Tchebychev polynomials of second kind on the ellipse and
approximations

Abstract
We study the orthogonality of Tchebychev polynomials of second kind {U,, (2)},,_¢ 1 2.5 With
respect to the Lebesgue planar measure concentrated on the ellipse

D: v’z? + a®y? < a®b® where a > b,a system of orthogonal polynomials, given by :

Un (2) = w1 (2) _ sin((n+1)cos™ 2) . n=0,1,23,..
n+1 V1— 22

where T}, (z) = cos (nco{1 z) ,n=20,1,2,3,...is a polynomial of degree n . T, (2) is
called the Tchebychev polynomial of degree n of first kind.They satisfies

B 4(n+1) B
é/Un (2) Up (2)dzdy = - pinil)csn,m ,mm=20,1,2,3, ...

where 6, , is the symbol of Kronecker and (a + b)* = p.

We study extremal properties and minimization and Fourier development involving of
these orthogonal Tchebychev polynomials of second kind with respect to the Lebesgue
planar measure concentrated on the ellipse.General expressions are found for the kernels
polynomials associated to orthonormalized Tchebychev polynomials of second kind on the
ellipse.These kernel polynomials can be used to describe the approximation of continuous
functions and to solve some area extremal problems by Tchebychev polynomials of second
kind on the ellipse .They can be used for the representation of the n-th partial sum of the
Fourier series expansion of orthonormalized Tchebychev polynomials of second kind in the
form of an integral.

KeyWOI‘dS:Unit disk,Conformal mapping,Area integral,regular functions,Green’s formula,Stoke’s formula,Ellipses,Differentiation.
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1 Introduction

Orthogonal polynomials are of considerable importance in many branches of science and
engineering since they represent an indispensable analytical tool for solving various ex-
tremal, minimization,approximation problems and Fourier developments.Associated or-
thogonal polynomials are a family of polynomials derived from a given set of orthogonal
Tchebychev polynomials by integrating polynomials or shifting the indices in the recur-
rence. coefficients. Specically, these associated polynomials are also orthogonal, but with
respect to a possibly different measure.

First and Second kind Chebyshev polynomials {7}, ()}, ~, and {U, (x)},~, are or-

thogonal polynomials on (—1,1) with respect to the weight function,w (z) = —

) T/1 — 22
and w(z) = —+/1 — 22 respectively,In this paper we study a new system of orthogo-
T

nal Tchebychev polynomials of second kind {Uy, (2)},,_¢ 1 o with respect to the Lebesgue
planar measure concentrated on the ellipse

D: v?2? + a®y? < a®b® where a > b,a system of orthogonal polynomials, given by :

T/ : 1 —1

f n+l (Z) = s ((n+ )COS Z) s n:0,1,2

ntl Vie?

where T}, (z) = cos (n cos ™ z) ,n =0,1,2,3....is a polynomial of degree n . T}, (z) is
called the Tchebychev polynomial of degree n of first kind .

They satisfies

Un (2)

4(n+1)
Un (2) U (2)dzdy = Som  mom=0,1,2....
4/ () U oty = —— i b

where 9y, ,,, , is the symbol of Kronecker and (a + b)? = p.

The paper will be structured as follows : in section 1 we present some useful terminol-
ogy as well as some necessary definitions regarding orthogonal Tchebychev polynomials of
second kind on the ellipse. In section 2, we present some extremal properties of orthog-
onal polynomials {Uy (2)},,_01 0. - Second, we give some necessary definitions and basic
properties of Fourier polynomials approximability for the polynomials {U, (Z)}n:0,1,2...beSt
solution for associated extremal problems in respect to them.These orthogonal polynomi-
als can be used to describe the approximation of continuous functions by Tchebychev
polynomials of second kind on the ellipse by definite Fourier series and how to compute
efficiently such approximations. In addition, some comparisons with some other methods
are made.We show a connection between these orthogonal polynomials and Tchebychev
polynomials of first kind {77, (2)},—g 1 . ,We derive structures relations between them;we
give some necessary definitions and basic extremal and approximations properties of the
K-kernel orthogonal polynomials,where K, (z,w) is the kernel Tchebychev polynomials of
second kind on the ellipse {Uy, (2)},,_q 1 2. given by

n

K, (z,w) = ZF (p

k=0

k+1 _ —k—l)

P
1(k+1)

Uk (2)Ug(w)

We conclude the paper with some results concerning polynomials extremum prop-
erties of the K,-kernels polynomials.These kernel polynomials can be used to describe



the approximation of continuous functions and solving some area extremal problems by
Tchebychev polynomials of second kind on the ellipse .In addition, some comparisons with
some other methods are made.

