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 Abstract. In this paper, we present unified closed-form solutions for third-order nonhomogeneous linear recurrence relations of Leonardo-type sequences, where the input term is taken as a polynomial. By decom- posing each recurrence into homogeneous and particular components, we obtain explicit formulas that depend jointly on the multiplicity of the characteristic roots and the degree of the input polynomial. Although the general framework accounts for resonance phenomena arising from repeated roots, our illustrative examples focus on the non-resonant case r = 0, where all three roots of the characteristic equation are distinct from 1. Within this setting, we investigate several notable families of generalized Tribonacci numbers, which appear as homogeneous analogues of the original nonhomogeneous relations. Classical sequences such as the adjusted Pell-Padovan, third-order Lucas-Pell, third-order Fibonacci-Pell, Pell-Perrin, Pell-Padovan, adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, Narayana, and Narayana-Lucas numbers arise naturally as special cases of the Leonardo-type framework. These exam- ples illustrate how closed-form expressions clarify the interaction between characteristic roots, polynomial inputs, and resonance effects, while also providing templates for applications in discrete mathematics, com- binatorics, computational number theory, algorithmic analysis, cryptography, and discrete models in physics
and biology.
A further illustration is given by considering the case where the input polynomial has degree s = 3, which serves as a natural extension of the classical situations with s = 0. Under identical initial conditions, the homogeneous dynamics reproduce the well-known Pell-Padovan, Lucas-Pell, Fibonacci-Pell, Pell-Perrin, and Pell-Padovan sequences, while the cubic input enriches the particular solution. This demonstrates the continuity of the framework across polynomial degrees and emphasizes the role of initial values in shaping the resulting closed forms.
1

Beyond their theoretical contribution, the explicit constructions offer pedagogical value by enabling students to engage directly with nonhomogeneous recurrences through accessible formulas rather than lengthy computations. Thus, the study demonstrates both the novelty and interdisciplinary reach of generalized Leonardo-type sequences, furnishing researchers with extended tools for higher-order recurrence analysis and educators with clear examples for teaching advanced recurrence methods.
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1. Introduction

Recurrence-based sequences have long been a cornerstone of mathematics, radiating into fields as varied as physics, engineering, architecture, biology, computer science, and even artistic studies. Their definitions may look simple at first glance, yet they conceal profound depth, capturing models of growth, oscillation, and symbolic form. Within the classical second-order families, the Fibonacci, Lucas, Pell, and Jacobsthal sequences stand as enduring exemplars of this tradition.
The horizon, however, stretches far beyond second-order constructions. Higher-order recurrence se- quences enrich both theoretical inquiry and practical application, extending the classical framework while unveiling subtle algebraic and analytic structures. The Tribonacci (third-order), Tetranacci (fourth-order), and Pentanacci (fifth-order) sequences embody this expansion, each shaped by characteristic polynomials whose root arrangements determine closed-form solutions. Homogeneous recurrences emphasize the relation- ship between characteristic polynomials and root multiplicities, whereas non-homogeneous cases introduce symbolic terms that interact with root structures to produce resonance effects. Collectively, these fami- lies weave a unified framework that connects classical recurrence identities with the advancing discipline of symbolic recurrence theory.
In this study, we extend the established line of inquiry by deriving closed-form expressions for third-order nonhomogeneous linear recurrence relations, formulated as generalized Leonardo-type sequences with poly- nomial inputs. Our analysis further reveals notable instances of generalized Tribonacci numbers, which arise as the homogeneous counterparts of the original nonhomogeneous relations. Particular attention is devoted to classical families, including the adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin and Pell-Padovan sequence; adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (the latter also re- ferred to as Jacobsthal-Perrin-Lucas) and Jacobsthal-Padovan sequences; Narayana and Narayana-Lucas sequences.
 The classical Leonardo sequence is defined by the nonhomogeneous recurrence relation 


ln  = ln—1 + ln—2 + 1,	n ≥ 2,
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 with initial conditions  l0  = 1 and  l1 = 1 . Although the recurrence itself is straightforward, the historical 
 development of the sequence is more nuanced. Its recognition evolved gradually, with generalized forms 
 appearing in the literature long before the adoption of its formal name. In recent decades, renewed interest 
 has been driven by explicit case studies and the wide range of applications in which the sequence naturally 
 arises. 
 The Leonardo sequence is notable not only for its mathematical elegance but also for its ability to 
 model systems that combine homogeneous recurrence dynamics with nonhomogeneous forcing terms. This 
 dual structure has made it a fertile subject for symbolic analysis, linking classical recurrence theory with 
 modern applications. Contemporary studies emphasize its algebraic richness, its capacity to encode subtle 
 interactions, and its relevance across both theoretical and applied domains. 
 From a pedagogical standpoint, the simplicity of its defining relation and the transparency of explicit 
 examples make the Leonardo sequence particularly suitable for teaching purposes. It offers students a clear 
 demonstration of how nonhomogeneous recurrences operate, while also serving as an accessible entry point 
 to advanced symbolic methods and resonance phenomena. In this respect, the sequence continues to function 
 both as a subject of scholarly investigation and as a valuable instructional resource (see, for example, [1, 2, 
 3, 5, 6, 10, 11, 20, 21, 22, 12, 13, 14, 15, 26, 27]). 
 To the best of our knowledge, the first systematic extension of the Leonardo numbers was carried out 
 by J. A. Jeske in a trilogy of papers published in fhe Fibonacci Quarterly during 1963–1964 (see [7, 8, 9]). 
 For a concise survey of contributions within fhe Fibonacci Quarterly and selected works beyond the journal 
 that advance the study of Leonardo-type recurrences, see [23, Section 5]. 
Let the third order nonhomogeneous linear recurrence relation, referred to as generalized Leonardo-type sequences, be given by

Wn = a1Wn—1 + a2Wn—2 + a3Wn—3 + p(n)	(1.1)
with initial conditions W0 = k0, W1 = k1, W2 = k2 where p(n) is the polynomial with degree s, with coefficients in s[x] or s:
sΣ

p(n) =	cini,
i=0
and the recurrence coefficients a1, a2, a3 are complex scalars or polynomials in s[x]. For more information on generalized Leonardo-type sequences, see Soykan [23] and [24].
Let the homogeneous relation corresponding to (1.1) be written as

Vn = a1Vn—1 + a2Vn—2 + a3Vn—3	(1.2)

with the same initial conditions as Wn, i.e.,

V0 = W0, V1 = W1, V2 = W2.

Suppose that 81, 82 and 83 are the roots of the characteristic equation

z3 — a1z2 — a2z — a3 = 0	(1.3)

of (1.2).
Note that if all the roots of (1.3) are equal to 1 then

z3 — a1z2 — a2z — a3 = (z — 1)3 = z3 — 3z2 + 3z — 1 = 0
so that a1 = 3, a2 = —3, a3 = 1 and (1.2) reduces to

Vn = 3Vn—1 — 3Vn—2 + Vn—3.

