Existence of solutions for a mixed local and nonlocal elliptic problem
in RY

Abstract

In this paper, we investigate the existence of solutions to the following equation:

—Au+ (—A)u= Nul"Pu+ plu/**u i RY,

where N >3, A>0, 4t >0, u+X>0,0<s<1,and 27 <p<q< 2 Here, 27 = N2iv23 and 2* =
% denote the fractional and Sobolev critical exponents, respectively. This study fills a theoretical
gap in the variational framework for mixed operators by overcoming the loss of compactness caused
by critical terms. We analyze three distinct scenarios regarding the parameters p, ¢, A, and pu.
By combining the mountain pass theorem with Lions’ lemma and the principle of concentration

compactness, we establish the existence of a nontrivial solution for each case.
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1 Introduction

In this paper, we study the existence of solutions to the following equation:

—Au+ (—A)u = Nuf"2u+ plu"?u in RV, (1.1)

where N >3, A >0, 0> 0, p+A>0,0<s<1,and 2} <p < q < 2% Here, 28 = 2~ and 2* = 2%
denote the fractional and Sobolev critical exponents, respectively. In the above, Au = div(Vu) is
the classical Laplace operator, while (—A)® represents the fractional Laplacian. For any function

u € CgO(RN ), the fractional Laplacian is defined pointwise as

—A)? =1 —7 7
( )ou(z) E11%1+ B o) | y|N 55 Y

where B.(z) denotes the ball in R centered at z with radius & > 0.
Equation (1.1) is motivated by the classical sharp Sobolev inequality:
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where S is the optimal constant. Sharp Sobolev inequalities, both in local and nonlocal settings, have
been extensively studied and play a fundamental role in the theory of partial differential equations,
geometric analysis, and continuum mechanics. The determination of sharp constants and their extremal
functions is of particular importance; see, for example, [1,2,6,8,9,14,15,18,21-25,27,28].

In the local case, let 2 € RY be a bounded domain. The classical Sobolev (g, p)-inequality states

that L 1
IS (/ |u| d:L‘> ! < </ |VulP dm) ’ , forallue Wol’p(Q),
Q

where 1 <p < N and 1 < ¢ < p* p Here, S is the Sobolev constant. A standard approach to
prove the attainability of the best constant is to show that the following Dirichlet problem admits a
solution u, € Wol’p(Q):

—Apu = —div (|VuP2Vu) = Ay (2 Mwllty ]u\q 0 inQ, u=0 ondQ.

We refer to [2,14,21,24] and the references therein for details in the local case. For related results in
the nonlocal setting, see [7,8,20,22,23] and the references therein.

When ¢ = p* and © = R, the minimization problem (1.2) can be solved via symmetrization
techniques. We refer to the classical works of Aubin [1] and Talenti [28], as well as the references
therein, for further details.

In the context of mixed local and nonlocal operators, Garain et al. [16] considered the following
minimization problem defined on a bounded Lipschitz domain Q ¢ RN with N > 2:

. u(x p _
ue)= it {/mwm+/ﬁw’ mmi’d@w[yméfmzlk (1.3)
ucWop
uZ0

where 0 < d <1< p<o0,0<s<1,and fis anonnegative function belonging to L™(2) \ {0}. The
authors established that p(€) is attained by a solution of the associated Euler-Lagrange equation:

—Apu+ (=A)pu = j((j))5 in €, u>01in Q, u=0in RV \ Q.

In the particular case where 1 — 0 = p and f = 1, the value u(Q2) corresponds to the first eigenvalue of
the mixed operator under the Dirichlet boundary condition. This setting has been extensively studied,
see, for instance, [5,12,13,17] and the references therein.

