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Abstract. The objective of this study is to derive explicit closed-form solutions for second-order
nonhomogeneous linear recurrence relations with polynomial inputs, formulated as generalized Leonardo-
type sequences. A central aspect of the framework is the multiplicity parameter r, which measures the
occurrence of the root 1 in the characteristic equation. This parameter determines whether the recurrence
falls into the non-resonant case (r = 0, no root equal to 1) or the resonant case (r = 1, unity as a simple
root), with corresponding adjustments in the construction of particular solutions.

Within this setting, we highlight two principal families: the generalized Jacobsthal sequences, where the
characteristic roots are {2, —1} and thus » = 0, and the generalized Mersenne sequences, where the roots
are {2,1} and hence r = 1. In both cases, closed-form solutions are obtained under polynomial inputs of
degrees s =0,1,2,3,4,5,6,7, covering constant through septic forcing terms. These results clarify how root
multiplicity and polynomial degree jointly shape the explicit formulas, while the homogeneous counterparts
(Jacobsthal, Jacobsthal-Lucas, Mersenne, and Mersenne—Lucas sequences) emerge naturally when the input
polynomial is suppressed.

The study thus provides a unified framework that connects classical integer sequences with their non-
homogeneous extensions, offering resonance-aware closed forms that are both theoretically significant and
pedagogically accessible.
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2 YUKSEL SOYKAN
1. Introduction

Recurrence relations have long formed a cornerstone of mathematics, extending their reach into physics,
engineering, architecture, biology, computer science, and even artistic inquiry. Though their definitions often
appear elementary, they conceal remarkable depth, modeling processes of growth, oscillation, and symbolic
construction. Classical second-order families—most prominently the Fibonacci, Lucas, Pell, and Jacobsthal
sequences—remain enduring exemplars of this tradition.

The framework, however, extends far beyond second-order cases. Higher-order recurrence sequences
enrich both theory and practice, broadening the classical foundation while uncovering intricate algebraic and
analytic structures. The Tribonacci (third-order), Tetranacci (fourth-order), and Pentanacci (fifth-order)
sequences illustrate this expansion, each governed by characteristic polynomials whose root configurations
determine closed-form formulas. Homogeneous recurrences emphasize the interplay between characteristic
polynomials and root multiplicities, while nonhomogeneous forms introduce symbolic terms that interact with
root structures to produce resonance phenomena. Collectively, these families establish a coherent framework
that unites classical recurrence identities with the evolving discipline of symbolic recurrence theory.

This work aims to present closed-form solutions for second-order nonhomogeneous linear recurrence
relations, expressed as generalized Leonardo-type sequences with polynomial inputs. In this setting, the
homogeneous counterparts arise naturally when the input term p(n) is removed, leading to generalized
Fibonacci-type sequences. Our study focuses on several classical examples, most notably the Jacobsthal and
Jacobsthal-Lucas sequences, together with the Mersenne and Mersenne—Lucas families, each representing a
distinct case within recurrence theory.

The classical Leonardo numbers are introduced through the non-homogeneous recurrence relation

ln=lp 1+l o+1, n>2,

with initial conditions Iy = 1 and [; = 1.

The historical background of the Leonardo sequence is somewhat elusive. Its evolution appears to
have unfolded gradually: extensions and generalizations were examined before the sequence itself acquired
a formal designation, and its modern resurgence has been closely linked to the study of special cases and
their applications. Over the years, the Leonardo sequence has drawn renewed interest, not only for its
inherent mathematical appeal but also for its versatility in modeling hybrid recurrence systems that blend
homogeneous dynamics with non-homogeneous inputs. This dual character has made it a rich subject for
symbolic investigation, connecting classical recurrence theory with contemporary applications.

From a pedagogical perspective, the simplicity of its defining recurrence and the availability of explicit
examples render the Leonardo sequence particularly suitable for teaching materials. It offers students a
clear demonstration of how non-homogeneous recurrence relations function, while simultaneously opening

the door to advanced symbolic techniques and resonance phenomena. Thus, the Leonardo sequence serves


yukse
Highlight


CLOSED-FORM SOLUTIONS OF SECOND-ORDER LEONARDO-TYPE SEQUENCES 3

both as a continuing topic of scholarly research and as a valuable instructional resource (see, for example,
[1, 2, 3, 5, 6, 10, 11, 19, 20, 21, 12, 15, 16, 17, 13, 14]).

To the best of our knowledge, the first systematic extension of the Leonardo numbers was undertaken
by J. A. Jeske in a trilogy of papers published in The Fibonacci Quarterly during 1963-1964 (see [7, 8, 9]).
For a concise literature review, particularly from The Fibonacci Quarterly, as well as an overview of selected
contributions outside the journal that advance the study of Leonardo-type recurrence relations, see Soykan
[22, Section 5].

Let the second order nonhomogeneous linear recurrence relation be given by
Wop=a1Wyn_1+ asW,_o +p(n) (1.1)

with initial conditions Wy = ug, Wi = w; where p(n) is the polynomial with degree s, with coefficients in

Clz] or C:
p(n) = Z e;nt
i=0

and the recurrence coefficients a1, as are complex scalars or polynomials in Clx].

By a homogeneous counterpart we refer to the classical recurrence sequence that emerges once the non-
homogeneous input term p(n) is suppressed. In other words, the homogeneous case corresponds to the
underlying recurrence relation stripped of external forcing, thereby revealing its intrinsic dynamics. For
instance, within the generalized Jacobsthal family, the introduction of a polynomial input p(n) produces
a non-homogeneous extension; however, setting p(n) = 0 recovers the standard Jacobsthal sequence in
its familiar form. Likewise, the generalized Mersenne constructions admit homogeneous reductions: when
the non-homogeneous component is removed, one obtains the classical Mersenne sequence together with
its Lucas-type analogue. This perspective highlights the structural role of homogeneous counterparts as the
foundational archetypes upon which non-homogeneous generalizations are built. The homogeneous sequences
serve as the baseline models, while the non-homogeneous variants enrich the theory by incorporating symbolic
inputs and resonance phenomena. Thus, the relationship between homogeneous and non-homogeneous forms
is not merely technical but conceptual, illustrating how classical integer sequences can be extended into
broader families without losing their essential identity.

A sequence {W,, },>0 defined by (1.1) is called a generalized Leonardo-type sequence with input function
p(n). For more information on generalized Leonardo-type sequences, see Soykan [23] and [22].