In earlier work, particular solutions to third-order nonhomogeneous linear recurrence relations (1.1) with polynomial inputs were obtained for s = 0, 1, 2, 3; see Soykan [25]. Building on those results, the present paper derives unified closed-form solutions by applying Theorem 1.1. Each recurrence is decomposed into homogeneous and particular components, the latter determined through an iterative coefficient scheme.
The analysis is organized by two parameters: the multiplicity r of 1 as a root of the characteristic equation (1.2), and the degree s of the polynomial p(n). Explicit formulas are obtained for all cases r = 0, 1, 2, 3 and s = 0, 1, 2, 3, clarifying how multiplicity and polynomial degree jointly shape the solution. While the general framework covers all multiplicities, in this paper we restrict to the non-resonant case r = 0, relevant to the examples of generalized Pell-Padovan, Jacobsthal-Padovan, and Narayana numbers. Accordingly, the theorem is stated in full detail only for r = 0, with the cases r = 1, 2, 3 obtainable analogously but not required here.
THEOREM 1.1.
(a) : [23, fheorem 7.7. (a)] fhe case r = 0, i.e., all three roots of the characteristic equation of (1.2) is distinct from 1.
fhe solution of (1.1) is given by

Wn(W0, W1, W2)  =  W (h) + W (p)
n	n
=  Vn(W0, W1, W2) — Vn(W (p), W (p), W (p)) + W (p)0
1
2
n


mhere W (h) = V (W , W , W ) — V (W (p), W (p), W (p)) is the solution of (1.2) and

n	n	0	1	2

n	0	1	2
s	s

W (p) = Σ Aini = A0 + Σ Ainin

i=0	i=1
is the particular solution of (1.1). For each 0 ≤ i ≤ s, Ai can be calculated mith the iteration

and
1An = —


	cs	
As = — a + a + a — 1 , for n = s1	2	3


Σ	 k s
a1 + a2 + a3 — 1
(cn —
(—1)h—n+1
h=n+1
(a1 +2h—na2 +3h—na3)Ah), for n = s — 1, s — 2, ..., 2, 1, 0.

n


Here


(p) 0W


=  A0,
sΣ


(p)W
=

1


(p) 2W
=


Ai,
i=0 sΣ

2iAi,
i=0


and

s	s
Vn(W (p), W (p), W (p)) =  Vn(A0, Σ Ai, Σ 2iAi)0
1
2

i=0
i=0

=   B1Vn(W0, W1, W2) + B2Vn—1(W0, W1, W2) + B3Vn—2(W0, W1, W2)


mhere



B = Y1 , B
1	A	2



= Y2 , B
A	3



= Y3
A

and
(p)
Y1 = (W 2 +a2W 2 +a1a3W 2 —2a1W1W2 —a2W0W2 +(a1a2 —a3)W0W1)W	+((a3 +a1a2)W 2 +2
1
1
0
2
1

a2a3W 2 — a2W1W2 — a3W0W2 + a2W0W1)W (p) + a3(a1W 2 + a3W 2 — W1W2 + a2W0W1)W (p)0
2
1
1
0
0

Y2 = ((a3 +a1a2)W 2 —a2W2W1 +(a2 —2a3a1)W0W1 +a3a2W 2 +2a3a1W0W1 —a3W0W2)W (p) +1
2
0
2

(a2W 2+2a3W1W2+a2W 2—(3a3+a1a2)W1W2—(a2—2a3a1)W0W2—a3a1W0W2)W (p)+(a3W 2—a3a22
3
0
2
1
2

W0W2 — a3a1W1W2 — a2W0W1)W (p)3
0

Y3 = a3(—W1W2+a1W 2+a2W0W1+a3W 2)W (p)+a3(W 2—a1W1W2—a2W0W2—a3W0W1)W (p)+

1
a3(a3W 2 — a3W0W2)W (p)1
0


0	2	2	1

A = W 3 + (a3 + a1a2)W 3 + a2W 3 — 2a1W1W 2 + (a2 — a2)W 2W2 — a2W0W 2 + a3a1W 2W2 +2
1
3
0
2
1
1
2
0

(a2 + a1a3)W0W 2 + 2a2a3W 2W1 + (—3a3 + a1a2)W0W1W2
2	1	0
i.e.,
Y1 = (W 2 + a2W 2 + a1a3W 2 — 2a1W1W2 — a2W0W2 + (a1a2 — a3)W0W1) Σs	2iAi + ((a3 +2
1
1
0
i=0

a1a2)W 2 + a2a3W 2 — a2W1W2 — a3W0W2 + a2W0W1) Σs	Ai + a3(a1W 2 + a3W 2 — W1W2 +1
a2W0W1)A0
0
2
i=0
1
0


Y2 = ((a3+a1a2)W 2—a2W2W1+(a2—2a3a1)W0W1+a3a2W 2+2a3a1W0W1—a3W0W2) Σs	2iAi+1
2
0
i=0

(a2W 2 + 2a3W1W2 + a2W 2 — (3a3 + a1a2)W1W2 — (a2 — 2a3a1)W0W2 — a3a1W0W2) Σs	Ai +2
3
0
2
i=0

(a3W 2 — a3a2W0W2 — a3a1W1W2 — a2W0W1)A02
3


Y3 = a3(—W1W2 + a1W 2 + a2W0W1 + a3W 2) Σs

2iAi + a3(W 2 — a1W1W2 — a2W0W2 —

a3W0W1) Σsi=0
1


1
Ai + a3(a3W 2 — a3W0W2)A0

0	i=0	2

A = W 3 + (a3 + a1a2)W 3 + a2W 3 — 2a1W1W 2 + (a2 — a2)W 2W2 — a2W0W 2 + a3a1W 2W2 +2
1
3
0
2
1
1
2
0

(a2 + a1a3)W0W 2 + 2a2a3W 2W1 + (—3a3 + a1a2)W0W1W22
1
0


In summary, the solution of (1.1) is given by
sΣ

Wn(W0, W1, W2) = (—B1 + 1)Vn(W0, W1, W2) — B2Vn—1(W0, W1, W2) — B3Vn—2(W0, W1, W2) +	Aini
i=0
(b) : fhe case r = 1, i.e., 1 is a simple root of the characteristic equation of (1.2). Its solution is obtained directly in analogy mith case (a).
(c) : fhe case r = 2, i.e., 1 is a double root of the characteristic equation of (1.2). fhe construction folloms the same method as case (a), mith multiplicity corrections applied.
(d) : fhe case r = 3, i.e., 1 is a triple root of the characteristic equation of (1.2). fhe solution is again derived analogously to case (a), adjusted for higher multiplicity.
Proof. The result follows by combining Theorem 5.5 (p. 104), Theorem 5.6 (pp. 104-105), and Theorem
3.1 (pp. 88-89) for the case m = 3, as established in Soykan [23]. In general, the theorem applies to all multiplicities r = 0, 1, 2, 3: the case r = 0 corresponds to the non-resonant situation where all three roots are distinct from 1, while r = 1, 2, 3 represent simple, double, or triple roots of 1 in the characteristic equation (1.2). Since this paper requires only the non-resonant case r = 0, where all three roots are distinct from 1, the explicit formulations for r = 1, 2, 3 are omitted. They can be constructed analogously to case (a) with multiplicity corrections, but are not required here. 
1.1. Discussion and Research Methodology.
The methodology adopted in this study extends the
framework of generalized Leonardo-type sequences to nonhomogeneous recurrences with polynomial inputs.


