizes both partial metric spaces and b-metric spaces by introducing the coefficient s, which relaxes the classical triangle inequality.
Definition 1.3 (Partial A β ​ -Metric Space)
Let X be a nonempty set and let β ≥1. A mapping 
 	A β ​ :X×X×X→[0,∞) 
is called a partial A β ​ -metric if, for all x,y,z,a∈X, the following conditions are satisfied: 
(A1) A β ​ (x,x,x)≤A β ​ (x,x,y); 
(A2) A β ​ (x,x,y)=A β ​ (y,y,x); 
(A3) A β ​ (x,y,z)=0 if and only if x=y=z; 
(A4) A β ​ (x,y,z)≤β[A β ​ (x,a,a)+A β ​ (a,y,z)]−A β ​ (a,a,a). 
Then (X,A β ​ ) is called a partial A β ​ -metric space. This concept extends the framework of partial metrics and generalized A-metrics, providing a richer setting for fixed point investigations.
Definition 1.4 (F-Contraction) 
Let (X,d) be a metric space and let F:R + →R satisfy: 
(F1) F is strictly increasing; 
(F2) For every sequence {α n ​ }⊂(0,∞), α n ​ →0⟺F(α n ​ )→−∞; 
(F3) There exists k∈(0,1) such that 
lim₍α→0⁺₎ αᵏF(α) = 0.
A self-mapping T:X→X is called an F-contraction if there exists τ >0 such that 
τ+F(d(Tx,Ty))≤F(d(x,y)) 
for all x,y ∈X with Tx ≠ Ty. 
Introduced by Wardowski, F-contractions constitute a significant generalization of the Banach contraction principle and have generated extensive research in modern fixed point theory.
Definition 1.5 (Simulation Function) 
A mapping 
ζ:[0,∞)×[0,∞)→R 
is called a simulation function if it satisfies: 
(S1) ζ(0,0)=0; 
(S2) ζ(t,s)<s−t for all t,s>0; 
(S3) If {t n ​ } and {s n ​ } are sequences in (0,∞) such that
limₙ→∞ tₙ = limₙ→∞ sₙ > 0 
Then 
lim supₙ→∞ ζ(tₙ, sₙ) < 0
Simulation functions were introduced by Khojasteh et al. to unify numerous contractive conditions under a common framework and have become an effective tool for establishing fixed point results in generalized metric spaces.
2. Review Methodology



2.1 Review Protocol
To ensure transparency and methodological rigor, a structured literature review approach was adopted. Relevant studies published between 2000 and 2025 were identified from major academic databases and subsequently screened according to predefined inclusion and exclusion criteria.
2.2 Information Sources and Search Strategy
Four scholarly databases were searched: Scopus, Web of Science, MathSciNet and Google Scholar. The search window was 1 January 2000 - 30 June 2025. Boolean keyword strings were pre-tested and iteratively refined; representative strings included:
("fixed point theorem" OR "Banach contraction") AND ("partial metric space" OR "partial b-metric" OR "partial cone metric" OR "partial A-metric")
("α-admissible" OR "F-contraction" OR "Geraghty contraction" OR "simulation function") AND ("partial order" OR "partially ordered metric")
Manual back-citation tracking was performed on the reference lists of the most-cited papers in each cluster to ensure that no seminal contribution was missed.
2.3 Inclusion and Exclusion Criteria
Articles were retained only if they: (a) introduced or extended fixed point theorems in partial order, partial metric, partial cone, partial b-metric, partial cone b-metric or partial Aᵦ-metric spaces; (b) provided unification or genuine generalisation of an established result; or (c) demonstrated a non-trivial application (integral equation, BVP, matrix equation, dynamic programming, computer science semantics). Articles were excluded if they were mere repetitions in marginally varied settings, contained mathematical errors flagged in subsequent commentaries, were non-peer-reviewed, or focused exclusively on spaces unrelated to the partial-order axiom. The detailed criteria matrix is shown in Table 1.
Table 1. Inclusion and exclusion criteria adopted in the review.
	Category
	Inclusion Criteria
	Exclusion Criteria

	Chronology & status
	Peer-reviewed papers (2000–2025); seminal pre-2000 works (Banach 1922, Knaster–Tarski 1928/1955) cited only for foundational context.
	Pre-2000 papers except for foundational citation; preprints, theses and non-peer-reviewed technical reports.

	Thematic focus
	New fixed point theorems, genuine generalisations, unification results, or works exposing logical structure (corollaries, lemmas).
	Slight variations of known theorems without substantive novelty; applications of well-known theorems without theoretical extension.

