
Infinitely many normalized solutions for the Kirchhoff equation with

localized nonlinearities on noncompact metric graphs

Abstract

In this paper, we study the following Kirchhoff problem −(a+ b
∫
G |u′|2 dx)u′′ + λu = κ(x)|u|p−2

u x ∈ G,∫
G |u|2 dx = µ,

where p > 10, a, b > 0, µ > 0 is a prescribed mass, G is a noncompact metric graph, κ is the
characteristic function of the compact core K of G and λ ∈ R appears as a Lagrange multiplier.
By using minimax principle, we prove the existence of infinitely many normalized solutions for any
prescribed mass in the L2-supercritical case.
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1 Introduction and main results

In this paper, we consider the following Kirchhoff equation with localized nonlinearities on metric graphs

−(a+ b

∫
G

∣∣u′∣∣2 dx)u′′ + λu = κ(x)|u|p−2u, x ∈ G, (1.1)

coupled with the Kirchhoff conditions at the vertices, where p > 10, a, b > 0, λ ∈ R, and κ is the
characteristic function of the compact core K, which is a subgraph of G consisting of all the bounded
edges.

The equation (1.1) is an extension of the clsaaical D’Alembert’s wave equations for free vibration of
elastic strings which is proposed by Kirchhoff. The specific mathematical model is given by

ϱ
∂2Φ

∂t2
−

(
P0

h
+

E

2L

∫ L

0

∣∣∣∣∂Φ∂x
∣∣∣∣2 dx

)
∂2Φ

∂x2
= 0, (1.2)

where Φ is the horizontal displacement, ϱ is the mass density, h is the cross-section area, L is the length,
E is the Young’s modulus and T0 is the initial tension. For more physical background, see [10] and
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references therein. Notice that equation (1.1) has the term −(a+b
∫
G |u

′|2 dx)u′′, which is nonlocal, such
that the Kirchhoff type equation is not a pointwise identify. It casues some difficulties when dealing
with this kind of issue.
Throughout the paper we consider that G = (E ,V) is a connected noncompact metric graph which

satisfies:

� G has a finite number of edges and vertices;

� G has a nontrivial compact core K;

� G has at least one half-line (that is, G has at least an unbounded edge).

Moreover, each edge e ∈ E (bounded or unbounded) is identified with an interval Ie( [0, le] or [0,+∞)),
where le := |e| is the length of edge e ∈ E . And there exists a natural metric which is defined by the
shortest path between points. For more details of metric graph, see [3, 11].
A function u defined on G can be viewed as a vector of functions {ue}e∈E , where each ue is defined

on the edge e, that is the restriction of u on each edge e. We can define the Lebesgue space Lp(G),

Lp(G) :=
{
u = {ue}e∈E : u is measurable and p-th integrable on each edge e

}
,

equipped with norm

∥u∥pLp(G) =
∑
e∈E

∥ue∥pLp(e),

the corresponding inner product denoted by (·, ·). And the Sobolev space H1(G) defined by

H1(G) :=
{
u = {ue}e∈E : u is continuous on G, and ue ∈ H1(e) for all e ∈ E

}
,

equipped with norm

∥u∥2H1(G) =
∑
e∈E

(
∥u′e∥2L2(e) + ∥ue∥2L2(e)

)
,

the corresponding inner product denoted by ⟨·, ·⟩. From [3], we say that u satisfies the Kirchhoff
condition at vertex, namely ∑

e≻v

due
dxe

(v) = 0 (1.3)

holds for any vertex v ∈ V. Here e ≻ v means that the edge e is incident at vertex v and the notation
due
dxe

(v) stands for u′e(0) or −u′e(le), according to whether the vertex v is identified with 0 or le.

To get solutions of (1.1), a direct way is to find the critical points for the functional Ẽ(·,G) : H1(G) →
R defined by

Ẽ(u,G) := a

2

∫
G

∣∣u′∣∣2 dx+
b

4

(∫
G

∣∣u′∣∣2 dx)2

+
λ

2

∫
G
|u|2 dx− 1

p

∫
K
|u|p dx. (1.4)

From a physical perspective, an alternative approach is to prescribe the L2 mass of u, i.e., to impose
the mass constraint ∫

G
|u|2 dx = µ > 0. (1.5)
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In this time, the parameter λ ∈ R appears as a Lagrange multiplier. This type of solutions often
called normalized solutions, and can be obtained by searching for the critical points of functional
E(·,G) : H1(G) → R

E(u,G) := a

2

∫
G

∣∣u′∣∣2 dx+
b

4

(∫
G

∣∣u′∣∣2 dx)2

− 1

p

∫
K
|u|p dx (1.6)

constrained on the L2-sphere

H1
µ(G) :=

{
u ∈ H1(G) ∥u∥2L2(G) = µ

}
.

It is easy to check that E(·,G) is class of C2 on H1(G), and is an even functional.
When we consider the normalized solutions of (1.1), it is well known that the exponent p = 10 plays

a special role, which is called L2-critical exponent. This constant can be derived form the Gagliardo-
Nirenberg inequality on noncompact metric graph in [2]: for every u ∈ H1(G) and every noncompact
metric graph G, there exists Cp > 0 such that

∥u∥pLp(G) ⩽ Cp∥u∥
p
2
+1

L2(G)∥u
′∥

p
2
−1

L2(G).

Recently, Qi [13] considered the following problem −(a+ b
∫
G |u

′|2 dx)u′′ + λu = |u|p−2u, x ∈ G,∫
G |u|

2 dx = µ,
(1.7)

with the Kirchhoff conditions at the vertices, where 2 < p < 10, a, b > 0 and λ ∈ R appears as a
Lagrange multiplier. In this case, by Gagliardo-Nirenberg inequality, it is easy to see that the functional
E(·,G) is bounded from below and coercive. Thus, the ground state solutions can be expected. However,
when p > 10, the functional E(·,G) is always unbounded from below. And due to the fact that graphs
are not invariant under scaling, the classic scaling techniques to deal with the mass constraint problem
in [15,16] do not work.
If a = 1 and b = 0, we can see that the equation (1.1) will reduce to the nonlinear Schrödinger

equation on metric graph. In the last few decades, this problem has been extensively studied and has
obtained a variety of results. The reader can consult [1, 2, 4, 6–9, 12, 14] and references therein. In
particular, Carrillo et al. [6] studied the following problem −u′′ + λu = κ(x)|u|p−2u, x ∈ G,∫