 The approach begins by decomposing each recurrence into homogeneous and particular components. The 
 homogeneous solution is governed by the characteristic polynomial, while the particular solution is con- 
 structed through an iterative coefficient scheme that depends on the degree of the input polynomial. This 
 dual structure ensures that the closed-form solution captures both the intrinsic dynamics of the recurrence 
 and the external influence of the forcing term. 
 The analysis is organized around two parameters: the multiplicity r of 1 as a root of the characteristic 
 equation, and the degree s of the polynomial input. Explicit formulas are derived for all cases r = 0, 1, 2, 3 
	and s = 0, 1, 2, 3, clarifying how resonance phenomena arise when repeated roots interact with polynomial

	forcing terms. In practice, the examples developed in this paper restrict attention to the non-resonant case

	r = 0, where all three roots are distinct from 1, thereby avoiding resonance corrections while still illustrating


 the general framework. 

1.2. Application of 1.1. Theorem 1.1 provides the general closed-form solution for third-order non- 
homogeneous linear recurrence relations with polynomial inputs. Its role in the paper is to serve as the
foundational tool for deriving explicit formulas in each example. Once the recurrence parameters (a1, a2, a3)


 and initial conditions (W0, W1, W2) are specified, Theorem 1.1 is applied to compute the particular solution 
 coefficients Ai and to combine them with the homogeneous solution. This procedure yields exact closed forms 
 for sequences such as the adjusted Pell-Padovan, Lucas-Pell, Fibonacci-Pell, Pell-Perrin, and Pell-Padovan 

 numbers. In particular, the case s = 3 demonstrates how the theorem generalizes earlier constructions with 
s = 0: the homogeneous dynamics reproduce the classical sequences, while the cubic input enriches the 
 particular solution. Thus, Theorem 1.1 functions as the unifying mechanism that connects the abstract 
 framework with concrete examples, ensuring both algebraic rigor and pedagogical clarity. 
 From a methodological perspective, the examples highlight the continuity of the framework across poly- 
 nomial degrees and initial conditions. They show how identical initial values can generate well-known classical 
 sequences in the homogeneous setting, while higher-degree inputs produce enriched particular solutions. This 
 constructive and comparative design strengthens the contribution of the study, providing a foundation for 
 further extensions to higher-order recurrences and non-polynomial inputs, as well as applications in discrete 
 mathematics, algorithm analysis, cryptography, and symbolic modeling in physics and biology. 

2. Examples: Closed-Form Solutions of Third Order nonhomogeneous Linear Recurrence
Relations

In the following subsection, we consider special cases of Theorem 1.1 (a) for the special third order nonhomogeneous linear recurrence relations.
2.1. Generalized Pell-Padovan Numbers. In this subsection, we consider the case a1 = 0, a2 = 2 and a3 = 1. A generalized Pell-Padovan sequence {Vn}n≥0 = {Vn(V0, V1, V2)}n≥0 is defined by the third-order recurrence relations
Vn = 2Vn—2 + Vn—3	(2.1)
with the initial values V0 = c0, V1 = c1, V2 = c2 not all being zero.
The sequence {Vn}n≥0 can be extended to negative subscripts by defining

V—n = —2V—(n—1) + V—(n—3)

for n = 1, 2, 3, .... Therefore, recurrence (2.1) holds for all integer n. For more details on the generalized Pell-Padovan numbers, see Soykan [17].
Binet formula of generalized padovan numbers can be given as

b1 n

b2βn

b3gn

Vn = (  — β)(  — g) + (β —  )(β — g) + (g —  )(g — β)
where

b1 = V2 — (β + g)V1 + βgV0, b2 = V2 — (  + g)V1 +  gV0, b3 = V2 — (  + β)V1 +  βV0.	(2.2)

Here,  , β and g are the roots of the cubic equation z3 — 2z — 1 = 0. Moreover
1 + √5
   =	,
2
β	=	1 — √5 ,
2
g	=  —1.

Now we define five special cases of the sequence {Vn}. Adjusted Pell-Padovan sequence {Mn}n≥0, third order Lucas-Pell sequence {Bn}n≥0 (OEIS: A099925, [16]), third order Fibonacci-Pell sequence {Gn}n≥0 (OEIS: A008346, [16]), Pell-Perrin sequence {Cn}n≥0, Pell-Padovan sequence{Rn}n≥0 (OEIS: A066983, [16]), are defined, respectively, by the third-order recurrence relations

	Mn+3
	=
	2Mn+1 + Mn,
	M0 = 0, M1 = 1, M2 = 0,
	(2.3)

	Bn+3
	=
	2Bn+1 + Bn,
	B0 = 3, B1 = 0, B2 = 4
	(2.4)

	Gn+3
	=
	2Gn+1 + Gn,
	G0 = 1, G1 = 0, G2 = 2,
	(2.5)

	Cn+3
	=
	2Cn+1 + Cn,
	C0 = 3, C1 = 0, C2 = 2,
	(2.6)

	Rn+3
	=
	2Rn+1 + Rn,
	R0 = 1, R1 = 1, R2 = 1.
	(2.7)



The sequences {Mn}n≥0, {Bn}n≥0, {Gn}n≥0, {Cn}n≥0 and {Rn}n≥0 can be extended to negative sub- scripts by defining

	M—n
	=
	—2M—(n—1) + M—(n—3),

	B—n
	=
	—2B—(n—1) + B—(n—3),

	G—n
	=
	—2G—(n—1) + G—(n—3),

	C—n
	=
	—2C—(n—1) + C—(n—3),

	R—n
	=
	—2R—(n—1) + R—(n—3),


for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.3)-(2.7) hold for all integer n.
Note that for all integers n, adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers can be expressed using Binet's formulas as

1
Mn	=
( — β)( — g)

 n+1 +	1
(β — )(β — g)

βn+1 +	1
(g — )(g — β)

gn+1

=  ( 1 —  1 √[image: ]	n	1	 1 √[image: ]	n	n2
10
5) 
+ (  +
2	10
5)β
— g
,

Bn	=   n + βn + gn,

Gn	=

1	n
√5 

1	n
— √5 β

+ gn,

3	n
Cn	= (2 — √5 ) 
1	n
Rn	= (1 — √5 ) 

3	n
+ (2 + √5 )β
1	n
+ (1 + √5 )β
· 
g ,

· g ,n
n


respectively, see Soykan [17] for more details.
Bn is the sequence A099925 in [16] associated with the relation

Bn = Gn + (—1)n

where Gn is Lucas sequence which is given as

Gn = Gn—1 + Gn—2 with G0 = 2 and G1 = 1.

