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Closed-Form Solutions of Second-Order Leonardo-Type Sequences:

Homogeneous Counterparts in Jacobsthal and Mersenne Numbers

Abstract. We present in this work explicit closed-form solutions for second-order nonhomogeneous
linear recurrence relations, identified as generalized Leonardo-type sequences, where the input term is a
polynomial. Our study focuses on several distinguished cases of generalized Fibonacci numbers, which arise
as the homogeneous analogues of the original nonhomogeneous relations. In particular, we consider classical
sequences such as the Jacobsthal sequence, Jacobsthal-Lucas sequence, Mersen sequence and Mersen-Lucas
sequence.
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1. Introduction

Recurrence relations have long formed a cornerstone of mathematics, extending their reach into physics,
engineering, architecture, biology, computer science, and even artistic inquiry. Though their definitions often
appear elementary, they conceal remarkable depth, modeling processes of growth, oscillation, and symbolic
construction. Classical second-order families—most prominently the Fibonacci, Lucas, Pell, and Jacobsthal
sequences—remain enduring exemplars of this tradition.

The framework, however, extends far beyond second-order cases. Higher-order recurrence sequences
enrich both theory and practice, broadening the classical foundation while uncovering intricate algebraic and
analytic structures. The Tribonacci (third-order), Tetranacci (fourth-order), and Pentanacci (fifth-order)
sequences illustrate this expansion, each governed by characteristic polynomials whose root configurations

determine closed-form formulas. Homogeneous recurrences emphasize the interplay between characteristic
1
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polynomials and root multiplicities, while nonhomogeneous forms introduce symbolic terms that interact with
root structures to produce resonance phenomena. Collectively, these families establish a coherent framework
that unites classical recurrence identities with the evolving discipline of symbolic recurrence theory.

This work seeks to enrich the mathematical narrative by unveiling closed-form solutions for second-
order nonhomogeneous linear recurrence relations, articulated as generalized Leonardo-type sequences with
polynomial inputs. Within this architecture, we discern the emergence of generalized Fibonacci numbers,
which stand as the homogeneous reflections of their nonhomogeneous counterparts. Our exploration traverses
several classical lineages—most prominently the Jacobsthal and Jacobsthal-Lucas sequences, together with
the Mersen sequence and Mersen-Lucas families-each forming a distinct thread in the broader tapestry of
recurrence theory.

Let the second order nonhomogeneous linear recurrence relation be given by
Wo=a1Wy,_1+ asW,_o +p(n) (1.1)

with initial conditions Wy = ug, Wi = w; where p(n) is the polynomial with degree s, with coefficients in

Clz] or C:
p(n) = Z e;nt

and the recurrence coefficients ay, as are complex scalars or polynomials in Clz].
A sequence {W,, },>0 defined by (1.1) is called a generalized Leonardo-type sequence with input function
p(n). For more information on generalized Leonardo-type sequences, see Soykan [3] and [2].

Let the homogeneous relation corresponding to (1.1) be written as
Vi, =a1Vy_1+ asVy_o (1.2)
with the same initial conditions as W, i.e.,
Vo = Wy, V1 = W7
Suppose that 0; and 65 are the roots of the characteristic equation of (1.2)
22 —ay1z—ay =0, (1.3)

of (1.2).
Note that if all the roots of (1.3) are equal to 1 then

P2 —azr—ay=(2-1)2=22-224+1=0
so that a1 = 2, as = —1 and (1.2) reduces to
Vi =2Vy_1 — Vo, (1.4)

In earlier work, particular solutions of second-order nonhomogeneous recurrences (1.1) with polynomial

inputs were obtained for degrees s = 0,1,2,3,4, 5,6, 7; see Soykan [4]. Here, we extend those results to unified
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closed-form solutions by applying Theorem 1.1. Each recurrence is expressed as the sum of its homogeneous
and particular components, with the particular solution determined through iterative coefficient relations.
The framework is organized by two parameters: the multiplicity r of 1 as a root of the characteristic
equation (1.3), and the polynomial degree s. Explicit formulas are obtained for all cases r = 0,1,2 and
s = 0,1,2,3,4,5,6,7, showing how resonance and multiplicity corrections arise. Since our examples—
generalized Jacobsthal numbers (r = 0) and Mersenne numbers (r = 1)—fall into these categories, we
present the theorem in detail only for + = 0 and r = 1, noting that the double root case r = 2 can be derived

analogously.

THEOREM 1.1.

(a): [2, Theorem 7.6. (a)] The case r =0, i.e., all two roots of the characteristic equation of (1.3) is

distinct from 1. The solution of (1.1) is given by

Wn(WOa Wl) = W’I(Lh) + Wv(Lp)

= Va(Wo, W1) = Va(Wg" W) + WP
where W = Vi (Wo, Wh) — Vn(Wép), Wl(p)) is the solution of (1.2) and
WP =" Amt = Ag+ > Am!
i=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

Cs

Ay =——"— =
s a1+a2_1,forn s
and
A :—;(C - i (—1)k-ntt K (a1 + 28 "ay)Ap), forn=s—1,5—2,..,2,1,0
" ar+a;—1"" Mt n ’ 7 e
Here
Wép) — 1407
W = YA,
i=0
and