2 Tchebychev polynomials of the second kind on the ellipse

Suppose G C C is an arbitrary domain ,f is analytic in G and set

L*(G)={ f: G — C,regular inG,//|f(z)|2d:cdy<oo, z=x+1y (1)

D is the ellipse b?z?% + a2y2 < a’b?, by the conformal mapping z = cosw the cut ellipse

is transformed into R the rectangle (—ci, —ci + 7, ci + m,ci) , where
a=coshc , b=sinhe. (¢>0)

.We assume that the foci of the ellipse are situated at z = +1 ,that is a® — b* = 1.
The function T), (z) = cos (n cos 1 z) ,n = 0,1,2,3,...is a polynomial of degree n .
T, (z) is called the Tchebychev polynomial of degree n .The polynomial of degree n

U, () = T, .1 (2) _ sin ((n + 1) cos™! 2) @)
n+1 V1=22
is called the Tchebychev polynomial of second kind.We shall show that the polynomials
Uy, (z) are orthogonal to each other with respect to the above mentioned ellipse.
Our first result is to prove in the next theorem, the orthogonality of Tchebychev
polynomials of the second kind {7, (2)},,_g 123 With respect to the Lebesgue planar

measure concentrated on the ellipse : D : b%2z? + a®y? < a®b®> where a > b,we show that

4(n+1)
// z)dxdy = Py p_n_l)an,m n,m=0,1,2,3,...

where dy, ,,, , is the symbol of Kronecker and (a + b)2 =

Theorem 1 The orthonormalized polynomials ,{F, (2)},— 123

1 _1
P, (2) :2\/% (p”+1 —p_”_l) 2Up(2) m=0,1,2,3,..
// da:dy =dn,m (3)

On,m » 15 the symbol of Kronecker, and

satisfies

/ T, (= |da:dy— (p -p ") (4)



Proof. We apply to the ellipse two cuts from —a to —1 and from 1 to a respec-
tively.Obviously ,these cuts do not affect the value of the area integral

Apm = / / Upn (2) U (2)dzdy
D

The conformal mapping z = cosw , the cut ellipse is transformed into the rectangle R
((—ci,—ci+ m,ci + m,ct),where a = coshe ,b = sinhe ,c > 0.Since the Jacobien of the
transformation is

2

8(56,y) _ dz :‘1_22‘ (5)

d(u,v)  |dw

where
z=x+1iy =cosw ,w=1u-+1v

it follows from equations. (2)and(5) that

Apm = 4/ sin ((n + 1) w) sin ((n + 1) w)dudv (6)

Let us evaluate A;,—1 m—1

Apim—1 = // sin (n (u + iv)) sin (m (u + ) )dudv = // sin (nu + inv) sin (mu — imv) dudv

—c0 —c0
In fact
sin (nu + inv) = sin nu cosh nv + ¢ cos nu sinh nv
and
sin (mu — imv) = sinmu cosh mv — i cos mu sinh mv
then
C ™
Apim-1 = / cosh nv cosh mvdv/ sin nu sin mudu (7)
—c 0
C ™
+ / sinh nv sinh movdv / €OSs N cos mudu, (8)
—c 0
C K
+i / sinh nv cosh mvdv / cos nu sin mudu (9)
—c 0
C T
—i/ cosh nv sinh mvdv/ sin nu cos mudu (10)
—c 0

The last two integrals over v vanish because the integrands are odd.The first two integrals
vanish if n # m.For n = m we obtain

C T C T
Apip—1 = / cosh? nvdv / sin? nudu + / sinh? nvdv / cos® nudu
—c 0 —c 0



™

T C
; / cosh nv sinh nvdv / sin nu cos nududv

C
+1 / sinh nv cosh nvdv / cosnusinnududv — 1
0 0

—C —C
After some computations

T
App=———5inh2 1
7 2(n—|—1)5m (n+1)c

or in view a + b = coshe +sinhec=e
T
A _ n+l  —n—1 b2:

(11)

The orthonormalized polynomials are therefore m

Pa(e) =2/ "2 (5 = ) TR, ()

and the theorem is proved.