Gn is the sequence A008346 in [16] associated with the relation

Gn = Fn + (—1)n

where Fn is Fibonacci sequence which is given as

Fn = Fn—1 + Fn—2 with F0 = 0 and F1 = 1.

Cn is not indexed in [16].
Rn is the sequence A066983 in [16] associated with the relation

Rn+2 = Rn+1 + Rn + (—1)n, with R1 = R2 = 1.


Since



we get



and



F—n = (—1)n+1Fn and G—n = (—1)nGn


G—n = (—1)n+1Gn + 1 + (—1)n = (—1)n(1 — Fn)


B—n = (—1)nBn — 1 + (—1)n = (—1)n(Gn + 1).


In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 2, a3 = 1,
W0	=  0, W1 = 1, W2 = 0,

so that we have the case Vn = Mn (adjusted Pell-Padovan numbers).

EXiMPLE 2.1. In this example, me consider the case a1 = 0, a2 = 2, a3 = 1, W0 = 0, W1 = 1, W2 = 0
in fheorem 1.1 (a). So Vn(0, 1, 0) = Vn represents nth adjusted Pell−Padovan number, i.e., Vn = Mn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c0

is given by
1	1	1	1
Wn(0, 1, 0) = 2 (c0 + 2) Mn + 2 c0Mn—1 + 2 c0Mn—2 — 2 c0.

(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c1n + c0

is given by

1	1	1
Wn(0, 1, 0) = 4 (2c0 + 9c1 + 4)Mn + 4 (2c0 + 11c1)Mn—1 + 4 (2c0 + 7c1)Mn—2 + A1n + A0

mhere

1
A1	=  — 2 c1,
1
A0	=  — 4 (2c0 + 7c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c2n2 + c1n + c0


is given by
Wn(0, 1, 0) = 1 (2c0 + 9c1 + 48c2 + 4) Mn+ 1 (2c0 + 11c1 + 68c2) Mn—1+ 1 (2c0 + 7c1 + 32c2) Mn—2+
		
4	4	4
A2n2 + A1n + A0
mhere

1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 7c2),
1
A0	= — 4 (2c0 + 7c1 + 32c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c3n3 + c2n2 + c1n + c0


is given by
Wn(0, 1, 0) = 1 (4c0 + 18c1 + 96c2 + 639c3 + 8) Mn + 1 (4c0 + 22c1 + 136c2 + 985c3) Mn—1 +
8	8
1 (4c0 + 14c1 + 64c2 + 401c3) Mn—2 + A3n3 + A2n2 + A1n + A08


mhere
1
A3	=  — 2 c3,
1
A2	=  — 4 (2c2 + 21c3),
1
A1	=  — 2 (c1 + 7c2 + 48c3),
1
A0	=  — 8 (4c0 + 14c1 + 64c2 + 401c3).
In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 2, a3 = 1,
W0	=  3, W1 = 0, W2 = 4,

so that we have the case Vn = Bn (third order Lucas-Pell numbers).

EXiMPLE 2.2. In this example, me consider the case a1 = 0, a2 = 2, a3 = 1, W0 = 3, W1 = 0, W2 = 4
in fheorem 1.1 (a). So Vn(3, 0, 4) = Vn represents nth third order Gucas−Pell number, i.e., Vn = Bn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c0


is given by
1


9	11	1

Wn(3, 0, 4) = — 10 (7c0 — 10) Bn + 10 c0Bn—1 + 10 c0Bn—2 — 2 c0.
(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c1n + c0

is given by
Wn(3, 0, 4) = —  1  (14c0 +29c1 — 20)Bn +  1  (18c0 +53c1)Bn—1 +  1  (22c0 +57c1)Bn—2 +A1n +A0

20
mhere

20	20


1
A1	=  — 2 c1,
1
A0	=  — 4 (2c0 + 7c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c2n2 + c1n + c0

is given by

Wn(3, 0, 4) = —  1  (14c0 + 29c1 + 32c2 — 20) Bn+  1  (18c0 + 53c1 + 184c2) Bn—1+  1  (22c0 + 57c1 + 156c2) Bn—2

20
A2n2 + A1n + A0
mhere

20	20





1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 7c2),
1

A0	= — 4 (2c0 + 7c1 + 32c2).
(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(3, 0, 4) = —  1  (28c0 +58c1 +64c2 — 437c3 — 40)Bn +  1  (36c0 +106c1 +368c2 +1771c3)Bn—1 +40
40

 1  (44c0 + 114c1 + 312c2 + 1059c3)Bn—2 + A3n3 + A2n2 + A1n + A040

mhere
1
A3	=  — 2 c3,
1
A2	=  — 4 (2c2 + 21c3),
1
A1	=  — 2 (c1 + 7c2 + 48c3),
1
A0	=  — 8 (4c0 + 14c1 + 64c2 + 401c3).
In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 2, a3 = 1,
W0	=  1, W1 = 0, W2 = 2,

so that we have the case Vn = Gn (third order Fibonacci-Pell numbers).

EXiMPLE 2.3. In this example, me consider the case a1 = 0, a2 = 2, a3 = 1, W0 = 1, W1 = 0, W2 = 2
in fheorem 1.1 (a). So Vn(1, 0, 2) = Vn represents nth third order Fibonacci−Pell number, i.e., Vn = Gn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c0

is given by
1	1	1	1
Wn(1, 0, 2) = 2 (c0 + 2)Gn + 2 c0Gn—1 — 2 c0Gn—2 — 2 c0.