It is well-known that the best constant S in the classical Sobolev inequality is attained in the space
DL2(RY), defined as the completion of C5°(RY) with respect to the norm [Vull 2@y

In contrast, for the mixed local and nonlocal setting, Biagi et al. [3] showed that the optimal constant
Ss,q is never attained in the space Xo(RN). Here, Ss,q is defined by

Ssq = f d+// s —dxdy : Idp =1, 14
o ue)g);(RN){/RN [ul"de RN |$_y‘N+2s ray o lu|?dx (1.4)
uZ0

with ¢ = 2%, and the space Xo(RY) is defined as the completion of C§°(RY) with respect to the norm

Hwtz(/|WAm+[@NMH|M23dQ5 (1Vul} + 22)?
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1
where we denote |Vul3 = [pn [Vul?dz and [u]s2 = (ffRQN mix(fjgfdwdy) ’.

We note from Lemma 2.1 that the embedding Xo(R™) < L4(R™) is continuous, which is a distinctive
feature compared to the purely local case. This leads to a natural question regarding whether the
Sobolev inequality is attained when 2} < ¢ < 2*. The following results provide a complete answer to
this question.

Theorem 1.1. If ¢ = 2}, then the optimal constant Ss 4 in (1.4) is not attained.
Theorem 1.2. If q € (2%,2%), then the optimal constant Ss 4 in (1.4) is attained.

As is well known, the study of optimizers for Sobolev-type inequalities is closely related to the
existence of solutions to the equation

—Au+ (=A)u=|uf"%u inRY, (1.5)

When ¢ = 2} or ¢ = 2%, the above equation admits no nontrivial solutions, as follows from Theorem
1.1 and [3, Theorem 1.2]. This observation naturally leads us to investigate the more general equation
(1.1). We analyze three distinct parameter regimes, and our main results are summarized below.

Theorem 1.3. For any p,q € (2%,2*), equation (1.1) admits a nontrivial solution for all A > 0 and
w>0.

Theorem 1.4. Let p = 2%. For any q € (25,2*) and p > 0, there exists \* > 0 such that equation
(1.1) admits a nontrivial solution for all X € (0,\*). Equivalently, for any q € (2%,2*) and X\ > 0, there
exists p* > 0 such that equation (1.1) admits a nontrivial solution for all pu > p*.

Theorem 1.5. Let ¢ = 2*. A+ p is small enough. For any p € (2%,2%) and \ > 0, there exists u** > 0
such that equation (1.1) admits a nontrivial solution for all p € (0, u**).

Plan of the paper. The structure of this paper is as follows. Section 2 contains the preliminary
results. Section 3 addresses the proofs of Theorems 1.1 and 1.2. Section 4 deals with the proofs of
Theorems 1.3 and 1.4. In Section 5, we prove a mixed-type concentration-compactness result. Finally,
Section 6 establishes the proof of Theorem 1.5.

2 Preliminaries

Lemma 2.1. The embedding Xo(RY) — LI(RY) is continuous for q € [2%,2*], but it is not compact
in this range.

Proof. From the definition of Xo(R"Y), the embeddings
XoRY) = DY2(RY) — L¥ (RY) and X(RY) — D*3(RY) — L% (RY)
are clearly continuous. Consequently, we have
Sallull3e < [IVull3 < [lul* and  Syful3; < [u]fs < [ull?, (2.1)

where )
[ul5 .o : [Vull3

Sy = in 5 and Sy = 2 -
ueDs2 @)\ {0} [|ul3, ueDUAEINO) flufz:




Inequality (2.1) implies that v € L% (RY) N L¥ (RY). By the interpolation inequality, we obtain
(2.2)

1-0
ullae,

0
23

[l < u

P TRIT

for any r € [2%,2*], where 0 satisfies
1 0 1-6
Combining (2.1) and (2.2) yields
s sl (23)
sy

[Jull < W

This completes the proof of the continuity of the embedding.
To show that the embedding is not compact, it suffices to construct a bounded sequence in Xo(RY )

that has no convergent subsequence in LI(RY) for any ¢ € [2%,2*]. Note that the norm || - | is
translation-invariant. For any nonzero u € Xo(RY) and any vector y € RY \ {0}, define the sequence

k e N.