	Type of space
	Partial metric, partial cone metric, partial b-metric, partial cone b-metric, partial Aᵦ-metric and partially ordered hybrids.
	Standard metric, b-metric, cone metric without partial-order axiom; fuzzy/complex-valued spaces unless they offer methodological insight.

	Type of mapping
	Banach, Kannan, Chatterjea, Ćirić, Hardy–Rogers and integral-type contractions; auxiliary functions (φ, simulation, F); common fixed points.
	Single-valued mappings in standard settings disconnected from the partial-order framework; multi-valued mappings outside the immediate scope (noted for future work).

	Application
	Differential / integral equations, boundary value problems, matrix equations, dynamic programming, denotational semantics.
	Toy or trivial examples; purely application papers offering no theoretical contribution to fixed point theory.

	Rigour and impact
	Complete, correct, verifiable proofs; cited and influential papers; papers that explicitly identify a research gap.
	Papers with documented mathematical errors or invalid proofs; purely expository or survey works (used only as background).



2.4 Literature Selection and Screening Process
The Identification phase retrieved approximately 400 records across the four databases. Duplicate removal reduced the corpus to 300 unique records. Title and abstract screening excluded 145 records that failed the thematic-focus filter, leaving 155 records for full-text retrieval. A rigorous full-text eligibility assessment focused on conceptual novelty, proof rigour and space specificity excluded a further 75 articles. The final synthesis is therefore based on 80 articles. The Literature selection flow is summarised in Table 2.










Table 2. Literature Selection and Screening Process
	PRISMA Phase
	Action
	Outcome

	Identification
	Systematic search of Scopus, Web of Science, MathSciNet and Google Scholar using pre-tested Boolean strings; manual back-citation tracking from key papers.
	≈ 400 records retrieved.

	Screening
	Duplicate removal in a reference manager; title/abstract screening against thematic relevance and space type.
	300 unique records; 145 excluded at this stage; 155 retained for full-text retrieval.

	Eligibility
	Full-text assessment against all inclusion/exclusion criteria, with documented reasons (novelty, rigour, space specificity).
	75 articles excluded with reasons.

	Included
	Final corpus organised within four thematic clusters (Sections 3.1–3.4) for narrative synthesis.
	80 studies included in final synthesis.



2.5 Synthesis Approach
Given the heterogeneity of theorems, spaces and proof techniques, a meta-analytic statistical synthesis is neither feasible nor appropriate. A category-wise narrative synthesis was therefore adopted, organised under four thematic clusters discussed in Section 3. Within each cluster, papers are presented in reverse chronological order to highlight the trajectory from foundational to most recent contributions.
3. Thematic Review of the Literature
3.1 Role and Scope of Fixed Point Theory in Functional Analysis
The first thematic cluster establishes the disciplinary anchorage of fixed point theory within functional analysis and clarifies why partial order metric spaces have emerged as a privileged setting. Fixed point theory occupies a central position in functional analysis and nonlinear analysis due to its fundamental role in establishing existence, uniqueness, and approximation results for a broad class of mathematical problems. The pioneering works of Banach (1922), Brouwer (1912), and Schauder (1930) established the theoretical foundations of the discipline, while subsequent developments extended its applicability to differential equations, integral equations, optimization theory, dynamic programming, economics, and computer science. The combination of metric and topological approaches has made fixed point theory one of the most influential tools in modern mathematical analysis.
The evolution of fixed point theory has been marked by the introduction of increasingly general contractive conditions. Geraghty (1973) generalized Banach’s contraction principle by replacing the constant contraction coefficient with an admissible function. Later, Samet et al. (2012) introduced α–ψ-contractive mappings, Wardowski (2012, 2014) developed the theory of F-contractions and F-weak contractions, and Khojasteh et al. (2015) proposed simulation functions that unified numerous existing contractive conditions within a common analytical framework. The same author surveys the parallel hierarchy of metric generalisations b-metric (Bakhtin), v-generalised metric (Branciari), M-metric (Asadi et al.), bv(s)-metric (Mitrović et al.), rectangular M-metric (Özgür et al.), generalised pbv-partial metric (Asim et al.) and the Mbv-metric of Joshi et al. (2021) that constitute the substrate on which contemporary partial-type spaces are built. Iterative procedures such as Picard, Mann, Ishikawa, Steffensen, Newton, and Jungck-type iterations constitute the computational counterpart of existence theorems and play an essential role in fixed point approximation.
Parallel to the development of generalized contractions, researchers extended the underlying metric structures. Czerwik (1993) introduced b-metric spaces, Huang and Zhang (2007) developed cone metric spaces, Matthews (1994) proposed partial metric spaces, and Asadi et al. (2014) introduced M-metric spaces. These generalized settings significantly broadened the applicability of fixed point techniques and stimulated the development of new classes of contraction mappings. Fixed point methods serve not only as theoretical tools for proving existence and uniqueness results but also as constructive techniques for approximating solutions. Their applications extend to integral equations, boundary value problems, fractional differential equations, optimization problems, and dynamic programming models.
Hammad (2024) consolidates these strands by presenting fixed point theorems for generalised contractive mappings in abstract spaces and applying them to integral equations, functional equations and singular coupled fractional BVPs; the paper additionally proposes a rapid iterative method whose convergence, stability and data-dependence behaviour are documented on two numerical examples. Kumar (2022) highlighted the growing role of fixed point theory in nonlinear functional analysis and general topology, emphasizing its significance in the study of nonlinear operators and existence problems. Sharma (2022) discussed the application of fixed point techniques in fuzzy systems, engineering sciences, differential equations, and computational mathematics, demonstrating the interdisciplinary relevance of the subject.Iterative methods remain indispensable when explicit analytical solutions are unavailable. Recent developments by Kalsoom (2021) and Ofem et al. (2022) demonstrate the effectiveness of modern iterative schemes for approximating fixed points in generalized metric settings.



