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Applications of power increasing sequences

ABSTRACT. In the present paper, a general theorem dealing with absolute matrix
summability of an infinite series has been established by using a quasi power increasing sequence

instead of an almost increasing sequence. Also, some results have been obtained from this theorem.
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1 Introduction

Let > ay, be a given infinite series with the partial sums (s,). Let (p,) be a sequence of positive
numbers such that
n
P,Lzz:pv—)oo as (n— o), (P-i=p_;=0, i>1).
v=0

The sequence-to-sequence transformation

1 n
Zpn = Fn ;vav

defines the sequence (z,) of the Riesz mean or simply the (N,p,) mean of the sequence (s,),
generated by the sequence of coefficients (py,) (see [10]).
Let B = (bny) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries.

Then B defines the sequence-to-sequence transformation, mapping the sequence s = (s,) to
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Bs = (By(s)), where
n
B,(s) = mesv, n=20,1,..
v=0

Let (p,) be any sequence of positive real numbers. The series 3 a, is said to be summable

© = |B,pnlk, k > 1, if (see [15])
S E N B(s) = Baoa(s)[F < .
n=1

If we take @, = %, then ¢ — | B, pn|r summability reduces to |B, py|r summability (see [24]).

Py
Pn

Also, if we take ¢, = 2= and by, = &=, then we get |N, p, |, summability (see [2]).

Given a normal matrix B = (b, ), we associate two lower semimatrices B = (b, ) and B = (bpy)

as follows:
an = anz7 n7’l):0,1,... (1)
600 = BOO = bOO’ I;nv = an - 67171,117 n= ]-7 27 (2)
and

n n
Bn (5) = E anSv = § bnvav
v=0 v=0

AB,(s) =Bn(s) = Bu-1(s) = Y bnuts. (3)
v=0

A positive sequence (g,,) is said to be almost increasing if there exist a positive increasing
sequence (¢, ) and two positive constant M and N such that Me, < g, < N¢, (see [1]). Obviously,
every increasing sequence is almost increasing. However, the converse need not be true as can be
seen by taking an example, say, b, = ne("1". A positive sequence X = (X,,) is said to be a quasi- f-
power increasing sequence if there exists a constant K = K (X, f) > 1 such that K f, X,, > fXm
for all n > m > 1, where f = (f,) = {n’(logn)?, 0 >0, 0 < § < 1}(see [25]). If we take o=0,
then we get a quasi d-power increasing sequence (see [13]). It should be noted that, every almost
increasing sequence is a quasi d-power increasing sequence for any nonnegative ¢, but the converse
need not be true as can be seen by taking the example, say v, = n~° for § > 0. A sequence (),) is

said to be of bounded variation, denoted by (\,) € BV, if > 07 | |AX,| = D07 [An — Ant1] < 0.
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This work considers quasi- f-power increasing sequences as the underlying structural framework.
This choice enables us to extend and refine existing summability results compared with almost
increasing sequences, demonstrating that weaker conditions are sufficient to obtain meaningful

and strong convergence theorems.

2 Known Result

In [3], Bor has proved the following theorem for |Z\7 , Pn|, summability factors of infinite series by

k
using an almost increasing sequence.

Theorem 1 Let (X,,) be an almost increasing sequence and let there be sequences (8,) and (A,)

such that
|AN,| < B, (4)
Bn—0 as n— oo, (5)
> n]AB| X, < oo, (6)
n=1
If
m An
Z%:O(l) as m — 0o, (8)
n=1
Z g|tn| =0(X;,) as m— oo,
n=1

and (pp) s a sequence such that
m
Z % k O(X;m) as m — oo,

where (tn) is the n-th (C,1) mean of the sequence (nay), then the series Y anA, is summable

‘]\77pn|k,k’2 1.
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3 Main Result

Many works dealing with absolute summability and absolute matrix summability factors of an
infinite series have been done (see [4,5,7-9,11,12,17-23]). The aim of this paper is to prove

following theorem which generalizes Theorem 1 by applying quasi power increasing sequences.