up(x) = u(z + ky),
OJ

Then {u;} is bounded in Xo(RY), but is not precompact in L4(RY) for any ¢ € [2%,2*]
Lemma 2.2. Let r > 0 and 2% < q < 2*. Suppose {u,} is a bounded sequence in Xo(RY) such that

sup / |up|?dz — 0 as n — oo.
B(y.r)

yERN

Then w, — 0 in LP(RN) for every p € (2%,2%).
Proof. Let ¢ <t < 2" and u € Xo(R"™). By the Hélder and Sobolev inequalities, we have

”uHLi(B(y,r)) < HUHE(AB(W))HUllﬁz*(B(y,r))

A2
<c HUH};;(/\B(;,,,«)) (/B(y " !Vu|2da:> ;

where A\ = Qt;—_qq . % Choosing A = 2/t, we obtain
1=t
/ ful'da < ¢ [[ull s By ) / Vu|?dz.
B(y,r r)

Now, covering RY by balls of radius r in such a way that each point of RY is contained in at most

N + 1 balls, we find
r 1(1=Mt/q
/ lu|'dz < (N +1)c" sup / |ul?dz \Vu|?da
RN yeRN | JB(y,r) | RN
r 71 (1=A)t/q
< (N+1)c" sup / u|dz ull2.
yeRN |/ B(yr) |

Under the assumptions of the lemma, it follows from the Sobolev and Hoélder inequalities that wu, — 0
O

in LY(RN) for 27 <t <2* Since 2} <5 <2* u, —0in LP(RN) for 2i <p<28.
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Definition 2.1. We say that u is a weak solution of problem (1.1) if u (x) satisfies
/ |Vul*? VuVudz + / Au (z,y) (v(z) —v(y))dedy = )\/ luP~?u (z) v (z) da
RN R2N RN
+ M/ 7% u(z)v (z)de (2.4)
RN
for all v € Xo(RY), where for simplicity

Au(z,y) = W (2.5)

It is clear that the energy functional Jy , : Xo — R associated with problem (1.1), defined by

1 A
Tap () = = [Jul? = 2 / juf? do — £ / lul? da,
2 P JrN q Jry

is well defined on the space Xo(R”Y). Moreover, its Fréchet derivative at u in the direction v is given by
(T, (), v) = / Va2 VuVuds + / Au(z,y) (v (z) — v () dady — /\/ P~ (2) v (2) da
’ RN R2N RN
— u/ w7 u (z) v (x) da
RN

for any v € Xo(R™). One can verify that I € C' (Xo,R), and thus the critical points of W
correspond precisely to the weak solutions of problem (1.1).

Definition 2.2. A sequence {u,}n, C Xo (RY) is called a (PS), sequence, if Jy,(un) — c and
I\ (un) = 0.

Lemma 2.3. If {uy}y, is a (PS), sequence for Jy ., then {u,}n is bounded in Xo(RY) and ¢ > 0.

Proof. Since {uy,} is a (PS). sequence and 2 < p < ¢, there exists ng > 0 such that for all n > ny,

1 1 1, .,
<2 B p) ”un||2 < Dulun) — ]3<J/\,u(un)vun> <c+o(l). (2.6)

We conclude that {u,} is bounded in Xo(RY). Passing to the limit in (2.6), we deduce that ¢ > 0,
which completes the proof. O

3 The best constant

In this section, we first present the proof of Theorem 1.1. To this end, we begin by determining the
sharp constant in (1.4) for the case ¢ = 2%, defined as

Syq = inf {Hu||2 e CPRN)N ’H(RN)} , (3.1)
where H(R”) denotes the unit sphere in L% (R"Y), that is,

HRY) = {u e LERY) : |lu

2 =1} (3.2)
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Since C§°(RY) is dense in Xo(RY) with respect to the norm ||-||, and in view of the continuous embed-
ding, we also have

Syq = inf {||u||2 cu € Xo(RY) N H(RN)} . (3.3)
we need the following lemma.

Lemma 3.1. Let s € (0,1). Then the identity Ssq = S1 = Sy holds, where Sy is defined as
Sy o= inf{[u]?, s uw e CF° (RY) nH (RY)}.