G |u|
2 dx = µ,

(1.8)

with the Kirchhoff conditions at the vertices, and proved that (1.8) has infinitely many normalized
solutions on the L2-supercritical case (namely p > 6).
Motivated by the results already mentioned above, in this paper, we consider the existence of infinitely

many normalized solutions for the equation (1.1) on the L2-supercritical case for any mass µ > 0.
Our main result can be stated as follows:

Theorem 1.1. Let G be a noncompact metric graph and p > 10. Then, for any µ > 0, there exist
infinitely many solutions to equation (1.1) with the mass constraint (1.5). These solutions correspond
to the critical points of functional E(·,G) constrained on H1

µ(G) whose energy levels go to +∞.
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It is easy to check that, for any µ > 0, the functional E(·,G) has a mountain pass geometry in
H1

µ(G). But it is difficult to obtain the boundedness of Palais-Smale sequences for E(·,G) constrained
on H1

µ(G). In order to overcome this issue, similar to [4, 7], we consider the family of functionals
Eρ(·,G) : H1(G) → R given by

Eρ(u,G) :=
a

2

∫
G

∣∣u′∣∣2 dx+
b

4

(∫
G

∣∣u′∣∣2 dx)2

− ρ

p

∫
K
|u|p dx, ∀u ∈ H1(G), ∀ρ ∈ [

1

2
, 1]. (1.9)

Clearly a critical point of Eρ(u,G) constrained on H1
µ(G) is a solution to

−(a+ b
∫
G |u

′|2 dx)u′′ + λu = ρκ(x)|u|p−2u on every edge e ∈ E ,∑
e≻v

due
dxe

(v) = 0 at every vertex v ∈ V,
(1.10)

where λ is associated Lagrange multiplier. Denote by m(u) the Morse index of the solution u ∈ H1
µ(G)

to (1.10).

This paper is organized as follows. Section 2 contains some Preliminaries. In Section 3, we show that
functional Eρ(·,G) has infinitely many distinct critical levels. In Section 4, we provide two auxiliary
results. The first result is showing that the solutions to (1.10) with λ = 0 have a L2 norm going to
infinity when their values of Eρ(·,G) goes to infinity (see Proposition 4.1). The second result is Theorem
4.1, which is used to derive Theorem 1.1 with ρn → 1−. Finally, in Section 5, we prove Theorem 1.1.

2 Preliminaries

In this section, we present some existing results that will be used in the rest of the paper. Firstly, we
give some definitions.

Definition 2.1. Let E be a infinite-dimensional Hilbert space, φ : E → R be a C2-functional and
α ∈ (0, 1]. If for any R > 0, one can find M = M(R) such that, for any u1, u2 ∈ B(0, R),

∥φ′(u1)− φ′(u2)∥∗ ≤ M∥u1 − u2∥α

and
∥φ′′(u2)− φ′′(u2)∥∗∗ ≤ M∥u1 − u2∥α

then we say that φ′(u) and φ′′(u) are α-Hölder continuous on bounded sets, where ∥ · ∥∗ and ∥ · ∥∗∗ show
the operator norm of L(E,R) and of L(E,L(E,R)) respectively.

Definition 2.2. Let G be a noncompact metric graph, p > 10, µ > 0 and ρ ∈ [12 , 1]. For every
u ∈ H1

µ(G) and θ ⩾ 0, we define the approximate Morse index of u with respect to θ by

m̃θ(u) = sup
{
dimL L is a subspace of TuH

1
µ(G)such that D2Eρ(u,G)[w,w]<−θ∥w∥2H1(G), ∀w∈L\{0}

}
,

where TuH
1
µ(G) is the tangent space to H1

µ(G) at u and

D2Eρ(u,G)[w,w] := E′′
ρ (u,G)[w,w]−

E′
ρ(u,G)[u]
∥u∥2

L2(G)
∥w∥2L2(G).

If u is a critical point for Eρ constrained to H1
µ(G) and θ = 0, then m̃0(u) is the Morse index of u as a

constrained critical point.
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Theorem 2.1. [5, Theorem 1.12] Let G be a noncompact metric graph, p > 10 and µ > 0. Let
I ⊂ (0,+∞) be an interval and denote the family of C2 functionals Eρ(·,G) : H1(G) → R by the
following form

Eρ(u,G) = A(u,G)− ρB(u,G), ρ ∈ I,

where B(u,G) ⩾ 0 for all u ∈ H1(G) and

A(u,G) → +∞ or B(u,G) → +∞ as u ∈ H1(G) and ∥u∥H1(G) → +∞. (2.1)

Suppose that, for every ρ ∈ I, Eρ(u,G) |H1
µ(G) is even and E′

ρ(u,G) and E′′
ρ (u,G) are α-Hölder continuous

on bounded sets in the sense of Definition 2.1 for some α ∈ (0, 1]. Moreover, suppose that there exists
an integer N ⩾ 2 and two odd functions γi,N : SN−2 → H1

µ(G), where i = 0, 1, such that the set

ΓN :=
{
γ ∈ C([0, 1]× SN−2, H1

µ(G)) | ∀t ∈ [0, 1], γ(t, ·)is odd, γ(0, ·) = γ0,N , and γ(1, ·) = γ1,N
}

(2.2)

is non void and

cNρ := inf
γ∈ΓN

max
(t,s)∈[0,1]×SN−2

Eρ(γ(t, s),G) > max
s∈SN−2

max {Eρ(γ0,N (s),G), Eρ(γ1,N (s),G)} , ∀ρ ∈ I. (2.3)

Then, for almost every ρ ∈ I, there exist sequences
{
uNρ,n

}
⊂ H1

µ(G) and ζNρ,n → 0+ such that, as
n → +∞,

(i) Eρ(u
N
ρ,n,G) → cNρ ;

(ii) E′
ρ(u

N
ρ,n,G)−

E′
ρ(u

N
ρ,n,G)[uN

ρ,n]

µ uNρ,n → 0 in the dual of H1
µ(G);

(iii)
{
uNρ,n

}
is bounded in H1

µ(G);

(iv) m̃ζn(u
N
ρ,n) ⩽ N.