Theorem 2 Let B = (by,) be a positive normal matriz such that

boo=1, n=0,1,.., (9)

bnfl,v > bnva fOT' n Z v+ ]-7 (10)

b = O <p> . (11)

P,

Let (X,) be a quasi-f-power increasing sequence for some 0 < § < 1, 0 > 0 and (“"1"3—:") be a

non-increasing sequence. If (A\,) € BV, the conditions (4)-(8) of Theorem 1 and

m k—1
n 1
Skt (5] Ll =00 as mor (12)
= P, n
m P k
Z k-1 <Pn> ltwl® = O(X,n) as m — oo (13)
n=1 n

are satisfied, then the series > anA, is summable ¢ — |B,pulk, k > 1.
We need the following lemma for the proof the theorem.

Lemma 1 ( [6]) Under the conditions of Theorem 2, the following conditions hold;

nBpX,=0(1) as n— oo,

D BnXn < oo (14)
n=1

4 Proof of Theorem 2

Let (I,,) denotes B-transform of the series _ anA,. Then, by (3), we have

n n 7
A 7 bn'u >\’U
AIn = E bpyayAy = § Tva’u-
v=0 v=1
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Applying Abel’s transformation to this sum, we get
n—1 n
_ brwA A
Al, = ZlAU< e v)Zra,, n:Lanar
v=

n—1
_ Zvle (13 ))\t +Zv+1 b os1 Aoty

v=1

n+1
+ Z bn ,v+1 )\'qul l bnn)\ t
= In,l + In,2 + In,S + In,4~

To complete the proof of Theorem 2, it is enough to show that
> b Iy [F< oo, for r=1,2,34. (15)

First, applying Holder’s inequality with indices k¥ and %', where k > 1 and % + % =1, we have

m—+1 m+1
Seb L b = o (Z\A )| Dol £ )
n=2 = v=1

m+1 n—1 R k=1
- o4 <Z‘A )| Pl 12, | ) x (va(bm)) .
n= 2 v=1
By (1) and (2), we have that
Av(i)nv> = I;nv - 677,7’U+1 = an - Bn—l,v - Bn,v+1 + Bn—l,v+1

= bpy — bnfl,v- (16)

Thus using (1), (9) and (10)

Z|A n'u |—Z( n— l,v_bnv)gbnn'

v=1
Thus

m+1 m4+1

n—1
Skt Lt = 00) Y ehtekt (Z!Av@ ’“Itﬁ)
n=2 n=2 v=1
m-+1 Onp k—1 n—1 R
_ o<1)z<;"> (Z\AU(bm) v’“tvlk>
n v=1

n=2

m m—+1 k—1
o PnPn 7
= oYL Y (F) A
v=1 n

n=v+1

m—+1

S (popo )T ;
= oY (B2) M X 180G

v=1 n=v+1




UNDER PEER REVI EW

Now, using (10) and (16), we obtain

m—+1 ) m+1
Z |Av(bnv)| - Z (bnfl,v*bnv) Sbvva
n=v+1 n=v+1
and so
m+1 m Gop k—1
Z%*muk=omz(;ﬂ A
n=2 =1 v
pi)
- Zw ()MWI
m—1
= ZAlMZ«p <”> Ita|" 4+ O(1) |)\m|Z<p <> |t,|*
m—1
= 0(1) Y [AN[Xy + O(1)Am| X
v=1
m—1
= 0(1) Y BuXy+ O(1)| M| Xo
n=1