Let the homogeneous relation corresponding to (1.1) be written as
Vi =a1Vy—1+ asVy_o (12)
with the same initial conditions as W, i.e.,

Vo = Wo, V1 = Wi
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4 YUKSEL SOYKAN

Suppose that ¢; and 62 are the roots of the characteristic equation of (1.2)
22 — a1z —ay =0, (1.3)

of (1.2).
Note that if all the roots of (1.3) are equal to 1 then

P2 —az—ay=(2-1)7=22-224+1=0
so that a1 = 2, as = —1 and (1.2) reduces to
Vo =2V, — Voo, (1.4)

In earlier work, particular solutions of second-order nonhomogeneous recurrences (1.1) with polynomial
inputs were obtained for degrees s = 0,1,2,3,4,5,6,7; see Soykan [24]. Here, we extend those results
to unified closed-form solutions by applying Theorem 1.1. Each recurrence is expressed as the sum of its
homogeneous and particular components, with the particular solution determined through iterative coefficient
relations. The framework is organized by two parameters: the multiplicity r of 1 as a root of the characteristic
equation (1.3), and the polynomial degree s. Explicit formulas are obtained for all cases » = 0,1,2 and
s = 0,1,2,3,4,5,6,7, showing how resonance and multiplicity corrections arise. Since our examples—
generalized Jacobsthal numbers (r = 0) and Mersenne numbers (r = 1)—fall into these categories, we
present the theorem in detail only for + = 0 and r = 1, noting that the double root case r = 2 can be derived

analogously.

THEOREM 1.1.

(a): [22, Theorem 7.6. (a)] The case r =0, i.e., all two roots of the characteristic equation of (1.3)

is distinct from 1. The solution of (1.1) is given by

W,(Wo, W) = WM 4 w»

= Va(Wo, W1) = Vu(W", WP)) + WP
where WA = Vo (Wo, W1) — Vn(Wép), Wl(p)) is the solution of (1.2) and
W,Sp) = ZAZHZ = Ao + ZA[ILI
=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

Aszfcis, forn=s
a1 +as—1
and
A z—;(c - i (—1)k=—ntl K (a1 + 2" "ay)Ag), forn=s—1,5s—2,..,2,1,0
n a/1+a2_1 n n 9 ) y e ) ) *

k=n-+1



CLOSED-FORM SOLUTIONS OF SECOND-ORDER LEONARDO-TYPE SEQUENCES
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Here
W(Ep) — AOa
Wl(p) = ZAi’
i=0
and
Va(WeP W) = V(40,3 Ay)
i=0

(W1 — a1 Wo) 7 Ai — aaWo Ag
- i= V., (Wo, W
W12 — G/QW(? — a1W0W1 ( 0 1) +
Wo Y i o Ai — AgWh

B W12 — CLQW02 — a1WoW1

—aa(Wo Y_i_y Ai — AgWh)
W12 — GQWOQ — CL1WQW1
WiYi o Ai — (Woaz + Wiay) Ag

le — QQV‘/(? — CL1W()W1

Va1 (Wo, Wh)

Vo1 (Wo, W1) +

Vi (Wo, W1).

In summary, the solution of (1.1) is given by

(Wh — a1 Wo) >0 Ai — aaWo Ay
W12 - GQWOz — ayWoWy

a2(W0 Zfzo A — A0W1)
W12 — GQW02 — a1W0W1

W (Wo, W1) = <_ Voot (Wo, W)+ Ain’

+ 1) Vn<Wo, Wl)-‘r
1=0

i.e.,

o Yoi_oAi — (Woas + Wiar) A
W12 - a2W02 - G1W0W1

W, S A — AW
W, (Wo, Wh) = 020 o1

= Vi1 (Wo, W-
W2~ a,W2 — ayWoll n+1(Wo, 1)+<

2+ 1> Vo (Wo, Wh)+>_ Aim’
=0

(b): The case r =1, i.e., 1 is a simple root of the characteristic equation of (1.3). The solution of
(1.1) is given by
W,(Wo, W1) = WM+ wp

= Vo(Wo, W) = Vo (WP, W) 4 wip)

where WA = Vo (Wo, Wy) — Vn(Wép), Wl(p)) is the solution of (1.2) and

W — g Z A = n(Ag + Z An')

=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

Ay = (=) Cs = Cs , forn=s
(=1) (23:1 jaj)(sil) (a1 +2a2)(s+1) f
and
1 2 (k1 .
A, = TSI (cn — Z (—1)* +2( " )(a1 + 2P )AL, forn=s—1,5—2,...,2,1,0.
k=n+1
Here

W = o,

Wl(p) — Z 141,7
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and
Va(WP WPy = (0,3 4y)

(W1 —a1Wo) Y7o A
= = Vo (Wo, W1
W12 — UQWOQ — 0,1WOW1 ( 0 1) +

WOZioAi
= - i= Vi1 (Wo, W
W2 — a;W2 — ayWoW, w1 (Wo, W) +

—asWo 0 o A;
le — CLQW(? — CL1WOW1

Wy 30 A
i= V, (Wo, W).
W2 — a;We — ayWoW, (Wo, W1)

anl(VV()v Wl)

In summary, the solution of (1.1) is given by

(W1 — CL1W0) Z{;—O Ai ax Wy Z?—O Al - i

n ) =\ = 1 n ’ = n— ) Az !

W (Wo, W1) < W W? e, L)V (Wo. W)+ 77— AT ERTATAL 1 (Wo W1)+n; n
i.e.,

Wi (W, aW = =0 Va W, aW - = 1) Vo (W, 7W Ai !

(Wo. W) = =g — iy 2 V0 1)+< WE— g —awow; ) I)Mi; '

(c): The case r =2, i.e., 1 is a double root of the characteristic equation of (1.3). The construction

follows the same method as in case (a) and (b), with appropriate multiplicity corrections.

Proof. The solution is obtained by combining Theorem 5.5 (p. 104), Theorem 5.6 (pp. 104-105), and
Theorem 3.1 (pp. 88-89) for m = 2, as presented in Soykan [22]. In general, the theorem applies to all
multiplicities 7 = 0,1,2: the case r = 0 corresponds to the non-resonant situation where both roots are
distinct from 1, while » = 1 and r = 2 represent simple and double roots of 1 in the characteristic equation
(1.3). Since our applications involve only the non-resonant case r = 0 and the simple root case r = 1, the
double root case r = 2 is omitted. It can be obtained in the same manner with multiplicity adjustments,

but is not needed for the examples considered here.

2. Examples: Closed-Form Solutions of Second Order nonhomogeneous Linear Recurrence

Relations

In this section, we present illustrative applications of Theorem 1.1 to selected second-order nonhomoge-
neous recurrence relations. Two distinct situations arise depending on the multiplicity of the root 1 in the

characteristic equation (1.3). For the generalized Jacobsthal family, the characteristic polynomial
22—2-2=0

has roots {2, —1}, neither equal to unity. Hence, the non-resonant case r = 0 applies, and Theorem 1.1
(a) yields the closed-form solutions. By contrast, in the generalized Mersenne family the characteristic
polynomial

22-3242=0

has roots {2,1}, so that 1 appears as a simple root. In this setting, resonance corrections are required,

and Theorem 1.1(b) governs the construction of solutions. Thus, the parameter r precisely encodes the
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multiplicity of the root 1: r = 0 for Jacobsthal-type sequences, and » = 1 for Mersenne-type sequences. This
distinction clarifies why different parts of the theorem are invoked in each case.