Proof. We now show that S5, = S,. By density arguments, it follows directly that S;4 = 51 = Sy
Since ||ul| > [us2 for all u € C§°(RY), we have S;, > Si.
To establish the reverse inequality, consider any u € C§°(RM) N H(RY) and define the rescaled

function uy, := kNEQSu(lm). One readily verifies that

[urllzs = llullzs  and  [ugls2 = [uls2.

From the definition of S; 4, it follows that
2 2 2 2-2 2 2
Ssq < llurll” = IVurlls + [urls e = K[ Vullz + [uf; 2.
Letting k — 0, we obtain Sy, < [u]zz Since u is arbitrary, we conclude that

Seq < inf {[u]25:u € CERY)NHRY)} =5,
and hence S5, = S1 = 5'1. O
We now proceed to the proof of Theorem 1.1.

Proof of Theprem 1.1. We proceed by contradiction. Assume that there exists a nonzero function
ug € Xo (RN) such that |ugl/5« = 1 and

luol® = [|Vuollz + [uo]s 2 = Ss.q = S1-
By the embedding Xo(RY) < D2 (R"), we have
2 2 2
51 < [UO]S,Q < [Vuollz + [UO}S,Q = Ss,g = 51,

which yields || Vuol|3 = 0. Therefore, up must be constant throughout RY, contradicting the assumption
[uollyy = 1. m

In order to prove Theorem 1.2, we employ the constrained minimization method. Consider a mini-
mizing sequence {uy}, C Xo (RY) satisfying

Huan =1, Hun”Q — Ss,qy M —> 0. (3.4)

If necessary, we may extract a subsequence. By Lemma 2.3, we may assume that u, — u in X (]RN ),
which implies

Jul> < lim [Jun]®> = Ssq.
n—oo



Therefore, u is a minimizer provided that [[ul|, = 1. However, we only know that ||u|, < 1. Indeed, for
any v € Xo (RY) and y € R, the translated function v¥ (z) := v (z + y) satisfies

0¥l = llvllgs ¥l = vl
Consequently, the problem is invariant under the non-compact group of translations.
Proof of Theorem 1.2. Since [luf|, =1 and g € (27,2"), Lemma 2.2 implies that

0:= lim sup / lun % > 0.
B(y,1)

n—oo yg]RN
Passing to a subsequence if necessary, we may assume the existence of (1,,) € RY such that i) Blyn,1) |t |2S >
¢. Define v, := uj". Then Jvnll, = 1, o> = Ss4 and fB(O,l) un]® > ¢. Since {v,} is bounded in
X (]RN ), we may assume, passing to a subsequence if necessary,

25

loc (RN) . v, — vae. on RY,

vn—\vinXo(RN), v — v in L

By the Brézis-Lieb Lemma,

_ q ; q
L= ollg + lim ffwnllg,
where w,, := v,, — v. Hence we have
Ssq = lm v, || = |[v]|* + lim [Jw,]|?
n—o0 n—oo

2
> Suq Il + (1= 1012)°.

Since fB(o 1 PR g and v # 0, we obtain [[v[|] =1, and thus

2 . 2
[o]2 = Sy = lim [fon.

The proof is complete. O

4 Proof of Theorem 1.3 and Theorem 1.4

To prove Theorems 1.3 and 1.4, we require the following two lemmas.

Lemma 4.1. If {u,}, is a (PS). sequence for Jy,, then, passing to a subsequence if necessary, we
may assume that w, — 0 in Xo(RY). Then, for every 2% < p < q < 2*, we have

p
p—2
cZ(Q—?)(S;’p> or c¢=0.