= 0O(1) as m— oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.
By Holder’s inequality, we have

m+1 m—+1 nflA k
S ettt = om' (z |bn,v+1|my|tv|)
n=2 v=1

m—+1

n—1 n—1 k—1
= O(l) Z 902_1 (Z |bn,v+1|A)‘v|tv|k> x (Z |bn,v+1|A/\v|>
n=2 v=1 v=1
m+1 n—1 R n—1 k—1
= Z SDk 1bk ' (Z |bn,v+1|5v|tv|k> X <Z A)‘v>
v=1

v=1

m—+1 Onp k=1 /n-—1 R
=omz(;ﬂ (Zmﬁwmﬂ
n v=1

n=2

m m—+1 k—1
: PnPn 2
= oY plnlt S (FE2) i
v=1 n

n=v+1
% PoPv
- 0w (%
v=1 v

m—+1
)5mk2wwu

n=v+1
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By (1), (2), (9) and (10), we obtain

v

|Bn,v+1| = Z(bn—l,i - bm)

i=0
Thus, using (1) and (9), we have
m—+1 m—+1 v
Z |bn’v+1| = Z Z(bnfl,i - bni) <1,
n=v+1 n=v+1 i=0

thus

m—+1 m » k—1 1
Sk e = oY e (B) sint
n=2 = v

v=1
m—1 v D k—1 1

= 0(1) Y AB,) Y k! (P) ;\tr\’“
v=1 r=1 r

m P k—1 1
+oowma, Yok (B) Lk
v=1 v

m—1 m—1
= 0(1) Y v|ABIX, +0(1) > B Xy + O(1)mBm Xom
v=1 v=1

= O(1) as m — oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.
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Also, we have

m+1 m+1 n—1 |t |
Z‘Pf;”[, Po< ZSD Z|bn vl Avs1|—
n=2 n=2
™ 1 Al
v+1
S Z QD (Z |bn v+1||>\v+1| > <Z ‘bn v+1| >
n=2
m—+1
<

—1
1k | Ao
> ekl <me+1|m1| ) (Z' “')
n=2
m+1 . D k—1 /n—1 |t|
= 0(1) Z (pnil (P) Z |bn v+1||/\v+1|

n=2

m+1 Onp k—1 /n—1 |t |
= oM} (;n) (Z [bn,o1] | At )

n=2

TSI~ 2 R R
SC0) SISICA i 23 R
v=1 n

n=v+1

m OoPo k—1 |tu|k m+1 )
= O<1)Z<P> |/\v+17 > |bnwsl

v=1 n=v-+1

= P\ It,|"*
v v
= 0wyt <) Pl

’U

m—1 k—1
" 1
- 0<1>Z|AAU+1\Z¢ 1N
v=1 T
k—1
+ \)\m+1|Z<P ( v) ;|tv|k

m—1

= 0(1) Z Bot1Xv+1 + OD)| A1 [ Xms1

v=1
= O(1) as m— oo,

by using (4), (7), (8), (11), (12) and (14).
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Finally, as in I,, 1, we have

m
Z‘Pﬁ_l [ Ina K
n=1

m
0(1)Z¢§_1bzn|/\n|k|tn|k
=1
D k
=) Pl Al
(2) =l

p k
an A tnk
(5) e

= O(1) as m — oo,

o(1) ij on !
n=1

o(1) i on!
n=1

by using (4), (7), (11), (13) and (14). This completes the proof of Theorem 2.

5 Conclusions

If we take 0 = 0 in Theorem 2, then we get a theorem dealing with quasi d-power increasing

sequences (see [16]). If we take o, = £

—_n
Pn’

bny = & and (X,,) as an almost increasing sequence,
then we get Theorem 1. If we take ¢, = % and (X,,) as an almost increasing sequence, then we
get a theorem dealing with |B, p,|r summability (see [14]). In the last two cases, the condition

(An) € BV is not needed.

Limitations

The results of the paper are theoretical and are restricted to absolute matrix summability factors of infinite
series under the stated hypotheses. The applicability of the main theorem depends on several technical
assumptions involving the normal matrix, the sequence ((p_n)), the sequence ((\lambda_n)), and the auxiliary
sequence (X_n). The paper does not provide concrete examples illustrating the verification of these
assumptions for specific series or matrices. It also does not include numerical demonstrations or applications
outside the framework of summability theory. The conclusions are therefore limited to the mathematical
setting developed in the manuscript. Further work may consider explicit examples, comparisons with related
summability methods, or additional special cases that clarify the practical use of the theorem.
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