For both families, explicit closed-form solutions are derived under polynomial inputs of degrees s =
0,1,2,3,4,5,6,7. The analysis systematically incorporates constant (s = 0), linear (s = 1), quadratic
(s = 2), cubic (s = 3), quartic (s = 4), quintic (s = 5), sextic (s = 6), and septic (s = 7) inputs, thereby
illustrating the breadth of the method and its adaptability across classical recurrence structures. The role
of root multiplicities is central: when unity is absent from the spectrum, the homogeneous dynamics remain
non-resonant; when unity occurs as a simple root, resonance phenomena must be accounted for. In this way,
the framework unifies the treatment of Jacobsthal and Mersenne sequences while respecting the algebraic
subtleties of their characteristic equations.

To recall the general setting, the second-order nonhomogeneous recurrence relation is given by
Wn = G1Wn71 + a2Wn72 +p(n)a n > 2a

with initial conditions Wy = ko, W1 = k1, where the input polynomial takes the form
S
p(n) = ZQW, c; €C or ¢; € Clz].
i=0

Here, the coefficients a1, az are arbitrary complex scalars (or polynomials in C[z]), and the choice of (ko, k1)
specifies the initial configuration of the sequence. In the examples that follow, we concentrate on two

distinguished parameter sets:
(ala (12) = (15 2)7 (0,1, 0'2) = (Sa _2)7

corresponding respectively to the generalized Jacobsthal and generalized Mersenne families. For each case,
closed-form solutions are obtained under polynomial inputs of degrees s = 0,1,2,3,4,5,6, 7, illustrating how
the general framework adapts to different initial values and forcing terms while unifying the treatment of

these classical sequences.

REMARK 2.1. Although the following examples are presented case by case, they are all unified under
the same formal framework determined by the characteristic equation and the polynomial input degree s.
The closed-form solutions are systematically derived from Theorem 1.1, with the multiplicity parameter r
distinguishing between non-resonant cases (r = 0) and resonant cases (r = 1). This unified formalism
ensures that each example—whether Jacobsthal-type (a1 = 1,a2 = 2) or Mersenne-type (a1 = 3,a9 = —2)—
s a direct specialization of the general recurrence relation. The detailed presentation is retained intentionally
to serve as a clear reference for students and researchers, allowing each case to be consulted independently

while remaining consistent with the overarching theory.

2.1. Generalized Jacobsthal Numbers: The case a; = 1 and as = 2. Now, we consider the case

a1 = 1,as = 2. A generalized Jacobsthal sequence {V,,}n>0 = {Vo(Vo, V1) }n>0 is defined by the second-order
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recurrence relation
Vi =Va1+2V,o, (2.1)
with the initial values V) = vg, V1 = v1 not all being zero.
The sequence {V},},>0 can be extended to negative subscripts by defining

1 1
Von = —§V7(n71) + §V7(n72)

for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.
The Binet formula of generalized Jacobsthal numbers can be written as

V1 - BVO n V1 — OZVO

Vo = — " 2.2
n a—3 « o — 5 B ( )
_ patopaft
a—p
where o and 8 are the roots of the quadratic equation z?> — 2z — 2 = 0 and
o= Vi—pW
P2 = V1 — OZVO.
Moreover
a = 2
B o= -1
So

(Vi — Vo) x 2" — (Vi — aVp) x (=1)"
3 .

Now we define two special cases of the sequence {V,,}. Jacobsthal sequence {J,},>0 and Jacobsthal-

Vi =

Lucas sequence {j, }n>0 are defined, respectively, by the second-order recurrence relations
Jp = Jp_1+2J, 9, Jo=0,J; =1, (23)
Jn = Jn—-1+2jn-2, Jo=2,51=1, (2~4)

The sequences {.J,, }»>0 and {j,}n>0 can be extended to negative subscripts by defining

1 1
Jon = *QJ—(n—l) + EJ—(n—Q)
. 1. 1.
J=n = T5)-(n-1) + 57-(n-2)

for n = 1,2,3, ... respectively. Therefore, recurrences (2.3)-(2.4) hold for all integer n.
For all integers n, Jacobsthal and Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as

B an_ﬂn_an_ﬁn
Jn = o= B 3

o™ + 8",

Jn
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respectively.

In the following Example, we consider Theorem 1.1 (a) for

ap = 1,
as = 2,
Wy = 0,
W, = 1,

so that we have the case V,, = J,, (Jacobsthal numbers).

EXAMPLE 2.2. In this example, we consider the case ay = 1,a2 = 2, Wy = 0,W; = 1 in Theorem 1.1
(a). So V,,(0,1) =V, represents nth Jacobshal number i.e., Vi, = J,.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy = Wn_1 +2W,_2 + co,

18 gien by

1 1
Wn(O, ].) = 5(60 + 2)Jn + C()Jn,1 — 500,
i.e.,

1 1
Wn<0, 1) = §COJn+1 + Jn — 560.

(b): The case s =1. For
Wy = W1 +2W,_2 + c1n + o,

the closed-form solution is

1 1
Wn(O, 1) = Z(QCO + 701 + 4)Jn + 5(260 + 501)Jn,1 + Aln + A(),

i.e.,
1 1
W,(0,1) = Z(2c0 +5¢1)Jnt1 + 5(c1 +2)J, + Ain + Ay,
where
1
Al = _5615
1
AO = —7(200 + 501).

(c): The case s =2. For
Wy, = Wyo1 +2W,_o + con® + cin + co,
the closed-form solution is

1 1
W,(0,1) = 1(260 + Tcy + 28¢o +4)J, + 5(260 +5¢1 + 16¢2)J,—1 + Agn® 4+ Ajn + Ay,
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i.e.,

1 1
W,L(O, 1) = 1(260 + 5¢1 + 1662)Jn+1 + 5(81 + 6¢co + 2)Jn + AQTLQ + Ain + Ao,

where
1
Ay = —5C2
1
A = —5(014-502),
1
Ao = —Z(2CO+501+1662).