Proof. From Lemma 2.3, we know that {u,}, is bounded in Xo(R"). Since u, — 0 in Xo(RY), we
have

sup / lup|? — 0, n — oco.
yERN JB(y,r)
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By Lemma 2.2, we obtain |u,|f — 0.
Since {up}y, is a (PS). sequence for Jy ,, and |ju,||§ — 0, it follows that

1 A o
c=Jy un:unQ—/ unpdﬂs—/ up|?dx + o(1
i) = gl =2 [ =B [ e+ o)
= sluall? =2 [ JunlPdo + o(1) (a.1)
- 2 n p RN n ) .
and
0= |Jun|® - )\/ |t |Pdx — ,u/ |y |%dz + 0(1) = |Jun||* — /\/ |un [Pdz 4 o(1). (4.2)
RN RN RN
From (4.2) and the Sobolev inequality, we obtain
S\
s, L
fonllo = (%52)™7 o Juall =0, (43)
Then (4.1) and (4.3) imply that
p
A sp ) P2
22 ()7 o e
This completes the proof. O

Lemma 4.2. For each A, ju > 0, there exist 9 > 0 and p > 0 such that Jy ,(u) > 9 for all u € Xo(RY)
with ||u|| = p.

Proof. Tt follows from the Sobolev inequality that

1 A 7
Tale) = 3l - 5 /R upde =2 /R jultd

1Ss 2

H (A q’q ]| (4.4)

Define the function

g(t) = = — =20 gpm2 IS tq2 for all ¢ > 0.

Clearly, lim;_,o+ g(t) = % > 0 since p,q > 2. Taking p := ||u|| sufficiently small such that

iy _a
ASf oo, 1SuE o0 1
q 2
we obtain
J(u) > g(p)p* =: 9.
This concludes the proof. O

We are now ready to prove Theorems 1.3 and 1.4. Our goal is to identify a specific (PS). sequence

_p
{tun}n for which the value of ¢ is less than (% - A) <S§\”’) "~ By Lemma 4.1, we can conclude that

P
Up — u with u # 0.



Proof of Theorem 1.3. We verify the assumptions of the mountain pass theorem. By Theorem 1.2,
there exists vy € Xo(R") such that ||Jvg||? = Ss, and |lvo||, = 1. For any ¢ > 0, we have

1 A
Tuttrn) = 52wl =20 [ julrde Lot [ ol

Since 2 < 2} < p < ¢ < 2%, there exists e := tyvg satisfying |le]| > p, Jy u(e) < 0 and

p
A A [ Sep\ 72
masc Hu(te) < (z‘p> ( )\ ) '

Define

;= inf
Cap ;gptfg}gff]J*W(”)’

where I' = {y € C([0, 1], Xo(R™)) : v(0) = 0 and (1) = e}L.

By Lemma 4.2, we obtain ¢ < ¢y, < <% — %) (%) ""? _ Therefore, we obtain a (PS). sequence

2 p
that J3 ,(u) =0 and Jy ,(u) = ¢y, Hence, u is a nontrivial solution to equation (1.1).

_p_
{un}n satisfying u, — u with u # 0, and the level ¢ satisfies ¢ < (A — 3) (%) ’“* One can verify

Proof of Theorem 1.4. Similarly, we verify the assumptions of the mountain pass theorem. By Theorem
1.2, there exists @) € Xo(R") such that ||7g||> = Ss4 and o, = 1. For any ¢ > 0, we have

- 1o, A - 0 -
Tuattiv) = 52l =20 [ fpolrde Lot [ ol

Since 2 < 2% < p < q < 2*, there exists € := {0 satisfying ||€] > p, Jy .(€) <0 and

o (B 1Y (Sea)T
wer < (5-9) (52)

Cy = Inf
Expei= ol max Dau(7(1)),

Define

where I' = {y € C([0, 1], Xo(R™)) : 4(0) = 0 and (1) = é}.
9
By Lemma 4.2, we obtain 9 < ¢, < (% — %) (%) ? For every p > 0, we can choose A* such
that

mBY (Sea\TT (AN (ST _ (A A (Sup) 7
2 q w “\2 A* —\2 p A ’

for any A € (0, \*). Alternatively, for every A > 0, we can choose p* such that

(D) G- () <G
2 q p “\2 g w* “\2 »p A ’

for any u > p*. Therefore, we obtain a (PS). sequence {uy, }, satisfying @, — @ with @ # 0, and the

_p_
level ¢ satisfies ¢ < (% — %) (Sj\’p) "7 One can verify that J;\#(&) =0 and Jy (@) = ¢y, Hence, @
is a nontrivial solution to (1.1). O



5 Proof of Theorem 1.5

We need the following Lemma.