Va(WP WP = V(40,3 Ay)
=0

(Wy —aiWo) >i_g Ai — aaWo A
= i= Vi (Wo, W
W12 — UQWOQ — G,1W0W1 ( 0 1) *

Wo D oo Ai — AgWy
= - i= Vi1 (Wo, W
W2 — a;a W2 — ayWoW; ner(Wo, W) +

_a‘2(WO Zf:o A; — A0W1)
I/Vl2 - G‘QWOQ - U/lW()Wl
Wi Z?:o A; — (Whaz + Wiay) Ay

W12 - a2W02 — a1 WoWy

anl(vv()v Wl)

Vi (Wo, Wh).
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In summary, the solution of (1.1) is given by

(W1 — a1WO) Ef:o Az — CLQWQAO

az(Wo 3-;_o Ai — AgWh)
W12 — a2W02 — a1W0W1

W12 — GQWOQ — a1W0W1

Wn(Wo, Wl) = < + 1> Vn(Wo, W1)+ Vn_l(Wo, W1)+Z AZ’ILz

i=0
i.e.,

_ WX Ai— AW

_ Wi i Ai — (Woag + Whar) Ag
le — G/QW(? — a1W0W1

Viir (Wo, W 1) Vi (Wo, W A’
/_,'_1( 0 1)+< WE—GQWOQ—(]dWOWl + > n( 0 1)+;) T

Wi (Wo, W)

(b): The case r =1, i.e., 1 is a simple root of the characteristic equation of (1.8). The solution of

(1.1) is given by
W, (Wo,W1) = W +w®
= Vu(Wo, Wy) = V(WP W)y 4 wip)

where W = Vo (Wo, W1) — Vn(Wép), Wl(p)) is the solution of (1.2) and

WP =n i Ain' =n(Ag + i Aint)

=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

o 1\141 Cs _ Cs _
As=(=1) (Z?Zl jaj)(s';l) (a1 4 2a2)(s+ 1)’ Jorn=s

and
1 - kE+1
A, =  — —1)k—n+2 ok—n+1,y4 =s—1,s—2,...,2,1,0.
(a1+2a2)(n+1) (C k;rl( ) < n )(al+ a2) k)7 fO’f"ﬂ S S g eeny Ay Ly
Here
W = o,
Wl(p) — ZA“
i=0
and
i=0
(W1 —aaWo) >0 Ai —agWo 3 7o Ai
= = VnW,W = Vn— W7W
W12 — G/QW(? — G,1WQW1 ( 0 1) + W12 - CL2W02 - CL1WOW1 1( 0 1)
_ Wo Zf:o Ai Wi Z?:o Ai

— Vi1 (Wo, W Vo (Wo, W1).
WE*CLQVV(%*(MW()Wl +1( 0 1)+ ( 0 1)

In summary, the solution of (1.1) is given by

W12 — a2W02 — a1W0W1

(Wr —a1iWo) >0 Ai asWo o A > ;

n ) = - = 1 n ) = n— ) Az !

Wa(Wo, W) < WZ a2 —awoi;, 1) Ve Vo Wt e i, Ve (W Wl)*”; "
i.e.,

Wo oo Ai Wi oA > ;

n ) = = n ) - = 1 n ) A’L !

WalWo. W) = g e = o, Vot o W — g = 0m =, +1) V(Mo Wi)tn ) An

1=0
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(c): The case r =2, i.e., 1 is a double root of the characteristic equation of (1.3). The construction

follows the same method as in case (a) and (b), with appropriate multiplicity corrections.

Proof. The solution is obtained by combining Theorem 5.5 (p. 104), Theorem 5.6 (pp. 104-105), and
Theorem 3.1 (pp. 88-89) for m = 2, as presented in Soykan [2]. In general, the theorem applies to all
multiplicities r = 0,1,2: the case » = 0 corresponds to the non-resonant situation where both roots are
distinct from 1, while 7 = 1 and r = 2 represent simple and double roots of 1 in the characteristic equation
(1.3). Since our applications involve only the non-resonant case r = 0 and the simple root case r = 1, the
double root case r = 2 is omitted. It can be obtained in the same manner with multiplicity adjustments,

but is not needed for the examples considered here.

2. Examples: Closed-Form Solutions of Second Order nonhomogeneous Linear Recurrence

Relations

In the following subsection, we consider special cases of Theorem 1.1 for the special second order non-

homogeneous linear recurrence relations.

2.1. Generalized Jacobsthal Numbers: The case a; = 1 and as = 2. Now, we consider the case
a1 = 1,a2 = 2. A generalized Jacobsthal sequence {V,,}n>0 = {Vo(Vo, V1) }n>0 is defined by the second-order
recurrence relation

Vio=Vpo14+2V,_o, (2.1)
with the initial values V) = vg, V4 = v not all being zero.
The sequence {V,,}»>0 can be extended to negative subscripts by defining

1 1
an = _§V—(n—1) + §V—(n—2)

for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.
The Binet formula of generalized Jacobsthal numbers can be written as

Vl—ﬁvo n_Vl—OéVo

VvV, = " 2.2
L an - 0 (22)
pia” — pa3”
a—p
where o and /3 are the roots of the quadratic equation 22 — z — 2 = 0 and
o= Vi—pW
p2 = Vi—al.
Moreover
a = 2
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So
V, =

(Vi = V) x 2" — (Vi —ap) x (-1)"

3

Now we define two special cases of the sequence {V,,}. Jacobsthal sequence {J,},>0 and Jacobsthal-

Lucas sequence {j, }n>0 are defined, respectively, by the second-order recurrence relations

In =

jn =

Jn—l + 2Jn—27

jnfl + 2jn727

Jo=0,J; =1,

jO = 27j1 = 17

The sequences {.J,, }»>0 and {j, }n>0 can be extended to negative subscripts by defining

J o, =

jfn =

1 1

_5‘]7(7171) + §J7(n72)
1. 1.