(d): The case s =3. For
Wyo = Who1 +2W,_2 + 03n3 +con? +en + o,

the closed-form solution is
W,(0,1) = %(400 + 14cy + 56¢o 4 269¢3 + 8)J,, + %(480 + 10¢1 + 32¢2 + 139¢3)J,,_1 + Azn3 +
A2n2 —+ Aln + Ao,

i.e.,
Wn(O, 1) = %(400 + 10c¢1 + 32¢5 + 13963)Jn+1 + i (201 + 12¢5 + 65¢3 + 4) JIn + A3n3 + A2n2 +
Aln + Ao,
where
1
A3 = _5037
1
Ay = —1(2@ + 15¢3),
1
A = —5(01 + 5eg + 24¢3),
1
A() = —§(4C0 + 1061 + 3202 + 13965)

(e): The case s =4. For
W, =Wy_1+2W,_o + can* + c;;ng +eomn? +cen+ co,

the closed-form solution is

W,(0,1) = L(4co + 14e1 + 56¢3 + 269¢5 + 1592¢4 + 8)J,, + +(4co + 10c1 + 32¢3 + 139¢5 +
800cs)Jp_1 + Agn* + Azn® + Aon? + Ajn + Ay,

i.e.,

W,(0,1) = %(400 + 10¢;1 + 32¢o + 139¢3 + 800¢4) Jpr1 + %(201 + 12¢5 + 65¢3 + 396¢4 + 4).J,, +
Agn* + Asn® + Aon® + Ain+ Ay,
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where

1

A4 = 75047
1

Az = —5(03 + 10¢4),
1

Ay = —1(202 + 15¢3 + 9664)7
1

A = —5(61 + 5eo + 24c3 + 13904),
1

Ay = —§(4CO + 10c1 + 32¢2 + 139¢3 + 80064).

(f): The case s =5. For
Wy = W1 4+ 2W, o + csn® 4+ can® + e3n® + can® + ein + co,

the closed-form solution is

Wi, (0,1) = £(4co + 14e1 + 56¢2 + 269¢3 + 1592¢4 + 11534cs + 8)J,, + 1(4co + 10¢; + 32¢2 +
139¢3 + 800cy + 5770¢5) S, —1 + Asn® + Aynt + Asn® + Aon? + Ain + Ay,

i.e.,

Wpn(0,1) = %(400 + 10¢1 + 32¢2 + 139¢3 + 800c4 + 5770¢5) Jp41 + i(261 + 12¢ 4 65¢3 + 396¢4 +
2882c5 + 4)J,, + Asn® + Aygnt + Azn® + Aan? + Ajn + Ay,

where

1

AS = _5057
1

Ay = —1(204 + 2505)7
1

Ay = —5(cs+10cs +80cs),
1

Ay = —1(202 + 15¢3 4+ 96¢4 + 69505),
1

A = _5(01 + 5¢o + 24¢3 + 139¢4 + 1000c¢s),
1

Ay = —§(4co + 10¢1 + 32¢2 + 139¢3 + 800c4 + 5770cs).

(g): The case s =6. For
W, = W1 + 2W,_o + cn® + esn® + can® + esn® + con® + en + o,

the closed-form solution is

W,(0,1) = %(400 + 14cy + 56¢2 + 269¢3 + 1592¢4 + 11 534¢5 + 99 896¢6 + 8)J,, + i(4co +10c¢; +
32¢o + 139¢3 + 800¢y4 + 57705 + 49 952¢¢) J,—1 + Agn® + Asn® + Agn* + Asn® + Asn? + Ain + Ay,

i.e.,

Wi (0,1) = £(4co+10c1 4 32¢3 + 139¢3 4 800c4 + 5770¢5 +49 952¢6) Jn 41 + +(2¢1 + 12¢2 + 65¢3 +
396¢4 + 28825 + 24 972¢6 + 4)J,, + Agnb 4+ Asn® + Ayn* + Aznd + Ayn? + Ajn + Ay,
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where
Ag = —%CG,
A5 = —%(65 + 15¢6),
Ay = —2(204 + 25¢5 + 240¢4),
Ay = —%(03 + 10¢4 + 80¢5 + 695¢),
Ay = —3(202 + 15¢3 + 96¢4 + 695¢5 + 6000c¢s ),
A = —%(cl + 5ca + 24¢3 + 139¢4 + 10005 + 8655¢),
Ay = 75(400 + 10c¢1 + 32¢5 + 139¢3 + 800cy + 5770¢5 + 49952¢4).

(h): The case s ="T7. For
Wy = W1 +2W,_o + emn” + con® + esn® + can® + c3n® + can® + c1n + ¢,

the closed-form solution is

W,(0,1) = %(860 +28¢1 + 112¢2 + 538¢3 + 3184c¢4 + 23068¢5 + 199792¢6 + 2017813¢7 + 16)J,, +
é(SCO +20c1 +64ca +278¢3 +1600c4 + 11 540¢5 +99904c6 + 1008923 ¢7) J,,—1 + A7n” + AgnS + Asn® +
Aun® + Asn® + Aan? + Ain + Ay,

i.e.,

W,(0,1) = %(860 + 20c¢; + 64co + 278c¢3 4+ 1600cs + 11 540¢5 + 99904c¢s + 1008923¢7) S, 41 +
%(401 + 24cy 4+ 130c3 + 792¢4 + 5764c5 + 49944 c6 + 504445¢7 + 8)J,, + A7n” + Agn® + Asn® + Ayn* +
Asn3 + Aon? + Ain + Ay,

where
A; = —%Cw
Ag = —i(?c(, + 35¢7),
As = —%(05 + 15¢6 + 168¢7),
Ay = —é(404 + 50c¢5 + 480c¢s + 4865¢7),
Ay = —%(03 + 10¢4 + 80¢5 + 695¢6 + 7000c¢7),
Ay = —%(202 + 15¢3 + 96¢4 + 695¢5 + 6000 + 60585¢7),
A = —%(cl + 5¢a + 24¢3 + 139¢4 + 1000¢5 + 8655¢6 + 87416¢7),
Ay = _i(gco + 20¢1 + 64co + 278¢3 + 1600c¢4 4+ 11540¢5 4+ 99904cs + 1008923¢7).

16
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In the example below, we do not treat p(n) in its general form but instead select specific coefficients ¢;
to construct concrete forcing terms of degrees s = 0,1,2,3. This approach highlights how the closed-form

solutions adapt to constant, linear, quadratic, and cubic inputs.
EXAMPLE 2.3. In this example, we consider the case a; = 1,a9 = 2, Wy = 0, W1 = 1 with specific input
polynomials of degree s =0,1,2,3 (see Example 2.2).

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation

Wyp =Wh_1 +2W, 2 + 3,

is given by
5 3
Wn 0,1 = *Jn 3Jn7 I}
(0,1) 5n T 175

i.e.,

3 3
Wn 1) =cdn n_ 5°
(0,1) 2J 11+, 5

(b): The case s =1. For
Wp =W, 1+2W,_5—2n+1,
the closed-form solution is

W,(0,1) =—-2J, —4Jp—1+n+2,

i.e.,
Wn(0,1) = —2J,41 + 0+ 2.