Lemma 5.1. If {u,}, is a (PS). sequence for Jy,, then, passing to a subsequence if necessary, we
may assume that u, — 0 in Xo(RY). Then, for every 2% < p < q = 2*, we have

. 2%
c > max éfé @ p_z, <H7ﬂ) Ss2e ) or c=0.
2 p A+ 2 2/ \A+pu

Proof. Let {un}, be a (PS). sequence. By Lemma 2.3, {uy}, is bounded in Xo(RY). Up to a
subsequence,

up — 0 in Xo(RY),
_un 2 .
|Vun|2 + fRN %dy — 1 weakly in M(RY), (5.1)
lun|? — v weakly in M(RY),
‘Un\Q* —v weakly in M(RYV),

where p1, 7, and v are nonnegative bounded measures on RY. Then, by the concentration-compactness
principle ( [10, Theorem 4.2]), there exists an at most countable index set A such that

Cop s [ @) — )P o
p=|Vul +/RN W@*‘ZM%% + My
JEA
v=u* +> vy, U=l +> 7ds;, (5.2)
jEA JEA
—2%/2 2%/2 . _ 2
v; < 58’2*/ i / . < 53,5/2M§/ ’

where d,; is the Dirac measure concentrated at x; € RN First, suppose that A # (). For fixed j € A
and € > 0, choose ¢, ; € C§°(RY) such that

pej=1for [z —z;] <& ;=0 for [x —x;] > 2,

and |V, j| < 2/e. Clearly, ¢. ju, € Xo(RY). Since (I} u(un), @e jun) — 0, we obtain
[ VuaPogdot [ Ao n(o) = wnly))pe()dady +o(1)
RN R2N

_ / Vi Vg jd — / At (9o (&) — s (9)in () dly
RN R2N

- )\/ |un [Pe j(x)dr — u/ \un\2*¢€7j(x)dx. (5.3)
RN RN
Using Holder’s inequality and [10, Lemmad.3], we have
lim lim sup/ unVun Ve jdr < Clim lim sup/ Ve j|*lun(z)* =0, (5.4)
e=0 pooco JRN e=U n—soo JRN

and

lim lim sup/ o Aty (9, (2) — e i (y))un(z)drdy
R

e=0 nooo
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2\ 1/2
<C hm lim sup // ($25(2) = Pey(9)un(@)] =0.
00 R2N ‘1. _ ’N+25

On the other hand, from (5.2) we get

o |t () — un(y)|*p=,5
hmhmsup/ |V, goa]dx—i—// o |$_y|nN+28 ”dxdy:uj,

e=0 pooo

lim limsup/ |y, |2 <p5]da: = hm/ <p5]daz +v; = vj,

e=0 pooo

e=0 nooo

lim limsup/ |un|Pe jdx = lim/ lulPpe jdx + 0j = ;.
RN e—0 RN

Then from (5.3)—(5.8) we deduce that
Hvj + AV =

Combining this equality with (5.2), we obtain
(A + ) max{vy, v} > pvj + Avj = .

We now consider two cases.
Case 1. If v; > v;, then

From (5.10) it follows that

Case 2. If 7; > v}, then

Inequality (5.12) implies

On the other hand, by (5.2) we have

c= lim <J,\,“(un) - ;(J;,M(un),um)

n—o0

This completes the proof.
Now consider the case A = (). For R > 0, define

_ 2
£ = lim limsup/ <\Vun\2 +/ [Un () sz/igy)‘ dy) dz,
R—o0 pasoo {zeRN:|z|>R} RN |$ - y| s

11
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Voo = lim limsup/ \un(x)]?dac, Uso = lim limsup/ |t (x)|Pd.
00 n—oo J{zeRN:|z|>R} R—00 n—oo J{zeRN:|z|>R}

By [10, Theorem 4.2], the quantities {~, Voo, and Uy, are well defined, and we have