~5)=(n-1) + 57-(n-2)

for n = 1,2,3, ... respectively. Therefore, recurrences (2.3)-(2.4) hold for all integer n.

For all integers n, Jacobsthal and Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as

J, = anfﬂnzo‘n*m,
a—pf 3
jn = an+ﬂn7

respectively.

In the following Example, we consider Theorem 1.1 (a) for

ap = 1,
as = 2,
Wo = 0,
W, = 1,

so that we have the case V,, = J,, (Jacobsthal numbers).

EXAMPLE 2.1. In this example, we consider the case ax = 1,a0 = 2, Wy = 0,Wy = 1 in Theorem 1.1
(a). So V,(0,1) =V, represents nth Jacobshal number i.e., V,, = J,,.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wn=Wh_1+aW,_2+co

is given by

1 1
Wn((), 1) = 5(60 + Q)Jn + COJn—l - 560

i.e.,

1 1
Wn(O, 1) = §COJn+1 + J, — 500.
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(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
Wp=Wu_1+2W,_ 2+ cin+co
18 gen by

1 1
W,(0,1) = 1(200 +7c1 +4)J, + 5(2c0 +5¢1)Jn—1 + Ain + Ag

i.e.,
1 1
W,L(O, 1) = 1(260 + 501)Jn+1 + 5(61 + 2)Jn + Ain + Ap
where
1
Al = _5615
1
AO = —1(200 + 501).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
2
Wy, = W1 +2W, o + con” + c1n + ¢
is given by

1 1
W,(0,1) = 1(200 + 7c1 4+ 28¢co +4)J, + 5(200 + 5¢1 + 1602)Jn71 + A2n2 + Ain+ Ay

i.e.,
1 1 9
Wn(O, 1) = 1(260 + 5¢1 + 1662)Jn+1 + 5(01 + 6¢co + Q)Jn + Asn + Ain + Ag
where
1
A2 = —502,
1
A = —§(c1 + 5¢9),
1
Ay = —Z(QCO + 5¢1 + 1602).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
Wp =Wu_1+2W,_9+c3n” +can” +cin+co

s given by
Wi (0,1) = & (4co + 14c1 + 56¢s + 269¢3 + 8)J,, + 1 (4co + 10¢1 + 32¢o + 139¢3) J—1 + Asgn® +
A2n2 + Aln + AO

i.e.,
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Wi (0,1) = $(4co 4 10¢y + 32¢o + 139¢3) Jq1 + 1 (21 + 12¢5 + 65¢3 + 4) J, + Azn® + Aon® +

A17’L+A0
where
1
A3 = _5037
1
Ay = —1(2024—1503)7
1
A = —5(014—502—!—2403),

1
A() —§(4C() + 1001 + 3202 + 13965)

(e): The case s =4. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
_ 4 3 2
Wo =Wh_1 4+ 2Wh_o 4+ can™ + c3n® + can® + cin + ¢

s given by

Wn(0,1) = £(4co + 14c1 + 56c3 + 269c5 + 1592¢4 + 8)J,, + §(4co + 10c1 + 32¢3 + 139¢5 +
800c4)Jp_1 + Agn* + Azn3 + Aon? + Ajn + Ay

i.e.,

W,(0,1) = (4o + 10¢1 + 32¢2 + 139¢3 + 800cy) Jt1 + +(2¢1 + 12¢2 + 65¢5 + 396¢4 + 4)J,, +
Aun® + Asn® 4+ Asn? + Ain+ Ay

where

1

A4 = _5047
1

A3 = —5(63 + 1004),
1

Ay = —1(202 + 15¢3 + 96¢4),
1

A, = _§(c1 + 5cg + 24c3 4 139¢y),
1

Ao = —g(deo +10¢; +32¢; + 139c3 + 800cy).

(f): The case s =5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
_ 5 4 3 2
Wop=Wa14+2W,_ o4 csn’ +can™ + cgn® + con” + cin + ¢g

s given by
W,(0,1) = %(400 + 14¢q + 56¢o + 269¢3 + 1592¢4 + 11534c5 + 8)J,, + i(4co + 10c1 + 32¢3 +
139¢3 + 800cy + 577005)Jn_1 + A5n5 + A4’I7,4 + A3n3 + A2n2 + Ain+ Ag

i.e.,
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Wi (0,1) = $(4co + 10c; + 32¢3 + 139¢;3 + 800cq + 5770¢5) Jn 41 + §(2¢1 + 12¢5 + 65c3 + 396¢4 +
2882¢s5 + 4)Jn + A5TL5 + A4’I’L4 + A3n3 + A2n2 + Ain+ Ay

where
1
As = *5657
1
A4 = —1(2044‘2565)7
1
Ay = —5((:3 + 10c4 + 80cs),
1
Ay = _1(202 + 15¢3 + 96¢4 + 695¢5),

1
A, = _5(01 + 5ey + 24c¢s + 139¢4 4 1000¢s),

Ao

1
—§(4co + 10c¢1 + 32¢2 + 139¢3 + 800cy + 5770¢s).