(c): The case s =2. For
W, = Wy_1+2W,_o+ 302 +n+ 2,

the closed-form solution is

99 57 3, 57
Wn(O, 1) = ZJTL + ?Jnfl in 3n Z?
i.e.,
57 21 3 57
W, (0,1) = Tt - §n2 —8n— .
1
A2 = _5027
1
-8 = —§(c1+15),

1
Ay = —1(200 + 5¢1 + 16¢2).
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(d): The case s = 3. For

3 2 1
W, = Who1 + 2W, o + §n3 — 3n2 +4n + 3

the closed-form solution is

4471 2377 3 217 2377
Wn 0,1 :7{],” 7Jn— —nd - 2_19 — “on
O =g nt Zg 1= 37 g™ ~ 19—
i.e.,
2377 1047 3 217 2377
n 1) = — n A Yn T 3 n?- 1 ~ Ton
W, (0,1) 20 Jnt1 + 10 J, 4n 40n In %0

In the following Example, we consider Theorem 1.1 (a) for

ap = 1,
ay = 2,
Wo = 2
Wy = 1,

so that we have the case V,, = j, (Jacobsthal-Lucas numbers).

EXAMPLE 2.4. In this example, we consider the case a1 = 1,a0 = 2, Wy = 2, Wy = 1 in Theorem 1.1
(a). So V,,(2,1) =V, represents nth Jacobsthal-Lucas number, i.e., Vi, = jy.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, =W,_14+2W, o+ co,

s given by

1 1 1
Wn(27 1) = T8(5CO + 18).7n + §CO]n—l - 5007

i.e.,
1 1 . 1
Wn(2,1) = 1gC0dn+1+ 5(200 +9)jn = 5c0-
(b): The case s =1. For

Wn = Wn—l + 2Wn—2 + cin + co,

the closed-form solution is

1 1
Wn(2, ].) = %(1060 + 27c1 + 36)]n + T8(2CU + 9cl)jn71 + Ain + Ao,

i.e.,

1 1
Wn(2, 1) = %(200 + 981)j7L+1 + E(4CO + 9¢c1 + 18)jn + Ain + Ao,
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where
1
Al = _5615
1
Ay = —1(2604-561).

(c): The case s = 2. For
Wy =Wp_1+2Wy,_ 2+ CZnQ + c1n + co,
the closed-form solution is
1 ) 1 _ 9
W,(2,1) = %(IOCO +27¢1 + 92¢o + 36) 7, + 5(260 +9¢1 + 40¢2)jn—1 + A2n” + Ain + Ay,
i.e.,

1 1
Wn(2, 1) = %(280 + 981 + 4082)jn+1 + E(4Co + 961 + 2662 + 18)jn + AAQTL2 + Aln + Ao,

where

1

A2 = 75027
1
A = —§(c1 + 5¢9),
1
Ay = —1(2(}0 + 5¢1 + 1602),

(d): The case s =3. For
W, = W1 + 2W, o + csn® 4+ can? + eyn + co,
the closed-form solution is
Wa(2,1) = %(2000—1—5401—|—184(32+825(:3+72)jn+%(4co+18c1 4802 4+399¢3) 1+ Azn+ Aogn?+ A n+ Ay,

i.e.,

1 1
Wn(2, 1) = 5(4004—1861 +8082—|—39963)jn+1+*(800+1861 +52Cg+21363+36)jn+143n3+A2n2—|—A1n—|—A0,

36
where
1
A3 = _5037
1
Ay = —1(202 + 1563),
1
A = —5(01 + 5eg + 24c3),
1
Ay = —§(4CO + 10¢1 + 32¢2 + 13903).
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(e): The case s =4. For
W, = W1 + 2W, o + can® + e3n® + con® + ¢in + co,

the closed-form solution is

Wi(2,1) = 25(20co + 54cy + 184cs + 825¢3 + 4792¢4 + 72)jn + 35 (4o + 18¢1 + 80c2 + 3993 +
2384c¢y)jn_1 + Agn* + Asn3 + Ayn? + Ain + Ao,

i.e.,

Wa(2,1) = %(460 +18¢1 4+ 80c¢2 +399¢3 4 2384¢4 ) jrr1 + %(80@ +18¢1 +52¢9 +213¢3 +1204¢4 +
36) 7, + Agn* + Azn® + Aon® + Ajn + Ay,

where

1

Ay = —5C
1

Az = —5(63 + 1004),
1

Ay = —1(202 + 15¢3 + 9604),
1

A1 = 75(61 + 562 + 2403 + 13964),
1

Ay = —§(4CO + 10c1 + 32¢9 + 139¢3 + 80004)

(f): The case s =5. For
Wy = W1 +2W, o +esn® + can’ + e3n® + con® + ein + ¢

the closed-form solution is

Wi (2,1) = 25 (20co + 5dcy + 184ca + 825¢3 + 4792¢4 + 34614cs5 + 72)jy, + 35 (4co + 18¢1 + 80cs +
399¢3 + 2384cy + 17298¢5)jn_1 + Asn® + Agn* + Asn® + Aon? + Ajn + Ay

i.e.,

Wn(2,1) = %(400 + 18¢1 + 80ca + 399cs + 2384cy + 17298¢5)jnt1 + i)716(800 + 18¢; + 52¢co +
213c3 + 1204c4 + 8658¢5 + 36)j, + Asn® + Ayn* + Aznd + Ayn? + Ayn + A

where

1

A5 = *5057
1

Ar = —7(2cs + 25c5),
1

A3 = —5(03 + 10C4 + 8065)7
1

Ay = —7(2c + 15e5 + 96es + 695¢5),
1

A, = _5(01 + Beg + 24¢5 + 139¢4 + 1000¢s),
1

Ay = _§(4CO + 10¢; + 32¢3 + 139¢3 4 800cy + 5770cs).
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(g): The case s = 6. For

W, = W1 + 2W, o + cgn® 4+ esn® + can® + e3n® + con® + eyn + Co,

the closed-form solution is

Wi (2,1) = 75 (20co +54cy +184cy +825¢3+4792¢4 4346145 +299704c6 + 72) jiy, + 55 (4co +18¢1 +
80ca + 399c3 + 2384cy + 17298¢5 + 149840¢6) 7, —1 + Agn® + Asn® + Ayn? + Asn3 + Aan? + Ayn+ Ao,

i.e.,

Wn(2,1) = %(400 + 18¢1 + 80c2 + 399¢3 + 2384c4 + 17298¢5 + 149840¢6) jn+1 + %(80@ +18¢; +
52¢2 +213c3 + 1204c4 + 8658¢5 + 74932¢6 + 36) 7, + Agn® + Asn® + Ayn* + Azn3 + Aon? + Ajn+ Ay,

where
Ag = *%Cﬁa
As = —(cs +15co)
Ay = —i(2c4 + 25¢5 + 240cs),
As = _%(@, + 10c4 + 80c5 + 695¢5),
A, = _i(zc2 + 15¢5 + 96¢4 + 695¢5 + 6000¢),
A = —%(cl + 5eg + 24¢3 + 139¢4 + 1000¢s + 8655¢6),
Ay = 75(4(:0 + 10c¢1 + 32¢o + 139¢3 + 800cy + 5770¢5 + 49952¢4).