: 2 |un () — un(y)]® _ o(rN
hﬁnﬁ\s;p /]RN <|Vun| + /RN o — gV dy | de = &R™) + £, (5.15)
and
lim sup/ lun (2)|? dz = v(RY) 4+ vgo, lim sup/ | (2)[Pdz = D(RY) + Do (5.16)
n—oo JRN n—oo JRN

Now suppose Vs # 0 or sy # 0. Let xgp € C®(RY) satisfy xr € [0,1], xr(z) = 0 for || < R,
Xr(z) =1 for |[x| > 2R, and |Vxg| < 2/R. By an argument similar to the proof of [10, Theorem 4.2],
we obtain

|un (@) — un(y)]®
o= lim 1 n x)d dy dx, 5.17
foo = Jim. 1:&801?/ Vun xR (2 w+//RQN |x7 |N+28 Xr(7)dy dx (5.17)
and
Voo = lim limsup/ lun (2)xr(2)|? dz, Do = lim limsup/ |un (z)xr(x)|Pd. (5.18)
R—00 n—oco RN R—© n—o00 RN

Moreover, we have
2 2

SS,Q* Vg < Eoos S pVoo < oo (5'19)

Since |[un||?, [pn [un(2)[Pdz, and [y |un(2)|? dz are bounded, we may assume, up to a subsequence,
that they converge. Then by (5.15) and (5.16) we obtain

fim a2 = [ d€+ 6o (5.20)
n—oo RN
lim \un(a:)|pda::/ AV + Voo,  lim ]un(x)|2*d$:/ dv + V. (5.21)
n—oo JpN RN n—o0 JpN RN

From (J} ,(un), Xpun) — 0 as n — oo, we have

ViV (xpin) di + / Atin (2, 9) (0 R ()t () — X R (5)ttn () ddly
RN R2N

= )\/RN |t () [P~ 2 () () X R () dw + M/RN |t (2)%" 2w (2)un () x r(2) dz + 0(1). (5.22)

By Holder’s inequality, we obtain

lim lim VunVXR Up dx = (5.23)
R—o00n—00

un (@) — un(y))un(y) (Xr(2) = XR(Y)) _
Rh_r}r(l)o hﬁsip //Rzzv o — [ dxdy = 0. (5.24)

Hence, from (5.17)—(5.24) it follows that

o |un () — un(y)*xr(2)
1 n d dxd
it ([ 19mPrndo s [0 X dray
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_ 2
= lim limsup / |V, |* da +/ / [un(2) ngz)’ dydzx
R=oc nooo  \J{z€RN:|z|>R} («€RN:|e|>R} JRN [T — Y]
= oo- (5.25)
Therefore, combining (5.22)—(5.25) and (5.18), we conclude that
oo = AN + UVeo.

Similarly, we obtain

= i (i) = 505 n) )

n—oo
2<A_A>ﬁm+(u_u)yoo
P 2
A A Ss P%Q W n S ox 2*7i2
> AN (e k_ K : . .
= <2 p><A+u> ’<2 2*)<A+u> (5:20)

This completes the proof.
Now suppose A = () and v, = 0. Then

/RN |un,(z)|Pdx — 0, /RN [ (2)|* dz — 0 (5.27)

as n — 0o, and hence u, — 0 in LP(R™) N L?" (RY). We now show that u, — u in Xo(RY).
Since (J3 ,(un) — J3 ,(u), up — u) — 0, we have

(Upy Uy, — u) — (Uy Uy — u) = )\/ (Jun P~ 2y, — |u\p_2u) (up, — u)dx
RN

+ ,u/ (!unlz*ﬂun - |u|2**2u> (up, —u)dx 4 o(1), (5.28)
RN
where
(Un, Up, — u) 1= Vu,V(u, —u)dx + / Auy(z,y) ((unp, — u)(x) — (up — u)(y)) dedy.
RN R2N
By Holder’s inequality, we obtain
/ (\un|p_2un - |u|p_2u) (up, —u)dx < C |un, — ulPdz, (5.29)
RN RN
/ (]unlz**zun — |u 2**2u> (up, —u)de < C [un, — ul? dz, (5.30)
RN RN
and
ILm ((un, up —u) — (U, up — u)) = 0. (5.31)
From (5.29)—(5.31), it follows that u, — u in Xo(R"), and hence Jy ,(u,) — Jy,(u) = 0. This
concludes the proof. O
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Proof of Theorem 1.5. Firstly, we assume that the sum A 4 p is sufficiently small. We now verify the
assumptions of the mountain pass theorem. By Theorem 1.2, there exists 9; € Xo(RY) such that
|91]|2 = Ss, and ||91]|, = 1. For any ¢ > 0, we have