Remark 2 Now by Eqgs. (2)and(11),we get
nm
//\T/ ) dedy = 2| all? = " (5"~ 57")

D : b%2? + a®y? < a®b? and C is the closed contour by which D is bounded

If the ellipse :
, indeed by Green’s formula,[1, 2, 4, 18, 14, 16, 17, 18, 20]

[frorsa- L 10

(12)

D
3 Extremal problems and est approximations

The K-Bergman kernel function associated to orthonormalized polynomials ,{ P, (2)},_9 123

is given in [1, 2, 4, 13, 14, 16, 17, 18] by

§) = an(z)Pn(f) ; z,6€D
n=0

Wich converges absolutely and uniformly in any closed domin which is entirely within D

(13)

where -
K(E&=> IP©F , €€D

An immediate consequence is the fact that K (z,£) is " Hermitian " i.e

K (,2)=K(2¢&) =z¢€D



Given an arbitrary function f(z) of L? (D) [1, 2, 4, 13, 14, 16, 17, 18] , K has the
reproducing kernel property such that

/ K (2,6)f(2)dedy , z=x+1iy , f(z)€ L*(D) (14)

Thus by RKP, we have

/ K (z,8)dzxdy =1, z==x+1y

and

K (6.6) = / K ()P dedy . 2=ty (15)
As a consequence of Eq.(14),we have

:/ K (z,8)2"dzdy , n=0,1,2...

1 — 1
=[x
— D/ GO~

1 X
— - Z n+1
z n=0 N

with then converge uniformly for all z in D , this equal to

_Z k1

Let us compute Fourier coeficients of the kernel function in respect to the set of orthonor-

Hence

dxdy
z

i.e,if

= ZanPn(ﬁ) , z,£€eD
n=0

{an}t,—o12. . are the Fourier coeficients of the kernel function in respect to the set
{Pn (2)},201.23....We have,in view of Eq.(14),

an—/Kzf dmdy-/Kz{ z) dxdy = Uy, (§)

Thus expansion of kernel Eq.(13) is true.Setting f (z) = K (z,7n) in Eq.(14), we otain

[[RCoK Gndsdy =K (€« 2=s+iy (16)



K (z,€) solves the extremal problem

w:Mm,//U@me,f@eL%m CfE) =1
D

and the value of minimum is )

TR

Let & and 1 be two distincts points of a domain D and let L (z,£) the kernel function
defined by

(17)

L1 = K (2.6) = 13 K (20 (18)

L has the reproducing kernel property such that

.ﬂ®=/yL@£ﬁ@ﬁm@, c=atiy , f(z)eL*(D)
D
Thus by RKP, we have

K1 (&)= []|L(28)dedy , z=z+1y
I

we can show that L (z,&) solves the extremal problem

o =Mind [[If @) dsdy, f(2)€ (D) £©=17m)=0 (19)
D
and the value of minimum is ]
o= IED (20)

The n—th K, -Bergman kernel function associated to orthonormalized polynomials
APy (z)}n:0717273 is given in [1, 2, 4, 13, 14, 16, 17, 18] by

Kn(2,6) =) Pu(z)Pu(é) , 2,6€D (21)
k=0

wich converges absolutely and uniformly in any closed domin which is entirely within D
to K-Bergman kernel function .
An immediate consequence is the fact that K, (z,£) is " Hermitian " i.e

Kn(&vz):Kn('za&) z,§ €D

K, has the reproducing kernel property such that

f(f)zu//B%(%élfkﬂdwdy L i=uztiy . f(2) e L*(D)
D



Thus by RKP, we have

//Kn(z,f)da:dyzl, z=x+iy ,n=0,1,2...
D

Thus
Kn@,s)://mﬂ(z,gn?dwdy L z—atiy
D

Next, we derive some structures relations between P, (z) and the kernel polynomial
K, (z,§) ,where

Kn(2,6) =) Pu(2)Pu(§) , zE€D.
k=0

The second result of paper is to derive some extremal properties and minimization
and Fourier development involving orthonormalized polynomials ,{P, (2)},_ 123

The next theorem shows the importance of the K,- kernel.We obtain the following
corollary of the K, extremal property .

Theorem 3 I1,,(C) is the class of algebraic polynomials of degree at most n, with complex
coefficients. Let A\ and o be fized complexs constants.If Ly, (z) € 11,,(C),n =0,1,2,3...