(h): The case s ="17. For

7 6 5 4 3 2
Wy =-—Wp_14+2W,h_o+cn' +cgn’ + csn’ + eqn™ + c3n® + can® + c1n + ¢,

the closed-form solution is

W.(2,1) = ﬁ(4060 + 108¢;1 + 368c2 + 1650c3 4 9584cy + 69228¢5 + 599408cs + 6053505¢7 +
144) 5, + %(800 + 36¢1 + 160cs + 798c3 + 4768¢4 + 34596¢5 + 299680c6 + 3026703¢7)jp—1 + A7n’ +
Agn® + Asn® + Aun®* + Asnd + Aon® + Ain + Ao,

i.e.,

Wa(2,1) = %4(860 + 36¢1 + 160ce + 798¢3 + 4768¢4 + 34596¢5 + 299680¢6 + 3026703¢7) jint1 +
%(1660 +36¢1 + 104cg + 426¢3 + 2408¢4 + 17 316¢5 + 149864c6 + 1513401 c7 + 72) 4, + A7n” + Agn® +
Asn® + Ayn* + A3n® + Aon® + Ain+ Ay,
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where
1
A7 = _5077
1
Ag = —1(206 + 3567),
1
As = —5(05 + 15¢cg + 16807),
1
Ay = —§(4C4 + 50c5 + 480c¢g + 4865¢7),
1
As = —5(63 + 10c¢4 + 80c¢5 + 695¢6 + 7000c¢7),
1
Ay = 71(202 + 15¢3 4+ 96¢4 + 695¢5 + 6000cs + 60585¢7),
1
A = 75(01 + 5co + 24c3 + 139c¢4 + 1000c¢5 4 8655¢q + 8741667),
1
Ay = —E(8CO + 20c;1 4 64co + 278¢3 + 1600cy + 11540¢5 + 99904¢g + 1008923¢7).
2.2. Generalized Mersenne Numbers: The case a; = 3 and as = —2. In this subsection, we
consider the case a; = 3,a2 = —2. A generalized Mersenne sequence {V,, }n>0 = {Vo(Vo, V1) }n>0 is defined

by the second-order recurrence relation
Vi =38Vio1 — 2V, (2.5)

with the initial values V) = ¢g, V1 = ¢ not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining

3 1
an = QV—(n—l) - §V—(n—2)

for n = 1,2,3,.... Therefore, recurrence (2.5) holds for all integer n. For more information on generalized
Mersenne numbers, see Soykan [18].
The Binet formula of generalized Mersenne numbers can be written as
Vi—8W , Vi—aW
a—pf - B

where @ and [ are the roots of the quadratic equation

Vn = /Bn

22 —32+2=0. (2.6)

Moreover

So
Vi = (Vi = Vp)2" — (Vi — 2V). (2.7)
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Now, we define two special cases of the sequence {V,,}. Mersenne sequence {M,, },>0 and Mersenne-Lucas

sequence {H, },>0 are defined, respectively, by the second-order recurrence relations

M,

3M,_1 —2M,_s, My =0,M; =1, (2.8)

H, = 3H, ,—2H, o, Hy=2H, =3, (2.9)

The sequences {M,, },,>0 and {H,,},>0 can be extended to negative subscripts by defining
M., =
H., =

for n = 1,2,3, ... respectively. Therefore, recurrences (2.8)-(2.9) hold for all integer n.

For all integers n, Mersenne and Mersenne-Lucas can be expressed using Binet’s formulas as

a?L /Bn
Mn = =2"— 5
CERECEr I

Hn — an+Bn:2n+L

respectively.

In the following Example, we consider Theorem 1.1 (b) for
a = 3) Az = _27
Wo = 0, Wi =1,

so that we have the case V,, = M,, (Mersenne numbers).

EXAMPLE 2.5. In this example, we consider the case a1 = 3, as = —2, Wy =0, W1 =1 in Theorem 1.1

(b). So V,(0,1) =V, represents nth Mersenne number, i.c., V,, = M,.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy = 3Wph_1 — 2W,,_a + co,

s given by

W,(0,1) = (¢o + 1) M,, — con.

(b): The case s =1. For
Wy =3Wp_1 —2Wy_2+cin+ Co,
the closed-form solution is

W,(0,1) = (co + 3¢y + 1)M,, + Ain® + Agn,
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where

Al = _5013
1
AO = 75(200 + 561).

(c): The case s =2. For
Wp =3Wp_1 —2W,_2 + 02712 + cin + co,
the closed-form solution is

W, (0,1) = (co + 3¢y + 1lcg 4+ 1) M, + Agn® + Ain? + Agn,

where
1
A2 = _5027
1
Al = 75(61 + 502),
1
Ay = _6(660 + 15¢1 4 49¢3).

(d): The case s =3. For
W, =3W,_1 — 2W,_o + c3n® + can® + eyn + co,
the closed-form solution is

Wn(O, ].) = (CQ + 301 + 1].02 + 5165 + ].)Mn + A3n4 + AQ’HS —+ A1n2 + A()'ﬂ,

where
1
Ag = 71037
1
Ay = —5(2e+ 15e3),
1
A = —1(201 + 10c2 + 49¢3),
1
Ay = —(6co + 15c; +49cy + 216¢3).

(e): The case s =4. For
W, =3W,_1 — 2W,_o + can® + 03713 +ean?+en+ co,
the closed-form solution is

W,(0,1) = (¢ + 3¢y + 1leg + 5les + 299¢4 + 1) M, + Aun® + Asn* + Aon® + Ain® + Agn,
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where

1

A4 = 73643
1
A = —1(63 + 10¢4),
1
Ay = —6(262 + 15¢3 + 98cy),
1
Ar = —7(2c1+ 10¢; + 495 + 288c),
1
Ay = —%(3000 + 75c1 + 245¢9 + 1080c3 + 623964).

(f): The case s =5. For

W, =3W,_1 — 2W,,_s + csn® + can® + esn® + can® + ein + co,

the closed-form solution is

Wn(0,1) = (co + 3¢y + 11eg + 5les + 299¢4 + 2163cs + 1) M, + Asn® + Ayn® + Asn® + Aon® + Ain? + Agn,

where

1
A5 - _605,
1
Ar = —75(2ca+2505),
1
Ay = =15 (Bes +30cs + 245¢5),
1
Ay = —2(2c2 + 15cs + 98cs + 720c5),
1
Ar = =5 (6er+ 30, + 147y + 864cq + 6239c5),
1
Ay = —=(30co + 75c1 + 245¢o + 1080cs + 6239¢4 + 45000¢s).