Remark 2.1. From [6, Remark 2.6], we know that if the sequence
{
uNρ,n

}
⊂ H1

µ(G) provided by the

previous Theorem converges to some uNρ ∈ H1
µ(G), then in view of points (i)-(ii), uNρ is a critical point

of Eρ(u,G) |H1
µ(G) at level cNρ . And the Morse index of uNρ , as a constrained critical point, satisfies

m̃0(u
N
ρ ) ⩽ N .

Lemma 2.1. [6, Lemma 2.7] Let G be a noncompact, N ⩾ 2 be an integer, p > 10, µ > 0 and ρ > 0.
Assume that

{
uNρ,n

}
⊂ H1

µ(G),
{
λN
ρ,n

}
⊂ R and

{
ζNρ,n
}
⊂ R+ with ζNρ,n → 0+ as n → +∞, and for a

given M ∈ N, the following conditions hold:
(i) if all subspace Wn ⊂ H1(G) satisfies

E′′
ρ (u

N
ρ,n,G)[w,w] + λN

ρ,n∥w∥2L2(G) < −ζNρ,n∥w∥2H1(G), ∀w ∈ Wn \ {0}, (2.4)

for large enough n ∈ N, then dim(Wn) ⩽ M . Here λN
ρ,n is called the almost Lagrange multipliers, which

dedined by

λN
ρ,n := − 1

µ
E′

ρ(u
N
ρ,n,G)[uNρ,n].

(ii) there exist λ ∈ R, a subspace Y ⊂ H1(G) with dim(Y ) ⩾ M + 1 and ζ > 0 such that, for large
enough n ∈ N,

E′′
ρ (u

N
ρ,n,G)[w,w] + λ∥w∥2L2(G) ⩽ −ζ∥w∥2H1(G), ∀w ∈ Y. (2.5)

Then λN
ρ,n > λ for all large enough n ∈ N. In particular, if (2.5) holds for any λ < 0, then we have

lim inf
n→∞

λN
ρ,n ⩾ 0.
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3 Existence of infinitely many minimax values

The main purpose of this section is to prove the following proposition.

Proposition 3.1. Let G be a noncompact metric graph. For any µ > 0 and p > 10, there exists N0 ∈ N
such that if N ⩾ N0, there exist functions γ0,N and γ1,N such that the family of functionals

Eρ(·,G) : H1(G) → R : u 7→ a

2

∫
G

∣∣u′∣∣2 dx+
b

4

(∫
G

∣∣u′∣∣2 dx)2

− ρ

p

∫
K
|u|p dx, ρ ∈ [

1

2
, 1]

satisfies the assumptions of Theorem 2.1. In particular,

ΓN =
{
γ ∈ C([0, 1]× SN−2, H1

µ(G)) | ∀t ∈ [0, 1], γ(t, ·)is odd, γ(0, ·) = γ0,N , andγ(1, ·) = γ1,N
}

(3.1)

is non void and

cNρ = inf
γ∈ΓN

max
(t,s)∈[0,1]×SN−2

Eρ(γ(t, s),G) > max
s∈SN−2

max {Eρ(γ0,N (s),G), Eρ(γ1,N (s),G)} ,∀ρ ∈ [
1

2
, 1] (3.2)

Furthermore, cNρ → +∞ uniformly w.r.t. ρ ∈ [12 , 1], as N → +∞. In particular, there exist infinitely

many distinct values of cNρ .

Remark 3.1. Notice that the levels cNρ ∈ R for every N ⩾ N0 and every ρ ∈ [12 , 1], since they are

defined by infima over nonempty sets(equivalent to cNρ < +∞) and the inequality (3.2) implies that

cNρ > −∞.

Remark 3.2. Setting

A(u,G) = a

2

∫
G

∣∣u′∣∣2 dx+
b

4

(∫
G

∣∣u′∣∣2 dx)2

and B(u,G) = 1

p

∫
K
|u|p dx,

it is easy to check the assumption (2.1) holds, since

u ∈ H1
µ(G) and ∥u∥H1(G) → +∞ =⇒ A(u,G) → +∞.

Let E′
ρ(u,G) and E′′

ρ (u,G) denote respectively the free first and second Fréchet derivatives of Eρ(u,G).
Clearly, E′

ρ(u,G) and E′′
ρ (u,G) are both of class C1, and hence locally Hölder continuous on H1

µ(G),
which implies E′

ρ(u,G) and E′′
ρ (u,G) are α-Hölder continuous on bounded sets in the sense of Definition

2.1 for some α ∈ (0, 1]. Then, it is only to show that (3.1) and (3.2) posed on ΓN hold.

As this point, we shall rely on some results from [6], which are following lemmas.

Lemma 3.1. Let {u1, · · · , uN−1} ⊂ H1
µ(G) and {v1, · · · , vN−1} ⊂ H1

µ(G) be orthogonal families for the
inner product (·, ·). Setting the odd functions

γ0,N : SN−2 → H1
µ(G) by γ0,N (s1, · · · , sN−1) =

N−1∑
i=1

siui

and

γ1,N : SN−2 → H1
µ(G) by γ1,N (s1, · · · , sN−1) =

N−1∑
i=1

sivi,

the set ΓN defined by (2.2) is non void.
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Lemma 3.2. Let G be a noncompact metric graph, p > 10, µ > 0, ρ > 0, N ⩾ 2 be an integer, and
γi,N : SN−2 → H1

µ(G), i = 1, 2, be two odd functions. Assume that the set

ΓN :=
{
γ ∈ C([0, 1]× SN−2, H1

µ(G)) | ∀t ∈ [0, 1], γ(t, ·)is odd, γ(0, ·) = γ0,N , andγ(1, ·) = γ1,N
}

is not empty. Assume further that there exists a continuous even functional J : H1(G) → R, βN ∈ R,
and a subspace W ⊂ H1(G) with dim(W ) ⩽ N − 2 such that

(H1) J(γ0,N (s)) < βN < J(γ1,N (s)), for all s ∈ SN−2;

(H2) max
s∈SN−2

max {Eρ(γ0,N (s),G), Eρ(γ1,N (s),G)} < inf
u∈BN

Eρ(u,G),

where, BN =
{
u ∈ H1

µ(G) ∩W⊥ | J(u,G) = βN
}
. Then

cNρ = inf
γ∈ΓN

max
(t,s)∈[0,1]×SN−2

Eρ(γ(t, s),G) ⩾ inf
u∈BN

Eρ(u,G). (3.3)

The following two lemmas will provide orthogonal families to be used in Lemma 3.1.