(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c1n + c0

is given by

1	1	1
Wn(1, 0, 2) = 4 (2c0 + 7c1 + 4)Gn + 4 (2c0 + 9c1)Gn—1 — 4 (2c0 + 3c1)Gn—2 + A1n + A0

mhere

1
A1	=  — 2 c1,
1
A0	=  — 4 (2c0 + 7c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c2n2 + c1n + c0


is given by
Wn(1, 0, 2) = 1 (2c0 + 7c1 + 32c2 + 4)Gn + 1 (2c0 + 9c1 + 48c2)Gn—1 — 1 (2c0 + 3c1 — 4c2)Gn—2 +
4	4	4
A2n2 + A1n + A0
mhere

1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 7c2),
1
A0	= — 4 (2c0 + 7c1 + 32c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c3n3 + c2n2 + c1n + c0


is given by
Wn(1, 0, 2) = 1 (4c0 + 14c1 + 64c2 + 401c3 + 8)Gn + 1 (4c0 + 18c1 + 96c2 + 639c3)Gn—1 — 1 (4c0 +
		
8	8	8
6c1 — 8c2 — 183c3)Gn—2 + A3n3 + A2n2 + A1n + A0

mhere
1
A3	=  — 2 c3,
1
A2	=  — 4 (2c2 + 21c3),
1
A1	=  — 2 (c1 + 7c2 + 48c3),
1
A0	=  — 8 (4c0 + 14c1 + 64c2 + 401c3).
In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 2, a3 = 1,
W0	=  3, W1 = 0, W2 = 2,

so that we have the case Vn = Cn (Pell-Perrin numbers).

EXiMPLE 2.4. In this example, me consider the case a1 = 0, a2 = 2, a3 = 1, W0 = 3, W1 = 0, W2 = 2
in fheorem 1.1 (a). So Vn(3, 0, 2) = Vn represents nth Pell−Perrin number, i.e., Vn = Cn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c0


is given by
1


3	5	1

Wn(3, 0, 2) = 22 (13c0 + 22) Cn — 22 c0Cn—1 — 22 c0Cn—2 — 2 c0.
(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c1n + c0

is given by
1	1	5
Wn(3, 0, 2) = 44 (26c0 + 83c1 + 44)Cn — 44 (6c0 — 13c1)Cn—1 — 44 (2c0 + 3c1)Cn—2 + A1n + A0
mhere
1
A1	=  — 2 c1,
1
A0	=  — 4 (2c0 + 7c1).
(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c2n2 + c1n + c0

is given by
Wn(3, 0, 2) =  1  (26c0 + 83c1 + 320c2 + 44)Cn —  1  (6c0 — 13c1 — 224c2)Cn—1 —  1  (10c0 + 15c1 —
44	44	44
36c2)Cn—2 + A2n2 + A1n + A0
mhere
1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 7c2),
1
A0	= — 4 (2c0 + 7c1 + 32c2).
(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = 22Wn—2 + Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(3, 0, 2) =  1  (52c0 +166c1 +640c2 +3397c3 +88)Cn —  1  (12c0 —26c1 —448c2 —4139c3)Cn—1 —88
88

 1  (20c0 + 30c1 — 72c2 — 1347c3)Cn—2 + A3n3 + A2n2 + A1n + A088

mhere
1
A3	=  — 2 c3,
1
A2	=  — 4 (2c2 + 21c3),
1
A1	=  — 2 (c1 + 7c2 + 48c3),
1
A0	=  — 8 (4c0 + 14c1 + 64c2 + 401c3).
In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 2, a3 = 1,
W0	=  1, W1 = 1, W2 = 1,

so that we have the case Vn = Rn (Pell-Padovan numbers).

EXiMPLE 2.5. In this example, me consider the case a1 = 0, a2 = 2, a3 = 1, W0 = 1, W1 = 1, W2 = 1
in fheorem 1.1 (a). So Vn(1, 1, 1) = Vn represents nth Pell−Padovan number, i.e., Vn = Rn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = 2Wn—2 + Wn—3 + c0

is given by
1	1
Wn(1, 1, 1) = 2 (c0 + 2)Rn — 2 c0.

(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c1n + c0

is given by

1	3	1	1	1
Wn(1, 1, 1) = 4 (2c0 + 7c1 + 4) Rn + 4 c1Rn—1 + 4 c1Rn—2 — 2 c1n — 4 (2c0 + 7c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c2n2 + c1n + c0

is given by
Wn(1, 1, 1) = 1 (2c0+7c1+30c2+4)Rn+ 1 (3c1+28c2)Rn—1+ 1 (c1+10c2)Rn—2+A2n2+A1n+A0
4	4	4
mhere

1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 7c2),
1
A0	= — 4 (2c0 + 7c1 + 32c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(1, 1, 1) = 1 (4c0 + 14c1 + 60c2 + 347c3 + 8) Rn+ 1 (6c1 + 56c2 + 465c3) Rn—1+ 1 (2c1 + 20c2 + 173c3) Rn—2+
8	8	8
A3n3 + A2n2 + A1n + A0
mhere

1
A3	=  — 2 c3,
1
A2	=  — 4 (2c2 + 21c3),
1
A1	=  — 2 (c1 + 7c2 + 48c3),
1
A0	=  — 8 (4c0 + 14c1 + 64c2 + 401c3).

2.2. Generalized Pell-Padovan Numbers: Case a1 = 0, a2 = 2, a3 = 1 with s = 3. In this subsection, we examine the third-order nonhomogeneous recurrence relation within the Pell-Padovan family, focusing on the case where the input polynomial has degree s = 0.
When the input polynomial has degree s = 0, the recurrence relation acquires additional algebraic complexity, yet its closed-form solutions can still be obtained explicitly for various initial conditions. In fact, these constructions extend the earlier cases s = 0 presented in Examples 2.1-2.5, where the same initial values give rise to the adjusted Pell-Padovan, Lucas-Pell, Fibonacci-Pell, Pell-Perrin, and Pell-Padovan sequences. Thus, the present example should be viewed as a higher-degree analogue of those foundational cases. The polynomial forcing term interacts with the homogeneous Pell-Padovan dynamics to produce elegant closed forms, while the choice of initial conditions determines which classical sequence emerges. This illustrates both the continuity of the framework across different polynomial degrees and the central role of initial values in shaping the resulting family of sequences.
 EXiMPLE 2.6. Gonsider the nonhomogeneous linear recurrence relation

Wn = 2Wn—2 + Wn—3 — 4n3 + 2n2 + 5n + 1	(2.8)

mith arbitrary initial values W0, W1, W2.
(a) : fhe case W0 = 0, W1 = 1, W2 = 0, so that Vn(0, 1, 0) = Vn represents nth adjusted Pell−Padovan number, i.e., Vn = Mn. fhe closed−form solution of the sequence {Wn} defined by (2.8) is

1131
W (0, 1, 0) = —	Mn
4
n


1777
—	M4
n—1


701
—	M4
n—2


+ 2n3 + 20n2 + 173 n + 701 .


(b) : fhe case W0 = 3, W1 = 0, W2 = 4, so that Vn(3, 0, 4) = Vn represents nth third order Gucas−Pell number, i.e., Vn = Bn. fhe closed−form solution is2
4


1077
W (3, 0, 4) = —	Bn
20
n


2891
—	B20
n—1


1499
—	B20
n—2


+ 2n3 + 20n2 + 173 n + 701 .