Let us denote
I, = / / Ly, (2)|? dady (22)
D

Then we have

pn (\) = min {1, , Ly (2) € I(C) such that , Ln (\) = a} = = IfztlA 5
if and only if
K, (z,\
Ln(z):aK E)\ )\;7 (23)
1.6,
pk+1k:;1—k—1 Uk (A)Uk‘ (z)
Ln (2) = a"=5 N 24
karlk p—F—1 ‘Uk ()‘)|2
k=0
and 2
1
Hn ()‘) = u ‘Z‘ n (25)
Zpk-&-lkt)—k—l |Uk ()‘)’2
k=0

Let us denote

Tn (ZO) = min {HQ;THi%D) :Qn € Hn((c)a Qn (ZO) =0, and Q;L (ZO) - 1} (26)



Then,the Bieberbach polynomial By, (z) ,such that

nz_:l (Z+1 () — Thr1 (20)) Uk (20)

pk+1 _ p—k—l

B, (z) = =

n—1

Zﬁ Uk (270)‘2

k=0

is the best solution of the extremal problem (26), and satisfies

) 1
HB;LHLQ(D) = 1 (20) = Kn_1 (20, 20)

(27)

(28)

Proof. It is possible to express the Fourier polynomial best solution of extremal problem
(19), as finite linear combination of orthonormalized polynomials ,{ P (2)},_0123. n. -

If Ag, Ay, As.... A, are fixed complexs constants .Setting
n
Ln(2) =Y ApPy (2).
k=0

Then .
/ / Lo ()P dady = 3 1A > i (V).
(s k=0

this can also be written

Z |Ak|2 = Hn O‘) )
k=0

equivalently
A = APy (N)
Because "
Y AP (N =a
k=0
imply
n 2 n n
o =[S AP )| <D 1AP Y IR P,
k=0 k=0 k=0
Thus
o

Setting (?7) in (29) we get

o

() = [ [ 12 (2 dady =
D

S IRV

k=0

(29)



if and only if
Ky (2,))

K, (\A)

and the theorem is proved.The Bieberbach polynomial B, (z) ,deg B,, < n ,associated
to orthonormalized polynomials ,{Py (2)},_0123. ., ,deg Bn <7,

such that
n—1 z
> "Pi (20) / Py (t) dt
k=0

20
n—1
> 1P (20)
k=0

is the best solution of the extremal problem (26), therefore

L,(z) =«

B, (z2) =

”il (Tk+1 (2) — Trt1 (Z()))m

k+1 _ —k—1
— P p
B, (2) = ©=0—
Z k+1 —k r |Uk (ZO)‘
k=
Because
ZPk )Pr.(20)
B, () =
Z!Pk(zoﬂz
k=0
then 1
/
HB HLQ(D n—1

> 1P (20)?
k=0

and the theorem is proved. m

3.1 Green’s and Stokes formulas and interpolations

If the ellipse : D : b?z%+a’y? < a®b? and C is the closed contour by which D is bounded.Let
f (2) be regular in a domain D.Green’s and Stoke’s formulas ,[1, 2, 4, 13, 14, 16, 17, 18,

20],is
//f dxdy—/f (30)
we have )
/ / f(e)drdy = . / F(2)zdz (31)
D C
if £ is a point of D, we have
Fe), 1@,
/ Z_gda:dy—%/z_{dz—ﬂf(ﬁ) (32)
D C

10



If there exist Schwarz functionS(z) ,such that
S(z)=27 ,zeC

Suppose that S(z) satisfie the rational expansion :

n Ti—1

1
=S S e

11]0

where z; € D et a;; (i=1,..,n;5 =0,1...,7; — 1) are fixed complex constants and g(z)
is analytic in a domain ellipse D.Let us prove that

n Tk—1

LMerZme (33)

k=1 I=1

According to Eq..(30)and Eq.(31), we obtain

//f dxdy_/f )Zdz
- / 7(2)8(2)dz

n Tk-1 f dz 1
> Sy p LTS e

k=1 I=1 o (%~ 2
Using Cauchy’s formula
n Tk—1
‘UwaZme
k=1 I=1

Proposition 4 Let z1, 22, 23....2p be n distincts points which are situated in the interior
of D ={l|z| <1},

1
= // dedy , z=uz+1y, (34)
T zZ—zp
D
and
// Z+Zp dedy ., z=uw+1y, (35)
then
1 - |Zp|2
I, = log | -2 (36)
|2p)
and )
1 1-—
= o) o) L (37)
2 |2p|
Therefore
m 1 2 m 2
// Z dxdy = // Z dxdy
— |z — % — |z — %
D \p=1 D \p=1

11



m

1 _ 2
dady = 7 log H'T;' (38)

[l=

o zZ—2zp et |2p
and
m m 9 2|Zp|2
1—
// Z 2tz dxdy = mm + 2w log l_Iif| (39)
z—z
Proof. suppose z = re' =z + iy
dedy =rdrdd, 0<r<1, 0<0<2rm
then
1 27
1 // rdrd@ / J /
— rdr .
™ ret — z,) (re= — ret — z,) (re= —z,)
00 0