(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, =W, 2W, ¢ ° * ¥ 2
n=Wn_1+ n—2 +cgn_ 4+ csn” +can” + can” 4+ con® +c1n + ¢

s given by

W,(0,1) = & (4co + 14cy + 56¢2 + 269c¢5 + 1592¢4 + 11 5345 + 99 896¢6 + 8).J,, + +(4co + 10¢; +
32¢o + 139¢3 + 800cy + 5770c5 + 49952¢6)Jp—1 + AgnS + Asn® + Ayn* + Azn3 + Aan? + Ajn + Ag

i.e.,

W,(0,1) = & (4o +10cy +32¢3 +139¢5 +800c4 + 5770¢5 + 49 952¢6 ) 511 + § (2c1 + 1265 +65¢3 +
396¢y + 28825 + 24 972¢6 + 4)J,, + Agnb + Asn® + Ayn* + Azn3 + Agn? + Ajn + Ay

where
Ag = —%CG,
A5 = —(es + 15c),
Ay = —2(204 + 25¢5 + 240¢4),
Ay = 7%(@, + 104 + 80c5 + 695¢6),
Ay = —i(QCQ + 15¢3 + 96¢4 + 695¢5 + 6000c¢s),
A, = —%(cl + Beg + 243 + 139¢4 + 1000¢5 + 8655¢6),
A, = _5(400 41061 + 3265 + 139¢5 + 800cy + 5770¢5 + 49952¢6).

(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

Wy = Waei1 + 2Wih_o + crn” + cgn® + c5n® + can* 4 esn® + can® + ein + ¢



UNDER PEER REVI EW

18 gen by

Wi (0,1) = 75 (8co +28¢1 + 112¢2 + 538c3 + 3184cy + 23068¢5 4 199792¢6 + 2017813c7 + 16)J,, +
%(800 +20c1 +64cg +278¢3 +1600c4 + 11 540¢5 +99904c6 + 1008923 ¢7 ) J,,—1 + A7n” + AgnS + Asn® +
Aun® + Asn® 4+ Asn? + Ain+ Ay

i.e.,

w,(0,1) = %(880 + 20c;1 + 64cg + 278¢3 + 1600c4 + 11 540¢5 + 99904¢s + 1008923¢7) Jp+1 +
%(401 + 24cy 4 130c3 + 792¢4 + 5764cs + 49944c6 + 504445¢7 +8)J,, + A7n” + Agn® + Asn® + Ayn* +
Azn® + Aan® 4+ Ain + Ag

where
A = —567,
Ag = —%(206 + 35c¢7),
As = —%(05 + 15¢6 + 168¢7),
A, = —é(m + 50c5 + 480cs + 4865¢7),
Ay = —%(03 + 10¢4 + 80c¢5 + 695¢6 + 7000¢7),
Ay, = —3(202 + 15¢3 + 96¢4 + 695¢5 + 6000c6 + 60585¢7),
A = 7%(01 + 5co + 24c¢3 + 139¢4 + 1000c5 + 8655¢6 + 87416¢7),
Ay = L (8¢o + 20¢y + 64cq + 278¢s + 1600cy + 11540¢5 + 99904¢6 + 1008923¢7).

16

In the following Example, we consider Theorem 1.1 (a) for

aa = 1,
as = 2,
Wo = 2,
W, = 1,

so that we have the case V;, = j,, (Jacobsthal-Lucas numbers).

EXAMPLE 2.2. In this example, we consider the case a1 = 1,a0 = 2, Wy = 2, Wy = 1 in Theorem 1.1

(a). So Vi, (2,1) =V, represents nth Jacobsthal-Lucas number, i.e., Vi, = jy.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation

Wp=Wp_1+2Wy,_2+co
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18 gen by

1 A 1
Wn(Q, 1) = E(5Co + 18)]71 + §Cojn71 — 500

i.e.,
1 1 ) 1
Wn(2,1) = 1gCodn+1+ g (2c0 + 9)jn — 50
(b): The case s = 1. The solution (the closed-form solution) of the sequence {Wy,} defined by non-

homogeneous linear recurrence relation
Wp=Wu_1+2W,_ 2+ cin+co
18 given by

1 1
Wn(2, 1) = %(1000 + 27c1 + 36)]n + 7(260 + 961)]'”71 + Ain+ Ag

18
i.e.,
1 . 1 .
Wn(2,1) = %(200 +9¢1)jnt1 + 1—8(400 +9¢1 + 18)j, + A1n + A
where
1
Al - _5617
1
Ay = —1(260 + 561).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy = W1+ 2Wy_o+ con® + cn + co
s given by
1 . 1 , 2
W,(2,1) = %(1000 +27¢1 + 92¢o + 36) 7, + E(2CO + 9¢c1 + 4002)‘7”71 + Aon® + Ain + Ag

i.e.,

1 1
Wo(2,1) = %(2% +9¢1 +40¢2)jnt1 + — (4o + 9cy + 26¢5 4+ 18) 4, + Aan® + Ajn + Ay

18
where
1
Ay = —5C2
1
A = —5(014-502),

1
Ay = —1(2004—5014-1662),
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(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, =Wn_1+2W,_2 + 03713 +ean?+en+ co
s given by
Wo(2,1) = %(2000+5401+18402+82503+72)jn+%(4co+1801+8062+39903)jn,1+A3n3+A2n2+A1n+A0
i.e.,

1 1
Wn(2, 1) = 6 (400 +18c1 +80co +39903)jn+1 +— (800 +18¢1 +52¢5+213c3 +36)]n +A3n3 +A2n2 +Ain+ Ay

36
where
1
A3 = _5637
1
Ay = —7(2c2 + 15c3),
1
A = *5(01 + 5cp + 24c3),
1
Ao = —g (4o +10c; + 3265 +139c3).