1, A ) ) o
Dntn) = gl =50 [ o= 2 [l e

Since 2 < 2} < p < 2%, there exists € := t;0; such that ||é;|| > p and J) ,(é1) < 0. Note that

1, A ) R
Tltn) = 57 - o /RN Bde — L2 /RN 512" dz

2
— i _ itp _ ﬂtQ*

S 0 |¥ dx = g(t).
5=t = 5t [ e = gt

To proceed, we study the maximum points of the function g. We claim that

P
A S =2
< (S2-2) (22 .
w0<(3-3) (755)
To prove this claim, first observe that
g (t) =tSs, — AP~ — ¥ 1 / |01 * dx.
RN

Define
G(t) = Sgp — MP72 — ¥ =2 / 0117 da. (5.32)
RN

Since §(t) is monotonic, there exists {1 > 0 such that §(¢;) = 0 and Jy ,(t01) < Jy ,(t191) for all t > 0.
Since

G(t) = Ssp = A+ ) "2+ A p) 172 = NP2 — pt* 2 / |5 da,
]RN

where 6 € (p,2*). We get that

p—2

1 — 2% 2
N Sep \ 72 S S = S = o
S, — () P\ S,p . S,p / 2
g<<A+u) > (+M)A+u (Aﬂt) H<A+u> wa )
S S, \ 3 S R =
— A 2 [ 2ep ) s [ 2sp / ¥ de | . (5.33
(A+u (Mru) )JFM A+ p (Aﬂt) ]RN’vl‘ v)- (5:5)

Therefore, for any given A > 0, there exists p** > 0 such that for all € (0, u**), g <<fiz> 2> S0

1

and (Ss’p ) -2 < t;. Hence, by the mean value theorem,

p
)\ )\ S pf2 /,L * - *
<[=-=Z= 5P _ P 2
g(t)_<2 p)( A) 5t /RN|U1| dx
([ () e
A2/ [\A A (p = 2)A\ + p)
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H o ~ 2"
—2—*151 /RN|U1| dx



p p
)\ )\ S p—2 /J/ S p—2 /_,L * - *
<(Z -2 == 2 ==p —52/ 2da. 5.34
_<2 p><A+u) +2(A> 2« ! ]RN’UI‘ v (5:34)

_1
Note that <fii) ~* < {y for all p € (0, **). If we can verify

P 2%
S P2 S -2 .
p(Ssp\72 b Ssp / ]2 dz <0,
2 A 2% A -+ 1% RN

2*
0-2°

then the proof is complete. In fact, we can choose 6 such that z% < It is easy to verify that there

exists p** > 0 such that for all u € (0, u**),
p 2*

po(Ssp 72 u( Ssp \7 / e
n A LA dz <0
2( A > 2% <)\+,U RN |U1| =

p

Ss p—2
Hence, ¢(t) < (% — %) (/\J;Z)p ‘)
Define

O = ;gﬁ i Inpu(y(1)),

where I' = {y € C([0,1], Xo(R™)) : v(0) = 0 and (1) = &1 }.
By Lemma 4.2, we have

» p
A A (Ssp)\ 72 A AN (S VP

_. A A o ~ A A s,p

z9—”’“<<2 p)(A) ’CA’“<I?§5(9“)<<2 p><“ﬂ>

. Therefore, we obtain a (PS). sequence {uy,}, satisfying @, — @ with 4 # 0, and the level ¢ satisfies

P
c < (% - %) (fi;) "~ One can verify that J) (@) = 0 and Jy (@) = €. Thus, @ is a nontrivial

solution to (1.1). O
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