Lemma 3.3. Let G be a noncompact metric graph, p > 10 and µ > 0. For any ξ > 0, there exists a
sequence of functions {ϕ1, ϕ2, · · · } such that for any i, j ∈ N∗ and any ρ ∈ [12 , 1]:

(i) ϕi ∈ H1
µ(G); ∥ϕ′

i∥L2(G) = ξ; Eρ(ϕi,G) = a
2ξ

2 + b
4ξ

4;

(ii) ϕi has compact support and supp(ϕi) ∩ supp(ϕj) = ∅ for i ̸= j;

(iii) for any N ⩾ 2 and s ∈ SN−2,

∥∥∥∥∥
(

N−1∑
i=1

siϕi

)′∥∥∥∥∥
L2(G)

= ξ and Eρ

(
N−1∑
i=1

siϕi,G
)

= a
2ξ

2 + b
4ξ

4.

Proof. The proof is very similar to [6, Lemma 4.3], only need to replace the expression of Eρ(u,G).

Lemma 3.4. Let G be a noncompcat metric graph, p > 10 and µ > 0. For any fixed integer N ⩾ 2
and any given values of ξ > 0, b > 0, there exist functions ϕ1, · · · , ϕN , compactly supported in K, such
that for all i, j ∈ {1, · · · , N} and all ρ ∈ [12 , 1],

(i) ϕi ∈ H1
µ(G);

∥∥∥ϕi
′
∥∥∥
L2(G)

⩾ ξ;

(ii) supp
(
ϕi

)
∩ supp

(
ϕi

)
= ∅ for i ̸= j;

(iii) if s ∈ SN−2 then

∥∥∥∥∥
(

N−1∑
i=1

siϕi

)′∥∥∥∥∥
L2(G)

⩾ ξ and Eρ

(
N−1∑
i=1

siϕi,G
)

⩽ b.

Proof. Let e = [0, le] be any bounded edge of G. Let ϕ ∈ C∞
c

((
0, le

N

))
be any function such that

∥ϕ∥L2(R) = µ. For t ∈ R+, define the function ϕt by

ϕt(x) := t
1
2ϕ(tx). (3.4)

We can see that supp (ϕt) ⊂
(
0, le

N

)
whenever t ⩾ 1. Define the functions

ϕi := ϕt

(
x− (i− 1)le

N

)
, i = 1, · · · , N
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where t ⩾ 1 will be chosen later. Note that

supp (ϕi) ⊂
(
(i− 1)le

N
,
ile
N

)
,

so the functions ϕi have disjoint supports, then (ii) is satisfied. Viewing now ϕi as functions in H1(G)

supported in e, we may compute the energy of function
N−1∑
i=1

siϕi with s ∈ SN−2 as follows

Eρ

(
N−1∑
i=1

siϕi,G

)
=
a

2

∫
e

∣∣∣∣∣
N−1∑
i=1

siϕi
′
∣∣∣∣∣
2

dx+
b

4

∫
e

∣∣∣∣∣
N−1∑
i=1

siϕi
′
∣∣∣∣∣
2

dx

2

− ρ

p

∫
e

∣∣∣∣∣
N−1∑
i=1

siϕi

∣∣∣∣∣
p

dx

=
at2

2

N−1∑
i=1

s2i

∫ le
N

0
|ϕ′|2 dx+

b

4

(
t2

N−1∑
i=1

s2i

∫ le
N

0
|ϕ′|2 dx

)2

− ρt
p−2
2

p

N−1∑
i=1

|si|p
∫ le

N

0
|ϕ|p dx

⩽
at2

2
∥ϕ′∥2L2(G) +

bt4

4
∥ϕ′∥4L2(G) −

Ct
p−2
2

2p
∥ϕ∥pLp(K),

where C = min
s∈SN−2

N−1∑
i=1

|si|p. It is straightforward to verify that the last expression tends to −∞ as

t → +∞. Thus, for all b ∈ R, there exists t0 > 0 such that for all t > t0 we have Eρ

(
N−1∑
i=1

siϕi,G
)

< b.

As a result, if we chose

t := max

{
1,

ξ

∥ϕ′∥L2(G)
, t0

}
,

the functions ϕi satisfy all of the desired properties. Indeed, ϕi ∈ H1
µ(G) and a direct calculation yields

∥ϕi
′∥L2(G) = t∥ϕ′∥L2(G) ⩾ ξ, (3.5)

which implies (i). Finally, the choice of t, (3.5) and

∥∥∥∥∥
(

N−1∑
i=1

siϕi

)′∥∥∥∥∥
2

L2(G)

=
N−1∑
i=1

s2i

∥∥∥ϕi
′
∥∥∥2
L2(G)

show

(iii).

Now let {YN} be a sequence of linear subspaces of H1(G) with dim (YN ) = N , which is exhausting
H1(G) in the sense that ⋃

N⩾1

YN

is dense in H1(G). We recall that for separable Hilbert spaces, such as H1(G), such sequence always
exists.

Lemma 3.5. [6, Lemma 4.5] For any p > 10 there holds:

SN := inf
u∈Y ⊥

N−2

∫
G |u

′|2 + |u|2 dx(∫
K |u|p dx

) 2
p

→ ∞, as N → ∞.
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Now, we define

βN :=

(
S

p
2
N

ℵ

) 1
p−2

, where ℵ = ℵ(p) := 3

ap
max
x>0

(µ+ x2)
p
2

µ+ xp
.

Using Lemma 3.5, we have that βN → ∞. Thus, setting

c̃Nρ := inf
u∈BN

Eρ(u,G), where BN :=
{
u ∈ Y ⊥

N−2 ∩H1
µ(G) | ∥u′∥L2(G) = βN

}
,

we can obtain that

Lemma 3.6. c̃Nρ → +∞ as N → +∞, uniformly in ρ ∈ [12 , 1].