(e): The case s = 4. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
4 3 2
Wop=Wu_142W,_o+4can™ +c3n® + con” + cin + ¢

s given by

Wi(2,1) = 25 (20co + 54cy + 184c + 825¢3 + 4792¢4 + 72)jn + 35 (4co + 18¢1 + 80c2 + 3993 +
2384c¢y)jn_1 + Agn* + Asn3 + Agn? + Ain + Ao

i.e.,

Wi(2,1) = &5 (4co + 18¢1 +80c2 + 399¢3 +2384¢4) 1 + 55 (8¢o + 181 + 52¢2 +213c3 + 1204c4 +
36)7, + Agn* + Aznd + Aon? + Ajn + A

where

1

A4 = 75047
1

As = —=(c3+ 10c4),
1

Ay = —1(262 + 15c3 + 9664)7
1

A = —5(01 + 5¢o + 24c3 + 13904),
1

Ay = —§(4co + 10¢1 + 32¢2 + 139¢3 + 800¢y).
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(f): The case s = 5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

W, = Wa_1 + 2Wy_o + csn® + can® + 03713 +eon? +en + co

s given by

Wi (2,1) = 5 (20co + 5dcy + 184co + 825¢3 + 4792¢4 + 34614cs5 + 72)jy, + 35 (4co + 18¢1 + 80cs +
399c3 + 2384cy + 17298¢5) 7,1 + Asn® + Agnt + Asn3 + Asn? + Ain + A

i.e.,

Wn(2,1) = 25 (4co + 18¢1 + 80ca + 399cs + 2384cy + 17298¢5)jn+1 + 35(8co + 18¢1 + 52¢2 +
213c3 + 1204c¢4 + 8658¢5 + 36)j, + Asn® + Ayn* + Aznd + Ayn? + Ain + Ay

where

1
A5 = _5057
1
Ay = 71(204 + 25¢5),
1
A3 = —5(03 + 1004 + 8065)7
1
A2 = —1(202 + 15C3 + 9604 + 69565)a
1
A = —5(01 + 5co + 24c¢3 + 139¢y + 100005),
1
Ay = —g(deo+ 10e; + 32cz + 1395 +800cs + 5770cs).

(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

Wy, = Wyo1 +2W,_2 + cen® + c5n® + can® + csn® + con® + ein + ¢

18 gen by

Wi(2,1) = 25(20co+54c; +184cy +825¢3+4792¢4 +34614c5+299704¢6 +72) ji, + 55 (dco +18¢1 +
80cy +399¢3 + 2384cy + 17298¢5 + 149840¢6) jn—1 + Agn® + Asn® + Agn* + Asnd + Aon? + Ain + Ay

i.e.,

Wi (2,1) = =5 (4co + 18c1 + 80cs + 399c3 + 2384cy + 17298¢5 + 149840¢6) jn 41 + 35 (8o + 18¢1 +
52¢s +213c3 + 1204c4 + 8658¢5 + 74932¢6 + 36) j, + AgnS + Aszn® + Agnt + Azn® + Aon? + Ain+ Ao
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where
Ag = —%CG,
A5 = _%(05 + 15¢),
Ay = —2(204 + 25¢5 + 240¢),
Ay = —%(03 + 10¢4 + 80c5 + 695¢6),
Ay = —2(202 + 15¢3 + 96¢4 + 695¢5 + 6000c¢s),
A = —%(cl + 5ca + 24¢3 + 139¢4 + 1000c¢5 + 8655¢),
Ay = —é(4co + 10¢1 + 32¢2 + 139¢3 + 800c4 + 5770c5 + 49952¢4).

(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W _ 2W 7 6 5 4 3 2
n=—Wn_1+ n—2 t+cmm' +cgn” +csn” 4+ cqn” + cs3n” + con® +cin + ¢y

s given by

Wi (2,1) = 15 (40co + 108¢; + 3682 + 16503 + 9584cs + 69228¢5 + 599408¢c6 + 6053505¢7 +
144)j, + =5 (8co + 36¢1 + 160cs + 798¢3 + 4768¢4 + 345965 + 299680¢ + 3026703¢7)jn—1 + A7n” +
An® + Asn® + Ayn® + Asnd + Aan? + Ayn + Ao

i.e.,

Wia(2,1) = 11 (8co + 36¢1 + 160cs + 798¢3 + 47684 + 34596¢5 + 299680cs + 3026703¢7)jpr1 +
= (16co 4 36¢1 + 104co +426¢3 + 2408¢4 + 17 316¢5 + 149864 ¢ + 1513401c7 + 72) iy, + A7n” + Agn® +
Asn® 4+ Agn® + Asn® + Asn® + Ain+ Ay

where
A; = —%Cw
Ag = —i(?c(, + 35¢7),
As = —%(05 + 15¢6 + 168¢7),
Ay = —é(404 + 50c¢5 + 480c¢s + 4865¢7),
Ay = —%(03 + 10¢4 + 80¢s5 + 695¢6 + 7000c¢7),
Ay = —%(202 + 15¢3 + 96¢4 + 695¢5 + 6000 + 60585¢7),
A = —%(cl + 5¢a + 24¢3 + 139¢4 + 1000¢5 + 8655¢6 + 87416¢7),
Ay = _i(gco + 20¢1 + 64co + 278¢3 + 1600c¢4 4+ 11540¢5 + 99904cs + 1008923¢7).