30
(g): The case s = 6. For
W, =3W,_1 — 2W,_a + cgn® + csn® + can® + e3n® + con® + ein + co,
the closed-form solution is

W, (0, 1) = (CQ +3c1 + 11es + 5les +299¢4 + 2163¢5 + 18731c¢cg + 1)Mn + A6n7 + A5n6 + A4TL5 +
A37’L4 + AQ’I’LB + A17’L2 + Aon,
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where
Ag = —%Cs,
Ay = —é(cs + 15¢4),
A, = _%0(204 + 25¢5 + 245¢6),
Ay = —%(3@, + 30c4 + 245¢5 + 2160cs),
Ay = 7%(202 + 15¢3 + 98¢y + 720c5 + 6239¢6),
A = _%(601 + 30cq + 147c3 + 864cy + 6239¢5 + 54000cs),
Ao =‘q%wm%+m&ﬁ4nww#%%w4%ma+$WW%+”%M&”

(h): The case s ="17. For
Wy = 3Wy_1 — 2Wah_o 4+ crn” + cgn® + esn® + can® + csn® + con® + c1n + co,

the closed-form solution is
W, (0,1) = (co + 3c1 + 11cg + 5les + 299¢4 + 2163cs + 18731cg + 189171ey + 1) M, + A7n® +
A6n7 + A5n6 + A47?,5 + A3TL4 + AQ’H,S + A177,2 + A()’I'L,

where
1
A7 = —§C7,
As = —i(2c + 35¢7)
6 = 14 6 7)s
1
A5 = —5(205 + 3066 + 34367),
1
Ay = —15(2es +25c5 + 245¢6 + 2520c7),
1
Az = =5 (6cs+60cs +490c; + 4320cs + 43673c7),
1
Ay = —6(262 + 15¢3 + 98¢y + 720c5 + 6239¢4 + 63000(}7),
1
A, = _ﬁ(ac1 + 30y + 147¢5 + 864cy 4 6239¢5 + 54000¢s + 545329¢7),
1
Ay = =575 (21000 +525e + 1715¢s + T560c5 + 436734 + 315000¢5 + 2726645¢ + 27536040c7).

In the following Example, we consider Theorem 1.1 (b) for

a; = 3, as = 72,

Wy, = 2, Wy =3,

so that we have the case V;, = H,, (Mersenne-Lucas numbers).
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EXAMPLE 2.6. In this example, we consider the case a1 = 3, ao = =2, Wy =2, W1 = 3 in Theorem 1.1

(b). So V,(2,3) =V, represents nth Mersenne-Lucas number, i.e., V,, = Hy,).

(a): The case s =0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, =3W,_1 —2W,_2 + co,

18 gwen by

Wn(2,3) = (3¢o + 1) H,, — 4coHy—1 — con,
i.e.,
Win(2,3) = 2¢oHpt1 — (3co — 1) Hy, — con.
(b): The case s =1. For
Wy, =3Wph_1 —2W,_9 4+ c1n + ¢,
the closed-form solution is

W (2,3) = (3¢co + 9¢y + 1) H,, — 4(co + 3¢1)Hyp—1 + Ayn® + Agn,

i.e.,
Wi (2,3) = 2(co + 3¢1)Hpy1 — (3co + 9¢1 — 1)H,, + Ayn? + Agn,
where
1
Al = _5617
1
AO = —*(260 + 5(31).

(c): The case s =2. For
W, =3Wh_1 — 2Wy_o 4+ con® + cyn + co,
the closed-form solution is
Win(2,3) = (3¢co + 9c1 + 33¢2 + 1) H,, — 4(co + 3¢y + 11eo)H, 1 + Agn® + Ain® 4 Agn,
i.e.,

Wi (2,3) = 2(co + 3c1 + 11ea)Hy1r — (3co + 9e1 + 33co — 1) H,, + Aon® + Ayn® + Agn,

where
1
A2 = _5027
1
A = —§(C1+502),

1
Ay = —6(600 + 15¢1 + 4902).
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(d): The case s = 3. For
W, =3W,_1 — 2W,_o + c3n® + can® + ein + co,

the closed-form solution is

Wi (2,3) = (3co 4+ 9c1 +33co +153¢3 + 1) H,, — 4(co +3c1 + 11ea +5les)Hy 1 + Agn* + Agn® +
Ain? + Agn,

i.e.,

Wi (2,3) = 2(co+ 3¢y + 11leg +51cz) Hyy 1 — (3co +9c1 4 33co + 153c3 — 1) H, 4+ Agn* + Aon® +

Ain? + Agn,
where

1

A3 = _1037
1

A2 = —6(262 + 1503),
1

A = —7(2c1+10cz + 49c3),
1

Ay = —5(6co + 15c +49cs + 216cs).

(e): The case s =4. For
W,, = 3W,_1 — 2W,_o 4+ can®* + csn® + can? + e1n + ¢

the closed-form solution is

Wi(2,3) = (3¢o+9c1 + 33¢2 + 153¢5 +897cy + 1) Hy, — 4(co + 3¢y + 11ea + 5lez +299¢4) Hy 1 +
Aun® + Asn* + Asnd + A1n? + Agn

i.e.,

Wi(2,3) = 2(co+3c1 + 11ca +51es +299¢4 ) Hyp1 — (3¢o 4+ 9e1 + 33¢o + 153¢5 + 897cy — 1) H,, +
Aun® + Asn* + Asnd + A1n? + Agn

where

1

A4 = _3647
1

A3 = —Z(Cg —+ 1004),
1

A2 = 76(202 + 1563 + 9804),
1

A, = _1(2(;1 + 10c2 + 49¢3 + 288c4),
1

Aoy = —=—=(30co + 75¢1 + 245¢2 + 1080cs + 6239¢4).

30
(f): The case s =5. For

W, = 3W,_1 — 2W,,_2 + csn® + can® + ea3n® + can? + e1n + co,
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the closed-form solution is

Wi(2,3) = (3¢o 4+ 9c1 + 33¢o + 153¢3 + 897¢y + 6489¢cs + 1)H,, — 4(co + 3¢1 + 11ea + 5leg +
299cy + 2163c5)Hy, 1 + Asn® + Ayn® + Azn* + Aon® + Ain? + Agn,

i.e.,

Wi(2,3) = 2(co+3c1 + 11ea 4+ 5leg +299¢4 +2163¢5) Hpp 1 — (3co +9c1 + 33¢o + 153¢3 +897¢4 +
6489cs — 1)H,, + AsnS + Ayn® + Asn* + Agn® + A1n? + Agn,

where

1

A5 = _6657
1

Ay = —TO(QCAL + 25c¢5),
1

A3 = —5(303 + 3004 + 24505),
1

Ay = _6(202 + 15¢3 4+ 98¢y + 720C5),
1

Ay = —5(6er + 305 + 147¢5 + 864cs + 6239c5),
1

Ay = —%(3060 + 75¢1 + 245¢9 + 1080c¢3 + 6239¢4 + 45000c¢3).