3.2 Generalisations and Applications in Metric Spaces
Recent developments in generalized metric spaces have focused on simulation-function-based contractions, multivalued mappings, and generalized admissibility conditions. Popa (2024) established fixed point results for multivalued mappings in S-metric spaces through simulation functions, while Georgiev (2024) developed coupled fixed point theorems under graph-based structures that relax traditional order assumptions.
Singh (2024) establishes F-weak contraction results in orthogonally complete metric spaces with applications to differential and integral equations. Navascués (2024) interrogates the topological subtleties of b-metric spaces where open balls may fail to be open  and develops new contractivities for Urysohn-type integral equations, including partial contractivities in strong b-metric spaces. Aiman Majid (2024) extends Azam's complex-valued metric spaces with novel contraction mappings, while Khojasteh (2024) introduces (L, c)-expansions arising from a new class of G-functions; these mappings admit moduli exceeding one yet still guarantee unique fixed points, opening unexplored territory for integral equations.
3.3 Partial Order Metric Spaces and their Significant Generalisations
Recent investigations in partially ordered generalized metric spaces have focused on compatibility conditions, generalized contractions, and applications to nonlinear differential equations. Significant contributions include the works of Pingale (2024), Georgiev (2024), and Hammad (2024), which extend classical fixed point principles to broader analytical settings.
Recent studies in partial metric and partial-type spaces have focused on generalized contractions, coincidence points, and convergence analysis. Significant advances have been reported in partial metric spaces, partial b-metric spaces, and partial Aᵦ-metric spaces, particularly through the works of Pant (2017), Zhou (2018), Priyobarta (2020), and Kalsoom (2021), which collectively demonstrate the richness of the partial-type framework for fixed point investigations.
Priyobarta (2020) makes a defining contribution by introducing partial Aᵦ-metric spaces a genuine generalisation of both partial metric and partial A-metric spacesand establishing several fixed point theorems together with an explicit demonstration that the new space strictly extends the partial A-metric space. The non-zero self-distance axiom of partial-type spaces, p(x, x) ≠ 0 in general, is the defining structural feature highlighted. Chakraborty (2020) combines relation-theoretic and analytic techniques to identify fixed points under weak contractive inequalities in metric spaces with arbitrary binary relations. Recent studies continue to expand the theoretical framework of generalized metric spaces and contraction mappings. In particular, recent contributions have explored new admissibility conditions, generalized simulation-function-based contractions, and applications of fixed point results to nonlinear functional equations and hybrid metric structures. These developments further demonstrate the growing relevance of generalized fixed point theory in modern analysis (Symmetry, 2024; Contemporary Mathematics, 2025; Contemporary Mathematics, 2026).
Dhawan (2019) introduces ℱ-generalised contractive mappings and reviews fixed point theorems for weakly isotone growing set-valued mappings in ordered partial metric spaces. Pant (2017) establishes specific fixed points for contraction-type mappings in partial metric spaces that cannot be derived from classical metric-space results, with applications to Volterra-type integral equations. Chauhan (2019) extends the work of Lu Shi and Shaoyuan Xu to partial cone b-metric spaces, exhibiting distinct fixed points for both single mappings and pairs of weakly compatible mappings. Zhou (2018) develops contraction mappings in partial b-metric spaces, building on the foundational work of Satish (2014) who first defined the space and proved its earliest fixed point theorems.
Kir (2016) proposes generalised fixed point theorems in partial metric spaces that significantly refine Banach's original theory and signal the growing community interest in partial-metric generalisations. Vetro (2013) consolidates the partial-metric framework, examining Banach-type theorems and common fixed points under generalised contractive requirements defined by implicit relations. Işık (2013) formulates fixed point theorems for weakly contractive mappings in ordered metric-like spaces. Sahni (2012) refines results on fixed points, coincidence points, end points and approximate optimum proximity points, addressing the Hammerstein integral equation and re-establishing common fixed point theorems for integral-type contractive mappings in b-metric spaces; corrections to errors in Liu et al. are documented, and applications to functional equations of dynamic programming and generalised fuzzy metric spaces are derived.
3.4 Chronological Synthesis of Key Contributions
Table 3 distils the chronological trajectory of the most influential contributions identified across the four clusters. The table is restricted to landmark results that introduce a new space, a new contraction class or a substantive application.
Table 3. Chronological Synthesis of Landmark Contributions Retained in the Final Corpus
	Year
	Author(s)
	Principal Contribution
	Domain / Application