16
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2.2. Generalized Mersenne Numbers: The case a; = 3 and ay; = —2. In this subsection, we
consider the case a; = 3,a2 = —2. A generalized Mersenne sequence {V,, }n>0 = {Vo(Vo, V1) }n>0 is defined

by the second-order recurrence relation
Vi =3Vho1 — 2V, (2.5)

with the initial values Vjy = ¢, V1 = ¢ not all being zero.
The sequence {V},}n>0 can be extended to negative subscripts by defining

3 1
Vo = §V—(n—1) - §V—(n—2)

for n = 1,2,3,.... Therefore, recurrence (2.5) holds for all integer n. For more information on generalized
Mersenne numbers, see Soykan [1].
The Binet formula of generalized Mersenne numbers can be written as
Vi — BVt Vi —aVWt
y, =" Vo n_Vi—o 0 gn
a—p3 a—p

where o and [ are the roots of the quadratic equation

22 —32+2=0. (2.6)
Moreover
a = 2
g =1
So
Vo = (Vi = Vo)2" — (Vi — 2V%). (2.7)

Now, we define two special cases of the sequence {V,,}. Mersenne sequence {M,, },,>0 and Mersenne-Lucas

sequence {H, },>0 are defined, respectively, by the second-order recurrence relations

M, 3M,_1 —2M,_s, My =0,M; =1, (2.8)

H, = 3H, .—2H, ,,  Hy=2H =3, (2.9)

The sequences {M,, },,>0 and {H,, },>0 can be extended to negative subscripts by defining

M_, = iM—(n—l) - §M—(n—2)’
3 1
H_, = §H—(n—1) - §H—(n—2)7

for n = 1,2,3, ... respectively. Therefore, recurrences (2.8)-(2.9) hold for all integer n.
For all integers n, Mersenne and Mersenne-Lucas can be expressed using Binet’s formulas as

M, = & B g
@B G 2t

H, = an+ﬁn:2n+17
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respectively.
In the following Example, we consider Theorem 1.1 (b) for
ap = 3, ay = —2,
Wy = 0, W1 =1,
so that we have the case V,, = M,, (Mersenne numbers).
ExXAMPLE 2.3. In this example, we consider the case a1 = 3, ag = —2, Wy =0, Wi =1 in Theorem 1.1

(b). So V,(0,1) =V, represents nth Mersenne number, i.e., V,, = M,.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation

Wy =3Wpn_1 —2Wy_2+co
18 gen by

Wn(0,1) = (co + 1) M,, — con.

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

W, =3W,—1 —2W,—2 +c1n + ¢

18 gwen by
Wo(0,1) = (co + 3c1 + 1) M, + Ain® 4+ Agn
where
1
Al = _501;
1
AO = 75(260 + 561).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

W, =3W,—1 —2W,_2 + CQTLQ +cin+cy

1s given by
Wo(0,1) = (co + 3¢y + 1lco + 1) M, + Aon® + Ain® + Agn
where
1
AQ = 7502)
1
A1 = —5(014—502),

1
Ay = _6(660 + 15¢1 + 4982).
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(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
Wy =3Wph_1 —2W,_o 4+ ¢c3n”® + con” + cin + co
18 given by

Wn(O, 1) = (CO + 3¢y + 1ley 4+ 5les + 1)Mn + A3?’L4 + A2n3 + A17’L2 + Agn

where
1
A3 = _1637
1
Ay = _6(202 + 1563),
1
A = —1(201 + 10c2 + 4903),
1
Ay = _E(GCO + 15¢1 + 49¢o + 21603).

(e): The case s = 4. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
W, = 3W,_1 — 2W, o + can® + 03713 +eomn?+en+ co
18 gien by
W,o(0,1) = (co + 3c1 + 1lco + 5les + 299¢y 4+ 1) M, + Agn® + Asn® + Aon® + Ain? + Agn

where

1

A4 == _3647
1
Az = *Z(CS + 10c4),
1
A2 = 76(202 + 1563 + 9804),
1
A, = _1(2(;1 + 10¢2 + 49¢3 + 288c4),
1
Ay = —%(3000 + 75¢1 + 245¢2 4+ 1080c3 + 6239¢4).

(£): The case s =5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, = 3W, 2W, b 4 3 2
n = n—1—2Wn_2 +csn” +c4n” + c3n” + can” + c1n + co
1s given by

Wi (0,1) = (co + 3¢y 4 11cy 4 5les + 299¢y + 2163cs 4+ 1) M, + Asn® + Ayn® + Asn® + Ayn® + Ain® + Agn
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where

1

A5 - _605,

Ay = — (24 + 2505)

4 = 10 Cy4 C5)s

1

Ay = =15 (Bes +30cs + 245¢5),
1

Ay = —2(2c2 + 15cs + 98cs + 720c5),
1

Ar = =5 (6cr + 30, + 147y + 864cq + 6239c5),
1

Ay = ——(30co 4 T5¢1 + 245¢; + 1080cs + 6239¢4 + 45000¢s).

30

(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
_ 6 5 4 3 2
Wyo =3Wph_1 —2W,_o+ cen® + csn’ 4+ can™ + c3n® + con® + cin + ¢

s given by
W, (0,1) = (co+ 3¢y + 11 + 5les +299¢y + 2163¢5 + 18731 + 1) M, + Agn” + Asn® + Ayn® +
A3n4 + A2n3 + A1n2 + Agn

where
Ag = —%Cs,
A = _%(Cs +15¢q),
A, = —%0(204 + 25¢5 + 245¢6),
Ay = —%(3@, + 30c4 + 245¢5 + 2160cs),
Ay = 7%(202 + 15¢3 + 98¢y + 720c5 + 6239¢6),
A, - —%(601 4305 + 1475 + 864cq + 6239¢5 + 54000¢q),
A = —ﬁ(mco +525¢; + 1715¢2 + 7560¢5 + 436734 + 315000¢5 + 2726645¢5).