(c) : fhe case W0 = 1, W1 = 0, W2 = 2, so that Vn(1, 0, 2) = Vn represents nth third order Fibonacci− Pell number, i.e., Vn = Gn. fhe closed−form solution is2
4
n—2


697
W (1, 0, 2) = —	Gn
4


1135
—	Gn
4


375
—	Gn—1
4


+ 2n3 + 20n2 + 173 n + 701 .


(d) : fhe case W0 = 3, W1 = 0, W2 = 2, so that Vn(3, 0, 2) = Vn represents nth Pell−Perrin number, i.e., Vn = Cn. fhe closed−form solution is2
4


5669
W (3, 0, 2) = —	Cn
44
n


7771
—	C44
n—1


2707
—	C44
n—2


+ 2n3 + 20n2 + 173 n + 701 .


(e) : fhe case W0 = 1, W1 = 1, W2 = 1, so that Vn(1, 1, 1) = Vn represents nth Pell−Padovan number, i.e., Vn = Rn. fhe closed−form solution is2
4
n—2
2
4


593
W (1, 1, 1) = —	Rn
4


859
—	Rn
4


321
—	Rn—1
4


+ 2n3 + 20n2 + 173 n + 701 .

2.3. Generalized Jacobsthal-Padovan Numbers. In this subsection, we consider the case a1 = 0, a2 = 1 and a3 = 2. A generalized Jacobsthal-Padovan sequence {Vn}n≥0 = {Vn(V0, V1, V2)}n≥0 is defined by the third-order recurrence relations
Vn = Vn—2 + 2Vn—3	(2.9)

with the initial values V0 = c0, V1 = c1, V2 = c2 not all being zero.
The sequence {Vn}n≥0 can be extended to negative subscripts by defining
1	1
V—n = — 2 V—(n—1) + 2 V—(n—3)

for n = 1, 2, 3, .... Therefore, recurrence (2.9) holds for all integer n. For more information on Jacobsthal- Padovan sequence, see Soykan [18].
Binet formula of generalized Jacobsthal-Padovan numbers can be given as


b1 n

b2βn

b3gn

Vn = (  — β)(  — g) + (β —  )(β — g) + (g —  )(g — β)

	where
	

	
	
b1
	=
	V2 — (β + g)V1 + βgV0,
	(2.10)

	
	b2
	=
	V2 — (  + g)V1 +  gV0,
	(2.11)

	
	b3
	=
	V2 — (  + β)V1 +  βV0.
	(2.12)


Here,  , β and g are the roots of the cubic equation

z3 — z — 2 = 0.


Moreover


   =	s3 1 + √78 + s3 1 — √78 ' 1. 521379706804568,9
9


β	= cs3 1 + √78 + c2 s3 1 — √78 ,9
9

g	= c2 s3 1 + √78 + cs3 1 — √78 ,9
9



where


c = —1 + i√3 = exp(2πi/3).
2

Adjusted Jacobsthal-Padovan sequence {Kn}n≥0 (OEIS: A159287, [16]), Jacobsthal-Perrin (Jacobsthal- Perrin-Lucas) sequence {Gn}n≥0 (OEIS: A072328, [16]), Jacobsthal-Padovan sequence {Qn}n≥0 (OEIS:

A159284, [16]) are defined, respectively, by the third-order recurrence relations

	Kn+3
	=
	Kn+1 + 2Kn,
	K0 = 0, K1 = 1, K2 = 0,
	(2.13)

	Gn+3
	=
	Gn+1 + 2Gn,
	G0 = 3, G1 = 0, G2 = 2,
	(2.14)

	Qn+3
	=
	Qn+1 + 2Qn,
	Q0 = 1, Q1 = 1, Q2 = 1.
	(2.15)



The sequences {Kn}n≥0, {Gn}n≥0, and {Qn}n≥0 can be extended to negative subscripts by defining
1	1
K—n	=  — 2 K—(n—1) + 2 K—(n—3),
1	1
G—n	=  — 2 G—(n—1) + 2 G—(n—3),
1	1
Q—n	= — 2 Q—(n—1) + 2 Q—(n—3),
for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.13)-(2.15) hold for all integer n.
Note that for all integers n, adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan numbers can be expressed using Binet's formulas as

1
Kn	=
( — β)( — g)

 n+1 +	1
(β — )(β — g)

βn+1 +	1
(g — )(g — β)

gn+1,

Gn	=   n + βn + gn,

(  + 1)
Qn	=
( — β)( — g)

 n+1 +	(β + 1)
(β — )(β — g)

βn+1 +	(g + 1)
(g — )(g — β)


gn+1,

respectively, see Soykan [18] for more details.
In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 1, a3 = 2,
W0	=  0, W1 = 1, W2 = 0,

so that we have the case Vn = Kn (adjusted Jacobsthal-Padovan numbers).

EXiMPLE 2.7. In this example, me consider the case a1 = 0, a2 = 1, a3 = 2, W0 = 0, W1 = 1, W2 = 0 in fheorem 1.1 (a). So Vn(0, 1, 0) = Vn represents nth adjusted Jacobsthal−Padovan number, i.e., Vn = Kn. (a): fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho−
mogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c0

is given by
1	1	1
Wn(0, 1, 0) = 2 (c0 + 2) Kn + 2 c0Kn—1 + c0Kn—2 — 2 c0.
(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = Wn—2 + 2Wn—3 + c1n + c0

is given by

1	1
Wn(0, 1, 0) = 2 (c0 + 5c1 + 2) Kn + 2 (c0 + 6c1) Kn—1 + (c0 + 4c1)Kn—2 + A1n + A0

mhere

1
A1	=  — 2 c1,
1
A0	= — 2 (c0 + 4c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c2n2 + c1n + c0

is given by
Wn(0, 1, 0) = 1 (c0 + 5c1 + 30c2 + 2) Kn + 1 (c0 + 6c1 + 41c2) Kn—1 + (c0 + 4c1 + 21c2)Kn—2 +
2	2
A2n2 + A1n + A0
mhere

1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 8c2),
1
A0	=  — 2 (c0 + 4c1 + 21c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(0, 1, 0) = 1 (c0 + 5c1 + 30c2 + 227c3 + 2) Kn + 1 (c0 + 6c1 + 41c2 + 333c3) Kn—1 + (c0 +
2	2
4c1 + 21c2 + 151c3)Kn—2 + A3n3 + A2n2 + A1n + A0
mhere

1
A3	=  — 2 c3,
1
A2	=  — 2 (c2 + 12c3),
1
A1	=  — 2 (c1 + 8c2 + 63c3),
1
A0	= — 2 (c0 + 4c1 + 21c2 + 151c3).

In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 1, a3 = 2,
W0	=  3, W1 = 0, W2 = 2,

so that we have the case Vn = Gn (Jacobsthal-Padovan numbers).