(g): The case s = 6. For
W, = 3Wph_1 — 2Wy_o + cgn® + c5n® + can® + e3n® + con® + ein + co,

the closed-form solution is

Wi (2,3) = (3¢o + 9c¢1 + 33¢2 + 153c3 + 897¢y + 6489¢5 + 56 193¢6 + 1) Hy, — 4(co + 31 + 11ea +
51cs + 299¢cy + 2163c5 + 18 731cg) Hy 1 + Agn” + AsnS + Ayn® + Asn* + Aand + Ain? + Agn,

i.e.,

Wn(2,3) = 2(co + 3c1 + 1lco + 5leg + 299¢4 + 2163¢5 + 18 731cg) Hyr1 — (3co + 9c1 + 33¢o +
153c3 + 897¢y + 6489cs + 56 193¢ — 1) H,, + Agn” + Asn® + Ayn® + Asn* + Ayn® + An? + Agn,

where
Ag = _%667
As = *%(05 + 15¢6),
A, = —%0(264 + 25¢5 + 245¢4),
A = —%(3(33 + 30c4 + 245¢5 + 2160c¢6),
Ay = —é(202 + 15¢3 + 98¢y + 720c¢5 + 6239¢4),
A = —%(601 + 30cy + 147¢3 + 864¢4 + 6239¢5 + 54000¢s),
Ay = —ﬁ@loco + 525¢1 + 1715¢5 + 7560c¢3 + 43673¢4 4+ 315000¢5 + 2726645¢4).
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(h): The case s =17. For
Wy = 3Wy_1 — 2Wa_o 4+ crn” + cgn® + esn® + can® + csn® + con® + c1n + co,

the closed-form solution is

Wn(2,3) = (3co + 9c1 + 33c2 + 153¢3 + 897c¢y + 6489¢5 + 56193¢6 + 567513¢7 + 1) H,, — 4(co +
3c1 + 1leg + 5leg + 299¢y + 2163c5 + 18731cg + 189171cr) H,y, o1 + A7n® + Agn” + Asn® + Ayn® +
Azn* + Aon® + Ain? + Agn,

i.e.,

Wn(2,3) = 2(cop+3c1 + 11eg +5les + 299¢y +2163¢5 + 18731cs + 189171¢7) Hyp1 — (3o + 91 +
33c2 + 153c3 +897cy + 6489c5 + 56193c6 + 567513c7 — 1) H,, + A7n® + Agn” + Asn® + Ayn® + Azn* +
Aon® + Ain? + Agn,

where
1
A, = *§C7a
Ag = i(2 + 35¢7)
6 = 14 Ce Cr),
1
As = 5205 + 30cs + 343¢7),
1
Ay, = _5(204 + 25¢5 + 245¢6 + 2520¢7),
1
Az = _ﬂ(GCB + 60cq + 490cs5 4+ 4320¢6 + 4367307),
1
Ay = —6(202 + 15¢3 + 98¢4 + 720c5 + 6239c¢6 + 63000c7),
1
A = _5(601 + 30co + 147¢3 4 864c4 + 6239¢c5 + 54000cq + 54532907);
1
Ao = —52(210co +525¢1 + 1715¢5 + 7560cs + 436734 + 315000¢5 + 2726645¢6 + 27536040¢7).

210

Conclusion

This paper has established explicit closed-form expressions for second-order nonhomogeneous linear re-
currence relations, formulated as generalized Leonardo-type sequences with polynomial inputs. The analysis
was organized around the multiplicity parameter 7, which measures the occurrence of the root 1 in the
characteristic equation. Two principal cases were emphasized: the non-resonant case r = 0, in which both
characteristic roots differ from unity, and the resonant case » = 1, in which unity appears as a simple
root. Solutions were obtained for input polynomials of degrees s = 0,1,2,3,4,5,6,7, thereby clarifying how
root multiplicity and polynomial degree jointly determine the structure of the particular solution, while the
homogeneous component remains governed by the same recurrence relation.

Applications were carried out for two distinguished families: the generalized Jacobsthal and generalized
Mersenne sequences. In the Jacobsthal case, the characteristic roots {2, —1} exclude unity, so Theorem 1.1(a)

applies with » = 0. Classical Jacobsthal and Jacobsthal-Lucas numbers were recovered from the choices
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(Wo,W1) = (0,1) and (2, 1), respectively. In contrast, the Mersenne case involves roots {2,1}, where unity
occurs as a simple root; hence Theorem 1.1(b) applies with » = 1. Classical Mersenne and Mersenne—
Lucas numbers were obtained from the initial values (W, W1) = (0,1) and (2,3). For each family, closed-
form solutions were derived under polynomial inputs of degrees s = 0,1,2,3,4,5,6,7, illustrating how the
framework adapts to constant, linear, quadratic, cubic, quartic, quintic, sextic, and septic forcing terms.

Beyond theoretical contributions, the results carry both pedagogical and practical significance. For
teaching, they provide accessible models that allow students to explore nonhomogeneous recurrences with
polynomial inputs of varying degrees without excessive computation. For research, they supply resonance-
aware formulas and explicit derivations that can be applied in mathematics, computer science, engineering,
and physics. In this way, the study strengthens instructional practice while extending the reach of recurrence
theory across multiple disciplines.

The unified framework consolidates recurrence theory and opens pathways for modern applications. By
supplying closed-form solutions that account for resonance phenomena, the method can be adapted to opti-
mization problems in transportation, coding theory, and discrete modeling. Exact formulas are particularly
valuable because they yield predictable outcomes for complex systems, avoiding the computational burden of
iterative evaluation. The framework developed here extends recurrence theory, clarifies the role of root mul-
tiplicity, and provides tools relevant for algorithm analysis, numerical modeling, and optimization problems
where efficiency and precision are essential.

At the same time, the iterative scheme introduced in this paper produces explicit polynomial-type
particular solutions, but its scope is currently limited to polynomial inputs. Extending the framework to
accommodate non-polynomial functions—such as trigonometric or other analytic inputs—would require fur-
ther methodological refinements and may introduce new resonance effects. Moreover, while the approach
successfully clarifies the role of root multiplicity and resonance corrections, computational complexity grows
rapidly with higher-order recurrences. This suggests that practical implementation for advanced cases will
benefit from integration with computer algebra systems or symbolic computation platforms. In this re-
spect, the current framework provides a solid foundation while pointing toward natural directions for further
generalization and computational support.

Finally, the methodology opens promising avenues for future research. It can be incorporated into
symbolic computation platforms, applied to verify classical identities in recurrence theory, and extended to
interdisciplinary contexts such as cryptography, coding theory, and discrete modeling in physics and biology.
By acknowledging current limitations while outlining directions for extension, the study offers a balanced
perspective: consolidating the contribution of the present results while pointing toward further exploration

and development.
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