(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, = 3W, 2W, ! 6 ¥ * s ?
n = n—1— n—2 +ctn' 4+ cgn” +csn” +cqn” 4+ cs3n” 4+ con” +cin 4+ ¢y

18 given by
W, (0,1) = (co + 3c1 + 11ca + 5leg + 299¢4 + 2163c5 + 18731cg + 189171cr + 1) M, + A7n® +
Agn” + Asn® + Aun® + Asn®* + Aon® + Ain? + Agn
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where
1
A; = *§C7a
Ag = §£(2 + 35¢7)
6 — 14 Ce Cc7),
1
As = =525 + 30cs + 343¢7),
1
A, = _ﬂﬂma+2&%+2“kﬁ+2wm”%
1
Az = _ﬂ(GCB + 60cq + 490cs 4+ 4320¢6 + 4367307),
1
Ay = _6(262 + 15¢3 + 98¢y + 720c5 + 6239¢4 + 63000¢7 ),
1
A = _5(601 + 30ce + 147c3 4 864cy + 6239c5 + 54000cs + 54532907);
1
Ao = —5—(210co + 525¢; + 1715¢; + 7560c5 + 43673¢4 + 315000c5 + 2726645¢5 + 27536040¢7).

210
In the following Example, we consider Theorem 1.1 (b) for
a; = 3, ag = 72,
Wo = 2, Wi =3,

so that we have the case V,, = H,, (Mersenne-Lucas numbers).

EXAMPLE 2.4. In this example, we consider the case a1 = 3, ay = —2, Wy =2, W1 = 3 in Theorem 1.1

(b). So V,(2,3) =V, represents nth Mersenne-Lucas number, i.e., V,, = H, ).

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wn = 3Wn,1 - 2Wn72 + o
is given by
Wn(2,3) = (300 + I)Hn —4coHp, 1 — con,

i.e.,

Wn(Q, 3) = QCoHn+1 - (360 - ].) Hn — Con.

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, =3W,_1 —2W,,_a +c1n + o
18 given by

Wih(2,3) = (3¢co 4+ 9c1 + 1) H,, — 4(co + 3¢1)H,—1 + Ain® + Agn
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i.e.,
Wi (2,3) = 2(co + 3c1)Hpy1 — (3co +9¢1 — 1)H,, + Ayn® + Agn

where

1
Al = _501;

1
AO = —5(200 + 561).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, = 3W,_1 — 2W, o 4+ can® + c1n + ¢
s given by
Wi(2,3) = (3co + 9e1 + 33ca + 1) H,, — 4(co + 3¢1 + 11ea) Hyy 1 + Agn® + Ain® + Agn
i.e.,
Win(2,3) = 2(co + 3¢y + 1lea)Hpy1 — (3co + 9e1 + 33¢y — 1) H,, 4 Agn® + Ain® + Agn

where

1

A2 = _5627
1
A = —5(01 + 502),
1
AO = —6(600 + 1501 + 4962).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
Wyp =3Wp_1 —2Wy_2 +c3n” + can” +cin + co

18 gen by

W, (2,3) = (3co 4+ 9c1 +33co +153¢3 + 1) H,, — 4(co +3c1 + 11eo +51cs)Hy 1 + Agn* + Aon® +
Ain? + Agn

i.e.,

Wi (2,3) = 2(co+3c¢1 + 1lcg + 51cg)Hpr1 — (3co + 9c1 + 33c2 + 153c3 — 1) H,, + Agn + Agn® +
Ain® 4+ Aon



UNDER PEER REVI EW

where
1
A3 = *1037
1
Ay = —5(2e+ 15¢),
1
Al = —1(201 + 1062 + 4963)7
1
Ay = —6(6c0 + 15¢1 + 49¢2 + 216¢3).

(e): The case s = 4. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
4 3 2
W, =3W,—1 —2W,_2 + can” + c3n” + con” + cin + ¢o

18 given by

Wi(2,3) = (3¢o+9c1 + 33¢a + 153¢5 +897cy + 1) H,, — 4(co + 3¢1 + 11eq +5les +299¢4) Hp -1 +
AP + Asn* + Asnd + A1n? + Agn

i.e.,

Wn(2,3) = 2(co+3c1 + 11ca + 5les +299¢4 ) Hyp1 — (3¢o 4+ 9¢1 + 33¢o + 153¢5 + 897y — 1) H,, +
Aun® 4+ Asn® + Aand + Ain? + Agn

where

1

A4 - _364’
1

A3 = —7(03 + 1004)7
1

Ay = _6(262 + 15c3 + 9864)7
1

A = —1(261 + 10co + 49c¢3 + 28864),
1

Ao = —55(30co + Ther + 245¢p + 1080c + 6239c4).