Proof. For every u ∈ BN , using Lemma 3.5 we have

Eρ(u,G) =
a

2

∫
G
|u′|2 dx+

b

4

(∫
G
|u′|2 dx

)2

− ρ

p

∫
K
|u|p dx

⩾
a

2

∫
G
|u′|2 dx+

b

4

(∫
G
|u′|2 dx

)2

− 1

p

(
µ+

∫
G |u

′|2 dx
SN

) p
2

⩾
a

2

∫
G
|u′|2 dx+

b

4

(∫
G
|u′|2 dx

)2

− aℵ

3S
p
2
N

(
µ+ ∥u′∥p

L2(G)

)
=
a

2
β2
N +

b

4
β4
N − a

3
β2−p
N

(
µ+ βp

N

)
=
a

6
β2
N +

b

4
β4
N + o(1).

The proof is completed by taking the infimum over BN .

Proof of Proposition 3.1. From Remark 3.2, we can konw that Eρ(u,G) satisfies the assumptions of
Theorem 2.1. By Lemma 3.5 and Lemma 3.6, for each N ⩾ 2, both sequences {βN} and

{
c̃Nρ
}
are

diverge.
Then consider a sequence of functions {ϕi}∞i=1 as given by Lemma 3.3 taking ξ = 1 and a set of N

functions
{
ϕi

}N
i=1

given by Lemma 3.4 taking ξ = 2βN and b = 1. And, define the functions

γ0,N : SN−2 → H1
µ(G) : (s1, · · · , sN−1) 7→

N−1∑
i=1

siϕi,

γ1,N : SN−2 → H1
µ(G) : (s1, · · · , sN−1) 7→

N−1∑
i=1

siϕi,

which satisfy, for each N ⩾ 2 and s ∈ SN−2, ∥γ0,N (s)′∥L2(G) = 1,

Eρ(γ0,N (s),G) = a
2 + b

4 ,
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and  ∥γ1,N (s)′∥L2(G) ⩾ 2βN ,

Eρ(γ1,N (s),G) ⩽ 1.

From Lemma 3.1, we can get that the set

ΓN =
{
γ ∈ C([0, 1]× SN−2, H1

µ(G)) | ∀t ∈ [0, 1], γ(t, ·)is odd, γ(0, ·) = γ0,N , andγ(1, ·) = γ1,N
}

is not empty, (3.1) holds.
Finally, we use Lemma 3.2 with the choice J(u,G) = ∥u′∥L2(G) and W = YN−2. It is easy to check

that assumptions (H1) and (H2) are satisfied for any N sufficiently large (uniformly w.r.t. ρ), thus (3.2)
holds. And using c̃Nρ → +∞ as N → +∞ and (3.3), we get that cNρ → +∞ uniformly w.r.t. ρ ∈ [12 , 1],
as N → +∞.

4 Two auxiliary results

4.1 The first auxiliary result

In this subsection, we focus on deriving properties of solutions to (1.10) when λ = 0, as stated in the
following proposition.

Proposition 4.1. Let G be a noncompact metric graph and p > 10. Let {uρk} ⊂ H1(G) and {ρk} ⊂
[12 , 1] be sequences such that uρk is a solution to (1.10) with ρ = ρk and λ = 0. If Eρk(uρk ,G) → +∞,
then ∥uρk∥L2(G) → ∞.

Remark 4.1. Note that if (λ, u) is a solution of

−(a+ b

∫
I

∣∣u′∣∣2 dx)u′′ + λu = ρ|u|p−2u,

with L2 mass µ0 on some interval I ⊆ R+. Set z = ϖ
1

2−pu, where ϖ = a+ b
∫
I |u

′|2 dx. Then
(
λ
ϖ , z

)
is

a solution of

−z′′ +
λ

ϖ
z = ρ|z|p−2z,

with L2 mass ϖ
2

2−pµ0 on some interval I ⊆ R+. Since a function on a metric graph is a family of
functions defined along its edges and the fact that each edge of a metric graph can be identified with
an interval I ⊆ R+. We can say that if (λ, u) is a solution of

−(a+ b

∫
G

∣∣u′∣∣2 dx)u′′ + λu = ρκ(x)|u|p−2u,

with L2 mass µ on metric graph G, then
(
λ
ω , f

)
is a solution of

−f ′′ +
λ

ω
f = ρκ(x)|f |p−2f, (4.1)

with L2 mass ω
2

2−pµ on metric graph G.
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Then, for the following problem
−f ′′ + λ

ωf = ρκ(x)|f |p−2f on every edge e ∈ E ,∑
e≻v

dfe
dxe

(v) = 0 at every vertex v ∈ V,
(4.2)

we define the family of functionals Jρ(·,G) : H1(G) → R by

Jρ(f,G) :=
1

2

∫
G

∣∣f ′∣∣2 dx− ρ

p

∫
K
|f |p dx,

constrained on the L2-sphere

Sµ :=
{
f ∈ H1(G) ∥f∥2L2(G) = ω

2
2−pµ

}
.

From [6], we can know that if f is a solution to −f ′′ + λ
ωf = ρ|f |p−2f on some interval I ⊆ R+, set

Hf (x) :=
1

2

(
f ′(x)

)2
+ Vω,λ(f(x)) where Vω,λ(f) :=

ρ

p
|f |p − λ

2ω
f2,

it is easy to see that Hf (x) is a constant on I. Since H ′
f (x) := f ′(x) · (f ′′(x) + V ′

ω,λ(f(x))) = 0. The
Hf is called the ODE energy of the solution f on I.

The proofs of the following two lemmas follow closely those in [6, Proposition 3.1 and Lemma 3.2],
with λ replaced by λ

ω .

Lemma 4.1. Let G be a noncompact metric graph. Let p > 10, λ
ω ∈ R, and f be a solution to (4.2).

For each bounded edge e of G, let the ODE energy of the solution f on e be given by

Hf (e) := Hf (x) =
1

2

∣∣f ′(x)
∣∣2 + ρ

p
|f(x)|p − λ

2ω
|f(x)|2 , (4.3)

where x is an arbitrary point of e. Finally, define

Pρ(f,G) :=
∑

e is a bounded edge of G
leHf (e), (4.4)

where le is the length of the edge e. Then, one has

1

2
∥f ′∥2L2(G) +

ρ

p
∥κf∥pLp(G) =

λ

2ω
∥f∥2L2(G) + Pρ(f,G).