Setting w = € | dw = iwdf, 0 < < 27rand |w| = 1

Cy
i-e
/ d
1
I, = /dr/( )Q(U )
e w — r— Wz
0 T P
Now we state
1 / dw B 2r
mi) (w—2)(r—wz) |2p]
C1
Hence
1 2
I _
Ip:/dr—log ST
9 |Zp| |Zp‘
then
& L Ll
// Z dxdy = mlog Hif
I —1 Z = Zp p=1 |ZP’

To prove Eq.(37)
z+ zp

dedy ,z=x+1y

)/

dedy =rdrdd, 0<r<1, 0<0<2rm

suppose z = re? =z + 1Y

12



Setting:w = € |, dw = iwdh, 0 < § < 27 and |w| = 1,then we have

/ /rw—l—zp (r +wzp) dw
—N .
J (rw — zp) (r — wzp) iw

Then

) (r—wz) v =Tl

1 2 2 2 2
1/dr/ rw+zp r+w7p)dw_2r(r +’2P‘)_T<T _|ZP’)
0

Now we state

1 1
2
7 _/Tr +3|zp| / - 4r |zp| dr
= S et a1 B = =pl
|zp| 0 r? — ‘Zp|2

0

Hence
1 1— |z,
Jp:f+2|zp]210g ‘§| ,
2 |2p|
then
2|Zp|2
|z 4z 1 — |z
// Z L dxdy = mm + 2w log Hig
p= p=1 2]

and the proposition is proved.

Corollary 5 If the ellipse :D : b*z® + a*y* < a®b® and C is the closed contour by which
D is bounded.Let f (z) be regular in a domain D.If

z) = Z anTy (2) (40)
n=0

which converges uniformly and absolutely in any closed subdomain of ellipse D.Then

s n+l __  —n—1
apt1 = (p8 (1 17 )/f (2)Upn (2)dz , p=(a+Db)?, n=0,1,2,... (41)

where C:b%2% + a®y? = a®b>.

|

Proof. The coefficients a,, are the Fourier coefficients of the function f’(z) corresponding
to the orthogonal Tchebychev polynomials of second kind on the ellipse D.

7.‘.( n+1l 7n 1
(n+1)apnt1 = n—l—l //f U, (z)dzdy , n=0,1,2,3,..
According to Eq.(30) (31),this may be replaced,
7('( n+l _ —n— 1
On+1 = — /f z ,z=z+1iy,n=0,1,2,3,...
8i(n+ 1

13



i-e

71.(pn—&—l —n 1
On+1 = — /f dz , n=0,1,2,3....
81 n+1

and the corollary is proved. m

4 Conclusion

In this article,we demonstrate certain identities involving both the Tchebychev polyno-
mials of second kind on the ellipse.This study brings to light some significant results and
defines the relationship between these polynomials and Tchebychev polynomials of first
kind.General expressions are found for the kernels polynomials relative to orthonormal-
ized Tchebychev polynomials of second kind on the ellipse .We also present some results
for these kernel polynomials,they can be used to describe the approximation of continu-
ous functions and solving some areas extremals problems by orthonormalized Tchebychev
polynomials of second kind on the ellipse.In addition,we look at the practical application
of kernels polynomials relative to orthonormalized Tchebychev polynomials of second kind
in approximation theory.We use Green’s and Stoke’s formulas to find the interpolation of
area integral of a regular f(z) in a domain of ellipse D : b*2? 4 a®y? < a®b%

It is worth mentioning here that the above-achieved results and analysis are fruitful.
Some of their presumed uses are given below :

o The orthonormalized Tchebychev polynomials of second kind on the ellipse and their
kernel polynomials are fruitful in approximation theory.

eThese orthonormalized Tchebychev polynomials of second kind on the ellipse are
fruitful in applied to find the minimum value and the minimizing function for various
definite area integrals

and solving some areas extremals problems.

eThese results strengthen the knowledge of the kernel polynomials associated to the
orthonormalized Tchebychev polynomials of second kind on the ellipse.

eThey are also beneficial in studying problems connected to solve extremal problem
and to describe the approximation of continuous functions by kernel orthonormalized
Tchebychev

polynomials of second kind on the ellipse .

eThey help to study finite linear combinations and defnites summations sequences and
calculating general summations.

eThese orthogonal polynomials are fruitful in applied to find the interpolation problem,
we illustrates that one can use Gaussian quadratures for various definite integrals and
solving area

extremal problems.

The author would like to thank the editor and anonymous reviewers for their valuable
comments and suggestions, which were helpful in improving the paper.
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