(f): The case s = 5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
5 4 3 2
Wy =3Wph_1 —2Wy_o 4+ c5n° + c4n” + csn” + con” + cin + ¢

18 gen by

Wn(2,3) = (3co + 9¢1 + 33¢o + 153¢3 + 897¢y + 6489¢s + 1)H,, — 4(co + 3¢1 + 1leg + 5leg +
299c4 + 2163c5)H,,—1 + Asn® + Ayn® + Azn* + Aon® + An? + Agn

i.e.,

Wi(2,3) = 2(co+3c1 + 11ca 4+ 51cg +299¢4 +2163¢5) Hpy 11 — (3¢o +9¢1 + 33¢2 + 153¢3 +897¢4 +
6489cs — 1)H,, + AsnS + Ayn® + Asn* + Aon® + Ain? + Agn
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where
1
As = 5
Ay = —i(2 + 25¢5)
4 = 10 Cy Cs),
1
A3 = _5(303 + 3064 —+ 245C5)7
1
Ay = —8(202 + 15¢3 4 98c¢4 + 720c¢5),
1
A = 75(661 + 30co + 147¢3 + 864c4 + 623965)7
1
0o = —%(3000 + 75¢1 + 245¢5 4+ 1080c¢3 + 6239¢4 + 45000¢5).

(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wy, = 3W, 1 — 2W, ¥ ° * 3 ?
n = n—1 n—2 T CeN~ + Ccsn” +c4n” + c3n” + can” + c1n + ¢o

18 given by

Wi(2,3) = (3¢o + 9¢1 + 33c2 + 153c3 + 897¢y + 6489c5 + 56 193¢s + 1) Hy, — 4(co + 31 + 11ea +
51cs + 299¢cy + 2163cs + 18 731cg) Hy 1 + Agn” + AsnS + Ayn® + Asn* + Aon3 + Ain? + Agn

i.e.,

Wi(2,3) = 2(co + 3c1 + 11ea + 5les 4+ 299¢4 + 2163¢5 + 18 731¢g) Hypp1 — (3o + 9¢1 + 33¢o +
153c3 + 897¢cy + 6489cs + 56 193¢ — 1) H,, + Agn” 4+ Asn® + Ayn® + Asn* + Ayn® + An? + Agn

where
A = _%067
A5 = *%(05 + 15¢6),
Ay = —%(264 + 25¢5 + 245¢4),
A = —%(303 + 30c4 + 245¢5 + 2160¢6),
Ay = —é(2c2 + 15¢3 + 98¢y + 720c¢5 + 6239¢s),
A = —1—12(601 + 30¢a + 147¢3 + 864¢4 + 6239¢5 + 54000¢s),
Ay = —ﬁ(?lOCO + 525¢1 + 1715¢9 4 7560c¢3 + 43673¢4 + 315000c¢5 + 2726645¢6).

(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, = 3W, 2W, 7 6 ¥ * s ?
n = n—1— n—2 +cm' +cgn” 4+ csn” +cqn +c3n® 4+ can” +cin+ co

s given by
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W, (2,3) = (3co + 9¢1 + 33¢ + 153¢5 + 897cy + 6489¢s + 56193¢ + 567513¢7 + 1)H,, — 4(co +
3c1 + 1leg + 5leg + 299¢y + 2163cs + 18731cg + 189171cr) H,y, o1 + A7n® + Agn” + Asn® + Ayn® +
Asn® + Aon® + Ain? + Agn

i.e.,

Wi(2,3) = 2(co+ 3¢y + 11ea + 5les + 299¢y +2163¢5 + 18731cg + 189171¢7) Hyy 1 — (3o + 9c1 +
33co + 153c3 +897cy + 6489c5 + 56193c6 + 567513¢y — 1) H,, + A7n® + Agn™ + Asn® 4+ Ayn® 4+ Asn® +
Aond + Ayn? + Agn

where
1
A; = —gc’?a
Az = —i(2c + 35¢7)
6 — 14 6 7)s
1
Ay = —E(ch + 30c¢ + 343¢7),
1
Ay = —15(2es +25c5 + 245¢6 + 2520c7),
1
Ay = =57 (6cs + 60cs + 490c5 + 4320c6 + 43673c7),
1
Ay = _6(262 + 15¢3 + 98¢c4 + 720c5 + 6239¢4 + 63000(}7),
1
Ar = g5 (6e1 +30cs + 147c; + 864cy + 62395 + 54000c5 + 545329c7),
1
Ay = = 515(210¢ + 525er + 1715¢y + T560cs + 43673cs + 315000cs + 2726645¢5 + 27536040¢7).

Conclusions

This study presents explicit closed-form solutions for second-order nonhomogeneous linear recurrence relations with polynomial input
terms. By using the corresponding homogeneous recurrence relation, the solutions are written as combinations of homogeneous
sequence terms and particular polynomial components. The manuscript gives detailed formulas for cases in which the polynomial input
has degree from 0 to 7. The examples focus on generalized Jacobsthal, Jacobsthal-Lucas, Mersenne, and Mersenne-Lucas type
sequences. These examples show that the proposed method can be applied systematically to obtain closed-form representations for
several related recurrence families. The results also demonstrate the role of the characteristic equation in determining the form of the
particular solution, especially in cases where 1 is a root. Overall, the paper provides a collection of explicit formulas that may be useful
for further work on nonhomogeneous recurrence relations and their connections with classical integer sequences.

Limitations

The present work is limited to second-order linear recurrence relations with polynomial input terms of degree up to 7. Although the
method is described in a general framework, the detailed examples are restricted to Jacobsthal-type and Mersenne-type homogeneous
counterparts. The double-root case is only discussed briefly and is not developed through detailed examples. The manuscript also
focuses on deriving explicit formulas rather than investigating applications, asymptotic behavior, computational efficiency, or
combinatorial interpretations. Further work may extend the same approach to higher-degree polynomial inputs, higher-order recurrence
relations, and additional families of classical sequences. Independent verification of the longer formulas may also be useful because of
their algebraic complexity.
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