Lemma 4.2. Let G be a noncompact metric graph. Let p > 10 and λ
ω ∈ R. Let f ∈ H1(G) be a solution

to (4.2). Then, one has

Jρ(f,G) =
(p− 6)λ

2ω(p+ 2)
∥f∥2L2(G) +

p− 2

p+ 2
Pρ(f,G),

where Pρ(f,G) is defined by (4.3)-(4.4).

The following lemma is crucial for proving Proposition 4.1, which is an already mentioned result
from [6, Corollary 3.5].
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Lemma 4.3. Let l > 0, 0 < α < α < ∞, and p > 10. For every µ > 0, there exists H > 0 such that if
f : [0, l] → R is a solution to

−f ′′ = α |f |p−2 f, with α ∈ [α, α] and Hf ⩾ H,

then ∫ l

0
|f(x)|2 dx ⩾ µ.

Proof of Proposition 4.1. From Remark 4.1, we have fρk = ω
1

2−puρk is a solution to (4.2) with ρ = ρk
and λ = 0. Since Eρk(uρk ,G) → +∞, we can know that Jρk(fρk ,G) → +∞, then Lemma 4.2 implies
that Pρk(fρk ,G) → +∞. Let e0 ∈ E be a bounded edge such that le0Hfρk

(e0) ⩾ leHfρk
(e) for all

bounded edges e ∈ E . Since E is finite, then we can get that

Pρk(fρk ,G) ⩽ #{E}le0Hfρk
(e0),

so Hfρk
(e0) → +∞. Finally, using Lemma 4.3 with f = fρk , α = ρk and [0, l] = e0, we deduce

that ∥fρk∥L2(e0) → ∞ and thus ∥fρk∥L2(G) → ∞. Also have ∥uρk∥L2(G) → ∞, since ∥fρk∥L2(G) =

ω
2

2−p ∥uρk∥L2(G).

4.2 The second auxiliary result

In this subsection, we present the main result to prove Theorem 1.1.

Theorem 4.1. Let G be a noncompact metric graph and p > 10. For any µ > 0, there exists N0 ∈ N
such that for almost every ρ ∈ [12 , 1], there exist sequences of Lagrange multipliers

{
λN
ρ

}∞
N=N0

⊂ R+

and solutions
{
uNρ
}∞
N=N0

⊂ H1
µ(G) to

−(a+ b
∫
G
∣∣(uNρ )′

∣∣2 dx)(uNρ )′′ + λN
ρ uNρ = ρκ(x)

∣∣uNρ ∣∣p−2
uNρ on every edge e ∈ E ,∑

e≻v

duN
ρ,e

dxe
(v) = 0 at every vertex v ∈ V.

(4.5)

In addition, cNρ = Eρ(u
N
ρ ,G) → +∞ uniformly w.r.t. ρ ∈ [12 , 1], as N → +∞ and m(uNρ ) ⩽ N + 1.

As a consequence of Proposition 3.1, we can see that the all assumptions of Theorem 2.1 are satisfied;
then for all N ∈ N large enough and for almost every ρ ∈ [12 , 1], we deduce the existence of a bounded
sequence

{
uNρ,n

}∞
n=1

⊂ H1
µ(G), such that

Eρ(u
N
ρ,n,G) → cNρ (4.6)

and
E′

ρ(u
N
ρ,n,G) + λN

ρ,n(u
N
ρ,n, ·) → 0 in the dual of H1

µ(G) (4.7)

where

λN
ρ,n = − 1

µ
E′

ρ(u
N
ρ,n,G)[uNρ,n]. (4.8)

Finally, there exists a sequence
{
ζNρ,n
}
⊂ R+ with ζNρ,n → 0+ such that, if the inequality

a

∫
G

∣∣w′∣∣2 dx+ b

∫
G

∣∣(uNρ,n)′∣∣2 dx

∫
G

∣∣w′∣∣2 dx+ 2b

(∫
G
(uNρ,n)

′w′ dx

)2
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− (p− 1)ρ

∫
K

∣∣uNρ,n∣∣p−2 |w|2 dx+ λN
ρ,n

∫
G
|w|2 dx

=E′′
ρ (u

N
ρ,n,G)[w,w] + λN

ρ,n∥w∥2L2(G) < −ζNρ,n∥w∥2H1(G), (4.9)

holds for any w ∈ Wn \ {0} in a subspace Wn of TuN
ρ,n

H1
µ(G), then dim (Wn) ⩽ N .

Since
{
uNρ,n

}
⊂ H1(G) is bounded, and therefore up to a subsequence, we can assume that there

exists some uNρ ∈ H1(G) such that

uNρ,n ⇀ uNρ in H1(G), (4.10)

uNρ,n → uNρ in Lp
loc(G). (4.11)

In particular, since
{
uNρ,n

}
⊂ H1(G) is a bounded sequence, it follows from (4.8) that

{
λN
ρ,n

}
⊂ R is

bounded. Up to a subsequence, there exists λN
ρ ∈ R such that lim

n→+∞
λN
ρ,n = λN

ρ .

We claim that the limit uNρ ∈ H1(G) solves (4.5). Using (4.7) and lim
n→+∞

λN
ρ,n = λN

ρ , we have

0 = lim
n→∞

[
E′

ρ(u
N
ρ,n,G) + λN

ρ,n(u
N
ρ,n, ·)

]
[η]

= lim
n→∞

[
a

∫
G
(uNρ,n)

′η′ dx+ b

∫
G
|(uNρ,n)′|2 dx

∫
G
(uNρ,n)

′η′ dx− ρ

∫
K
|uNρ,n|p−2uNρ,nη dx+ λN

ρ,n

∫
G
uNρ,nη dx

]
=a

∫
G
(uNρ )′η′ dx+ b

∫
G
|(uNρ )′|2 dx

∫
G
(uNρ )′η′ dx− ρ

∫
K
|uNρ |p−2uNρ η dx+ λN

ρ

∫
G
uNρ η dx (4.12)

for any η ∈ H1(G). So the claim is true.

Next, we focus on proving the strong convergence of the sequence
{
uNρ,n

}
⊂ H1(G). We have the

following lemma.

Lemma 4.4. If λN
ρ ⩾ 0, the following convergence holds:∫

G
|(uNρ,n − uNρ )′|2 dx+ λN

ρ

∫
G
|uNρ,n − uNρ |2 dx → 0, as n → +∞.

In particular, if λN
ρ > 0, then sequence

{
uNρ,n

}
converges strongly in H1(G).