EXiMPLE 2.8. In this example, me consider the case a1 = 0, a2 = 1, a3 = 2, W0 = 3, W1 = 0, W2 = 2
in fheorem 1.1 (a). So Vn(3, 0, 2) = Vn represents nth Jacobsthal−Padovan number, i.e., Vn = Gn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c0


is given by

1	9	1	1
Wn(3, 0, 2) = 26 (5c0 + 26)Gn + 52 c0Gn—1 + 26 c0Gn—2 — 2 c0.

(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c1n + c0

is given by

1	1	1
Wn(3, 0, 2) = 104 (20c0 + 81c1 + 104)Gn + 104 (18c0 + 95c1)Gn—1 + 52 (2c0 + 25c1)Gn—2 + A1n + A0

mhere

1
A1	=  — 2 c1,
1
A0	= — 2 (c0 + 4c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c2n2 + c1n + c0

is given by
Wn(3, 0, 2) =  1  (20c0 + 81c1 + 427c2 + 104)Gn +  1  (18c0 + 95c1 + 591c2)Gn—1 +  1  (2c0 +

104
25c1 + 213c2)Gn—2 + A2n2 + A1n + A0

104	52

mhere
1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 8c2),
1
A0	=  — 2 (c0 + 4c1 + 21c2).
(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(3, 0, 2) =  1  (20c0 + 81c1 + 427c2 + 3066c3 + 104) Gn+  1  (18c0 + 95c1 + 591c2 + 4556c3) Gn—1+
104	104
 1  (2c0 + 25c1 + 213c2 + 1864c3) Gn—2 + A3n3 + A2n2 + A1n + A052

mhere
1
A3	=  — 2 c3,
1
A2	=  — 2 (c2 + 12c3),
1
A1	=  — 2 (c1 + 8c2 + 63c3),
1
A0	= — 2 (c0 + 4c1 + 21c2 + 151c3).

In the following Example, we consider Theorem 1.1 (a) for

a1	=  0, a2 = 1, a3 = 2,
W0	=  1, W1 = 1, W2 = 1,

so that we have the case Vn = Qn (Jacobsthal-Padovan numbers).

EXiMPLE 2.9. In this example, me consider the case a1 = 0, a2 = 1, a3 = 2, W0 = 1, W1 = 1, W2 = 1
in fheorem 1.1 (a). So Vn(1, 1, 1) = Vn represents nth Jacobsthal−Padovan number, i.e., Vn = Qn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—1 + 2Wn—2 + a3Wn—3 + c0

is given by
1	1
Wn(1, 1, 1) = 2 (c0 + 2)Qn — 2 c0.

(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c1n + c0

is given by


1	3	1	1	1
Wn(1, 1, 1) = 4 (2c0 + 7c1 + 4) Qn + 4 c1Qn—1 + 2 c1Qn—2 — 2 c1n — 2 (c0 + 4c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c2n2 + c1n + c0

is given by
Wn(1, 1, 1) = 1 (2c0+7c1+31c2+4)Qn+ 1 (3c1+29c2)Qn—1+ 1 (c1+11c2)Qn—2+A2n2+A1n+A0
4	4	2
mhere

1
A2	=  — 2 c2,
1
A1	=  — 2 (c1 + 8c2),
1
A0	=  — 2 (c0 + 4c1 + 21c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—2 + 2Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(1, 1, 1) = 1 (2c0 + 7c1 + 31c2 + 196c3 + 4)Qn + 1 (3c1 + 29c2 + 258c3)Qn—1 + 1 (c1 + 11c2 +
		
4	4	2
106c3)Qn—2 + A3n3 + A2n2 + A1n + A0
mhere

1
A3	=  — 2 c3,
1
A2	=  — 2 (c2 + 12c3),
1
A1	=  — 2 (c1 + 8c2 + 63c3),
1
A0	= — 2 (c0 + 4c1 + 21c2 + 151c3).

2.4. Generalized Narayana Numbers. In this subsection, we consider the case a1 = 1, a2 = 0 and a3 = 1. A generalized Narayana sequence {Vn}n≥0 = {Vn(V0, V1, V2)}n≥0 is defined by the third-order recurrence relations
Vn = Vn—1 + Vn—3	(2.16)

with the initial values V0 = c0, V1 = c1, V2 = c2 not all being zero.
The sequence {Vn}n≥0 can be extended to negative subscripts by defining

V—n = —V—(n—2) + V—(n—3)

for n = 1, 2, 3, .... Therefore, recurrence (2.16) holds for all integer n. For more information on Narayana sequence, see Soykan [19].
Binet formula of generalized Narayana numbers can be given as


b1 n


b2βn


b3gn



where

Vn = (  — β)(  — g) + (β —  )(β — g) + (g —  )(g — β)


b1 = V2 — (β + g)V1 + βgV0, b2 = V2 — (  + g)V1 +  gV0, b3 = V2 — (  + β)V1 +  βV0.	(2.17)


Here,  , β and g are the roots of the cubic equation z3 — z2 — 1 = 0.
Moreover
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where

c = —1 + i√3 = exp(2πi/3).
2

Narayana sequence{Nn}n≥0 (OEIS: A000930, [16]) and Narayana-Lucas sequence {Un}n≥0 (OEIS: A001609, [16]) are defined, respectively, by the third-order recurrence relations

	Nn+3
	=  Nn+2 + Nn,
	N0 = 0, N1 = 1, N2 = 1,
	(2.18)

	Un+3
	=  Un+2 + Un,
	U0 = 3, U1 = 1, U2 = 1.
	(2.19)



The sequences {Nn}n≥0 and {Un}n≥0 can be extended to negative subscripts by defining

	N—n
	=
	—N—(n—2) + N—(n—3),

	U—n
	=
	—U—(n—2) + U—(n—3),



for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.18)- (2.19) hold for all integer n. For more information on generalized Narayana numbers, see Soykan [19].
Binet's formulas of Narayana and Narayana-Lucas numbers, respectively, are


 n+1

βn+1

gn+1

Nn	=

+	+	,
( — β)( — g)	(β — )(β — g)	(g — )(g — β)

Un	=   n + βn + gn.

In the following Example, we consider Theorem 1.1 (a) for

a1	=  1, a2 = 0, a3 = 1,
W0	=  0, W1 = 1, W2 = 1,

so that we have the case Vn = Nn (Narayana numbers).

EXiMPLE 2.10. In this example, me consider the case a1 = 1, a2 = 0, a3 = 1, 0, W1 = 1, W2 = 1 in fheorem 1.1 (a). So Vn(0, 1, 1) = Vn represents nth Narayana number, i.e., Vn = Nn.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—1 + Wn—3 + c0


is given by



Wn(0, 1, 1) = (c0 + 1)Nn + c0Nn—2 — c0.