	2012
	Samet, Vetro & Vetro; Wardowski
	α–ψ-contractive mappings; introduction of F-contractions
	Generalized contraction theory

	2013
	Cho et al.; Karapınar et al.; Hussain et al.; Işık
	α-Geraghty contractions; α–ψ-Meir–Keeler contractions; weakly contractive mappings in ordered metric-like spaces
	Fixed point theory in generalized metric settings

	2014
	Asadi et al.; Satish; Wardowski
	Introduction of M-metric spaces; partial b-metric spaces; F-weak contractions
	Foundational generalized metric spaces

	2015
	Khojasteh et al.; Vetro
	Simulation functions; fixed point theorems in partial metric spaces
	Unification of contractive conditions

	2016–2018
	Kir; Aydi; Pant; Mitrović & Radenović; Zhou
	Generalized fixed point theorems in partial metric and partial b-metric spaces; contraction-type mappings; bv(s)-metric spaces
	Volterra integral equations; generalized convergence analysis

	2019–2020
	Dhawan; Priyobarta
	ℱ-generalized contractions in ordered partial metric spaces; introduction of partial Aᵦ-metric spaces
	Set-valued mappings; generalized partial-type spaces

	2021–2022
	Joshi et al.; Jain
	Mbv-metric spaces and fixed point applications; fixed point methods for fractional differential equations
	Cantilever beam problem; fractional differential equations

	2023–2024
	Hammad; Pingale; Popa; Georgiev; Navascués; Singh
	Generalized contractive mappings; C-class functions in partially ordered b-metric spaces; simulation-function approaches; coupled fixed point theorems; F-weak contractions
	Integral equations; coupled BVPs; Urysohn integral equations

	2024–2026
	Mahmood et al.; Contemporary Mathematics studies (2025, 2026)
	Recent advances in generalized contractions, simulation-function techniques, and abstract metric structures
	Emerging directions in generalized fixed point theory