Proof. From (4.7), we have

o(1)∥η∥H1(G) =a

∫
G
(uNρ,n)

′η′ dx+ b

∫
G
|(uNρ,n)′|2 dx

∫
G
(uNρ,n)

′η′ dx

− ρ

∫
K
|uNρ,n|p−2uNρ,nη dx+ λN

ρ,n

∫
G
uNρ,nη dx

=a

∫
G
(uNρ,n)

′η′ dx+ b

∫
G
|(uNρ,n)′|2 dx

∫
G
(uNρ,n)

′η′ dx

− ρ

∫
K
|uNρ,n|p−2uNρ,nη dx+ λN

ρ

∫
G
uNρ,nη dx+ (λN

ρ,n − λN
ρ )

∫
G
uNρ,nη dx,

equivalent to

o(1)∥η∥H1(G) =a

∫
G
(uNρ,n)

′η′ dx+ b

∫
G
|(uNρ,n)′|2 dx

∫
G
(uNρ,n)

′η′ dx

13



− ρ

∫
K
|uNρ,n|p−2uNρ,nη dx+ λN

ρ

∫
G
uNρ,nη dx. (4.13)

Then, combining (4.12) and (4.13), choosing η = ηNρ,n = uNρ,n − uNρ and using (4.11) and also
{
ηNρ,n

}
is

bounded, we obtain

o(1) =a

∫
G
((uNρ,n)

′ − (uNρ )′)(ηNρ,n)
′ dx+ b

∫
G
|(uNρ,n)′|2 dx

∫
G
(uNρ,n)

′(ηNρ,n)
′ dx

− b

∫
G
|(uNρ )′|2 dx

∫
G
(uNρ )′(ηNρ,n)

′ dx− ρ

∫
K
(|uNρ,n|p−2uNρ,n − |uNρ |p−2uNρ )ηNρ,n dx

+ λN
ρ

∫
G
(uNρ,n − uNρ )ηNρ,n dx

=a

∫
G
((uNρ,n)

′ − (uNρ )′)(ηNρ,n)
′ dx+ λN

ρ

∫
G
(uNρ,n − uNρ )ηNρ,n dx

+ b

∫
G
|(uNρ,n)′|2 dx

(∫
G
(uNρ,n)

′(ηNρ,n)
′ dx−

∫
G
(uNρ )′(ηNρ,n)

′ dx

)
+ o(1)

=a

∫
G
((uNρ,n)

′ − (uNρ )′)(ηNρ,n)
′ dx+ λN

ρ

∫
G
(uNρ,n − uNρ )ηNρ,n dx

+ b

∫
G
|(uNρ,n)′|2 dx

∫
G
|ηNρ,n

′|2 dx+ o(1)

⩾a

∫
G
|(uNρ,n − uNρ )′|2 dx+ λN

ρ

∫
G
|uNρ,n − uNρ |2 dx+ o(1).

It is easy to see
∫
G |(u

N
ρ,n − uNρ )′|2 dx+ λN

ρ

∫
G |u

N
ρ,n − uNρ |2 dx → 0, as n → +∞.

Then, to obtain the strong convergence of the sequence
{
uNρ,n

}
⊂ H1(G), it suffices to show that

λN
ρ > 0. Firstly, we show that λN

ρ < 0 is impossible by using Lemma 2.1. We begin with the following
lemma.

Lemma 4.5. For any λ < 0 and d ∈ N, there exists a subspace Y of H1(G) with dim(Y ) = d such that

E′′
ρ (u

N
ρ,n,G)[w,w] + λ∥w∥2L2(G) =a

∫
G

∣∣w′∣∣2 dx+ b

∫
G

∣∣(uNρ,n)′∣∣2 dx

∫
G

∣∣w′∣∣2 dx

+ 2b

(∫
G
(uNρ,n)

′w′ dx

)2

+ λ

∫
G
|w|2 dx ⩽

λ

2
∥w∥2H1(G), ∀w ∈ Y.

Proof. Let ϕ ∈ C∞
c (R) with supp ϕ ⊂ (0, 1) and such that

∫ +∞
0 |ϕ|2 dx = 1. Viewing ϕ as a function in

H1(G) whose support is contained in a half-line which we identify with [0,+∞). Using the notation of
(3.4), we can define

ϕ1 := ϕτ ,

where τ > 0 is taken small enough so that

(a+ 3bδ)τ2∥ϕ′∥2L2(R) + λ ⩽
λ

2
(τ2∥ϕ′∥2L2(R) + 1), (4.14)

where δ =
∫
G |(u

N
ρ,n)

′|2 dx. By a direct calculation yields that

∥ϕ1∥2L2(G) = 1, ∥ϕ′
1∥2L2(G) = τ2∥ϕ′∥2L2(G)
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Next, for i ⩾ 2, define

ϕi(x) := ϕ1

(
x− i− 1

τ

)
.

Notice that supp (ϕi) ⊂
(
i−1
τ , i

τ

)
, and all the ϕi have disjoint supports. Let Y ⊂ H1(G) be the subspace

generated by ϕ1, · · · , ϕd. Any element w ∈ Y writes as

w :=
d∑

i=1

θiϕi, i = 1, · · · , d,

where θi ∈ R. By a direct calculation and Hölder inequality, we have

a

∫
G

∣∣w′∣∣2 dx+ b

∫
G

∣∣(uNρ,n)′∣∣2 dx

∫
G

∣∣w′∣∣2 dx+ 2b

(∫
G
(uNρ,n)

′w′ dx

)2

+ λ

∫
G
|w|2 dx

⩽aτ2

(
d∑

i=1

θ2i ∥ϕ′∥2L2(R)

)
+ bδτ2

(
d∑

i=1

θ2i ∥ϕ′∥2L2(R)

)
+ 2bδτ2

(
d∑

i=1

θ2i ∥ϕ′∥2L2(R)

)
+ λ

(
d∑

i=1

θ2i

)

=
(
(a+ 3bδ)τ2∥ϕ′∥2L2(R) + λ

) d∑
i=1

θ2i .