(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—1 + Wn—3 + c1n + c0

is given by

Wn(0, 1, 1) = (c0 + 5c1 + 1)Nn + c1Nn—1 + (c0 + 4c1)Nn—2 — c1n — (c0 + 4c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—1 + Wn—3 + c2n2 + c1n + c0

is given by

Wn(0, 1, 1) = (c0 + 5c1 + 31c2 + 1)Nn + (c1 + 11c2)Nn—1 + (c0 + 4c1 + 22c2)Nn—2 + A2n2 + A1n + A0

mhere

A2	=  —c2,
A1	=  —(c1 + 8c2),
A0	=  —(c0 + 4c1 + 22c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = Wn—1 + Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(0, 1, 1) = (c0 + 5c1 + 31c2 + 251c3 + 1)Nn + (c1 + 11c2 + 109c3)Nn—1 + (c0 + 4c1 + 22c2 + 172c3)Nn—2 + A3n3 + A2n2 + A1n + A0
mhere

A3	=  —c3,
A2	=  —(c2 + 12c3),
A1	=  —(c1 + 8c2 + 66c3),
A0	=  —(c0 + 4c1 + 22c2 + 172c3).

In the following Example, we consider Theorem 1.1 (a) for

a1	=  1, a2 = 0, a3 = 1,
W0	=  3, W1 = 1, W2 = 1,

so that we have the case Vn = Un (Narayana-Lucas numbers).

EXiMPLE 2.11. In this example, me consider the case a1 = 1, a2 = 0, a3 = 1, W0 = 3, W1 = 1, W2 = 1
in fheorem 1.1 (a). So Vn(3, 1, 1) = Vn represents nth Narayana−Gucas number, i.e., Vn = Un.
(a) : fhe case s = 0. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation
Wn = Wn—1 + Wn—3 + c0

is given by
1	6	4
Wn(3, 1, 1) = 31 (13c0 + 31) Un + 31 c0Un—1 + 31 c0Un—2 — c0.
(b) : fhe case s = 1. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation
Wn = Wn—1 + Wn—3 + c1n + c0

is given by

1	1	1
Wn(3, 1, 1) = 31 (13c0 + 62c1 + 31) Un + 31 (6c0 + 31c1) Un—1 + 31 (4c0 + 31c1) Un—2 + A1n + A0

mhere

A1	=  —c1,
A0	=  —(c0 + 4c1).

(c) : fhe case s = 2. fhe solution (the closed−form solution) of the sequence {Wn} defined by nonho− mogeneous linear recurrence relation

Wn = Wn—1 + Wn—3 + c2n2 + c1n + c0

is given by
Wn(3, 1, 1) =  1  (13c0 + 62c1 + 388c2 + 31)Un +  1  (6c0 + 31c1 + 191c2)Un—1 +  1  (4c0 + 31c1 +
31	31	31
241c2)Un—2 + A2n2 + A1n + A0
mhere

A2	=  —c2,
A1	=  —(c1 + 8c2),
A0	=  —(c0 + 4c1 + 22c2).

(d) : fhe case s = 3. fhe solution (the closed−form solution) of the sequence {Wn} defined by non− homogeneous linear recurrence relation

Wn = Wn—1 + Wn—3 + c3n3 + c2n2 + c1n + c0

is given by
Wn(3, 1, 1) =  1  (13c0 + 62c1 + 388c2 + 3206c3 + 31) Un+  1  (6c0 + 31c1 + 191c2 + 1525c3) Un—1+
31	31
 1  (4c0 + 31c1 + 241c2 + 2143c3) Un—2 + A3n3 + A2n2 + A1n + A031

mhere

A3	=  —c3,
A2	=  —(c2 + 12c3),
A1	=  —(c1 + 8c2 + 66c3),
A0	=  —(c0 + 4c1 + 22c2 + 172c3).

 Conclusion 

This study has established closed-form expressions for third-order nonhomogeneous linear recurrence relations, referred to as generalized Leonardo-type sequences, in the setting where the input function p(n) is a polynomial. The analysis was organized according to the multiplicity r = 0, 1, 2, 3 of 1 as a root of the characteristic equation, and for each multiplicity explicit solutions were derived for polynomial inputs of degree s = 0, 1, 2, 3. These formulas demonstrate how root multiplicity and polynomial degree jointly determine the structure of the particular solution, while the homogeneous component remains governed by the same recurrence relation. In the examples presented—generalized Pell-Padovan, Jacobsthal-Padovan, and Narayana families—we concentrated on the non-resonant case r = 0, where all three roots are distinct from 1. This choice highlights how classical integer sequences naturally appear as homogeneous counterparts within the unified framework.
Beyond their theoretical contribution, the examples possess both pedagogical and practical significance. For teaching, they provide accessible cases that allow students to explore nonhomogeneous recurrences with polynomial inputs of varying degrees without excessive computation. For research, they supply resonance- aware formulas and explicit derivations that can be adapted to new problems in mathematics, computer science, engineering, and physics. In this way, the results strengthen both instructional practice and applied investigation, enhancing the originality and reach of the manuscript across multiple domains.
The unified framework for generalized Leonardo-type sequences consolidates recurrence theory while opening pathways for innovation in modern applications. By presenting resonance-aware formulas and ex- plicit derivations, the method can be adapted to optimization problems in diverse areas such as transporta- tion, coding theory, miniaturization technologies, and discrete modeling. Thus, the manuscript contributes simultaneously to advancing mathematical theory and to supporting interdisciplinary research.
Closed-form solutions are particularly valuable because they provide exact predictability for complex systems, eliminating the computational costs of iterative evaluation. The framework developed here extends recurrence theory, clarifies resonance phenomena, and offers tools that are highly relevant for algorithm analysis, numerical modeling, and optimization problems where efficiency and precision are essential. In this way, the study strengthens the foundation for interdisciplinary research while enhancing accessibility for teaching and applied problem-solving.
At the same time, the iterative scheme introduced in this paper yields explicit polynomial-type partic- ular solutions, but its scope is currently limited to polynomial inputs. Extending the framework to accom- modate non-polynomial functions—such as trigonometric or other analytic inputs—would require further methodological refinements and may introduce new resonance phenomena. Moreover, while the approach successfully clarifies the role of root multiplicity and resonance corrections, the computational complexity increases rapidly with higher-order recurrences. This suggests that practical implementation for advanced cases will benefit from integration with computer algebra systems or symbolic computation platforms. In

this respect, the current framework provides a solid foundation while pointing toward natural directions for further generalization and computational support.
Finally, the methodology opens promising avenues for future research. It can be incorporated into symbolic computation platforms, applied to verify classical identities in recurrence theory, and extended to interdisciplinary contexts such as cryptography, coding theory, and discrete modeling in physics and biology. By acknowledging current limitations while outlining directions for extension, the study offers a balanced perspective: consolidating the contribution of the present results while pointing toward further exploration and development.
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