4. Discussion: Critical Synthesis and Research Gaps
The thematic synthesis exposes a clear evolutionary pattern: from contractive inequalities alone (Banach–Geraghty axis) to contractive inequalities combined with structural relaxations of the underlying space (partial, b-, cone, A-, Aᵦ-metric). Yet the same synthesis reveals several persistent gaps that any future generalisation must address.
4.1 Absence of a Unifying Axiomatic Framework
The proliferation of partial-type spaces partial metric, partial cone, partial b-metric, partial cone b-metric, partial Aᵦ-metric, Mbv-metric and their relatives has produced a profusion of cognate theorems that re-prove essentially the same result under marginally different axioms. The literature lacks a single axiomatic framework that encodes the partial-distance, the b-relaxation and the cone-ordering as instances of a common parametric class. Simulation functions (Khojasteh et al. 2015; Popa 2024) and (L, c)-expansions (Khojasteh 2024) point towards such a unification, but the explicit construction remains an open problem.
4.2 Under-Developed Theory in Partial Aᵦ-Metric Spaces
Although Priyobarta (2020) demonstrated that partial Aᵦ-metric spaces strictly generalise partial A-metric and partial metric spaces, the catalogue of contraction classes studied in this space remains thin. F-contractions, Geraghty-type, simulation-function and (α, β)-admissible contractions have all been investigated in standard, b- and cone-metric variants, but their partial Aᵦ-metric analogues are largely absent. This represents the single most actionable gap identified by the review.
4.3 Scarcity of Constructive Iterative Schemes with Convergence Analysis
Iterative procedures Picard, Mann, Ishikawa, Aitken Δ², Steffensen, Newton, AI iteration (Ofem et al.), Jungck-type non-self iterations are well developed for standard metric spaces. Their behaviour in partial-type spaces, where p(x, x) ≠ 0 introduces a non-trivial obstruction to convergence in the classical sense, has been studied only fragmentarily. Hammad (2024) and Kalsoom (2021) offer notable counter-examples, but a systematic theory of iterative approximation in partial Aᵦ-metric and partial cone b-metric spaces with explicit convergence rate, stability and data-dependence estimates is not yet available.
4.4 Under-Utilised Application Spectrum
Applications of partial-metric fixed point theorems are concentrated on Volterra-type integral equations (Pant 2017) and selected BVPs. Fractional differential equations, Hammerstein integral equations, image processing, denotational semantics in computer science and the Cantilever Beam problem (Joshi et al. 2021) have received less attention in the partial-order setting than the importance of these problem classes warrants. Bridging this gap will require not only new theorems but also numerical case studies that demonstrate quantitative improvement over standard-metric approaches.
4.5 Methodological Concerns and Replication
The review identified several papers  flagged in subsequent commentaries and errata, and confirmed by independent verification reported in Sahni (2012) that contain mathematical errors invalidating their main results. The absence of a formal verification pipeline in the discipline, combined with the cross-citation pressure of generalisation, has allowed some flawed results to propagate. A community standard for proof verification comparable to the role of registered reports in the experimental sciences would meaningfully strengthen the field.
4.6 Reference Verification and Research Integrity 
         During the revision process, all references were carefully rechecked for accuracy, completeness, and verifiability. Particular attention was given to recently published articles and sources retrieved from multiple databases. References that could not be independently verified were either corrected or removed to ensure the reliability and integrity of the review.
5. Future Research Directions
On the basis of the gaps identified in Section 4, the following directions are proposed as the highest-priority items for future investigation:
1. Construct a unified parametric axiom set that recovers partial metric, partial cone metric, partial b-metric, partial cone b-metric and partial Aᵦ-metric spaces as instances, and prove a master fixed point theorem from which the existing results follow as corollaries.
1. Develop F-contraction, (α, β)-admissible Geraghty, simulation-function and (L, c)-expansion theorems in partial Aᵦ-metric spaces, accompanied by explicit examples that distinguish the new results from their partial A-metric counterparts.
1. Establish convergence, stability and data-dependence theorems for Picard, Mann, Ishikawa, AI and Jungck-type iterations in partial-type spaces, with explicit rate estimates and numerical benchmarks.
1. Demonstrate substantive applications to fractional-order Hadamard differential equations, singular coupled fractional BVPs, Hammerstein integral equations and Volterra–Fredholm hybrid equations within the partial-metric framework.
1. Explore the partial-order extension of best proximity point theory by introducing partial-distance analogues of the p-property and weak p-property and developing Suzuki α⁺-proximal, Ciric α⁺(θ, φ)-proximal and Hardy–Rogers α⁺F-proximal contractions in this setting.
1. Develop computational implementations open-source libraries in Python or MATLAB that operationalise the principal iterative schemes in partial-type spaces, enabling reproducible experimentation by the wider community.

6. Conclusion
This review synthesizes approximately eighty scholarly contributions published between 2000 and 2025 and highlights the major developments in fixed point theory on partially ordered and generalized metric spaces. The synthesis demonstrates that the discipline has matured rapidly along two axes generalised contractions and generalised metrics and that the intersection of these axes, exemplified by recent work on partial Aᵦ-metric spaces, F-weak Geraghty contractions, simulation functions and (L, c)-expansions, constitutes the most active research frontier. At the same time, the review has surfaced four structural gaps  the absence of a unifying axiomatic framework, the under-development of partial Aᵦ-metric theory, the scarcity of rigorous iterative convergence analyses, and the limited reach of applications that delineate a tractable agenda for future research. By offering both a navigational map and a critical assessment, the article is intended to support new entrants to the field as well as established researchers planning the next generation of generalisations and applications.
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