And also, ∥w∥2H1(G) =
(
τ2∥ϕ′∥2L2(R) + 1

) d∑
i=1

θ2i . Thus (4.14) implies that

a

∫
G

∣∣w′∣∣2 dx+ b

∫
G

∣∣(uNρ,n)′∣∣2 dx

∫
G

∣∣w′∣∣2 dx+ 2b

(∫
G
(uNρ,n)

′w′ dx

)2

+ λ

∫
G
|w|2 dx ⩽

λ

2
∥w∥2H1(G).

Finally, using the fact that w vanishes outside the half-line justifies the equality stated in the claim,
which completes the proof.

Since the codimension of TuN
ρ,n

H1
µ(G) in H1(G) is one. Thus, if (4.9) holds for any w ∈ Wn \ {0} in a

subspace Wn of H1(G), then dim (Wn) ⩽ N +1. Let λ < 0 and Y be the space of dimension d = N +2
provide by Lemma 4.5. Apply Lemma 2.1, we can obtain that

λN
ρ ⩾ 0. (4.15)

Thus, from Lemma 4.4 and (4.15), we have∫
G
|(uNρ,n − uNρ )′|2 dx → 0.

Using (4.11) and the fact that nonlinearity acts only on the compact core K, we get that

Eρ(u
N
ρ,n,G) → Eρ(u

N
ρ ,G).

In particular, from (4.6), it follows that

Eρ(u
N
ρ ,G) = cNρ . (4.16)

Then, with the following result, we complete the proof that λN
ρ > 0, thereby establishing the strong

convergence of the sequence
{
uNρ,n

}
⊂ H1(G).
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Lemma 4.6. It cannot be λN
ρ = 0.

Proof. Assuming that N ∈ N is large enough uniformly in ρ ∈ [12 , 1] and by contradiction that there
exists a subsequence

{
uNk
ρk

}∞
k=1

, with Nk → +∞ and ρk ∈ [12 , 1] for all k, such that uNk
ρk

∈ H1
µ(G) have an

associated λNk
ρk

= 0. By Proposition 3.1, cNk
ρk

→ +∞ uniformly w.r.t. ρk ∈ [12 , 1], as Nk → +∞. Then,

from (4.16), we have Eρk(u
Nk
ρk

,G) → +∞ as k → ∞. It is impossible, as a consequence of Proposition

4.1, we can know that ∥uNk
ρk

∥L2(G) → ∞, but
{
uNk
ρk

}∞
k=1

⊂ H1
µ(G), a contradiction.

In the end, we will show that the Morse index m(uNρ ) of uNρ as a solution to (4.5) satisfies m(uNρ ) ⩽
N + 1. Let us recall the following definition.

Definition 4.1. For any metric graph G, and any solution u ∈ H1(G) of (1.10), we consider

Q(w;u,G) :=a

∫
G

∣∣w′∣∣2 dx+ b

∫
G

∣∣u′∣∣2 dx

∫
G

∣∣w′∣∣2 dx+ 2b

(∫
G
u′w′ dx

)2

− (p− 1)ρ

∫
K
|u|p−2 |w|2 dx+ λ

∫
G
|w|2 dx,

Then, the Morse index of u is the maximal dimension of a subspace W ⊂ H1(G) such that Q(w;u,G) < 0
for all w ∈ W \ {0}.

Observe that the relationship between the Morse index of a solution to (1.10) and the Morse index
as a constrained critical point (see Definition 2.2) via the equality

D2Eρ(u
N
ρ ,G)[w,w] :=E′′

ρ (u
N
ρ ,G)[w,w] + λ(w,w)

=a

∫
G

∣∣w′∣∣2 dx+ b

∫
G

∣∣(uNρ )′
∣∣2 dx

∫
G

∣∣w′∣∣2 dx+ 2b

(∫
G
(uNρ )′w′ dx

)2

− (p− 1)ρ

∫
K

∣∣uNρ ∣∣p−2 |w|2 dx+ λN
ρ

∫
G
|w|2 dx, for all w ∈ H1(G). (4.17)

Since uNρ,n → uNρ as n → ∞, from Remark 2.1, we can know that the Morse index of uNρ ∈ H1
µ(G) as a

constrained critical point is less than N . In view of (4.17) and the fact that the codimension of H1
µ(G)

in H1(G) is one. So we can deduce that

m(uNρ ) ⩽ N + 1. (4.18)

Proof of Theorem 4.1. Integrating the previous content, we immediately have, for any µ > 0 and
N ∈ N sufficiently large, and for almost every ρ ∈ [12 , 1]. There exist sequences of Lagrange multipliers{
λN
ρ

}∞
N=N0

⊂ R+ and solutions
{
uNρ
}∞
N=N0

⊂ H1
µ(G) to (4.5). We also have by (4.16) that Eρ(u

N
ρ ,G) =

cNρ → +∞ as N → +∞. Finally, the estimate (4.18) completes the proof.

5 Proof of Theorem 1.1

Let µ > 0 and N ∈ N be sufficiently large. By Theorem 4.1, it is possible to choose a sequence ρn → 1−,
and a corresponding sequence of critical points uNρn ∈ H1

µ(G) of Eρn(u,G) constrained to H1
µ(G), at the

level cNρn and having a Morse index m(uNρn) ⩽ N + 1. Additionally, the Lagrange multipliers satisfy

λN
ρn > 0.
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Thus, in order to prove the Theorem 1.1, it is only to show that
{
uNρn
}

⊂ H1
µ(G) converges. For

this the key point is to show that
{
uNρn
}
⊂ H1

µ(G) is bounded. Observe the monotonicity of cNρ , as

a function of ρ ∈ [12 , 1] implies that
{
cNρn
}
is bounded as it belongs to [cN1 , cN1

2

] with cN1 , cN1
2

∈ R (see

Remark 3.1). In addition, due to the Kirchhoff boundary condition

a

∫
G

∣∣(uNρn)′∣∣2 dx+ b

(∫
G

∣∣(uNρn)′∣∣2 dx)2

+ λN
ρn

∫
G

∣∣uNρn∣∣2 dx = ρn

∫
K

∣∣uNρn∣∣p dx,
it follows that

cNρn = Eρn(u
N
ρn ,G) =

(
a

2
− a

p

)∫
G

∣∣(uNρn)′∣∣2 dx+

(
b

4
− b

p

)(∫
G

∣∣(uNρn)′∣∣2 dx)2

−
λN
ρnµ

p
,

equivalent to (
a

2
− a

p

)∫
G

∣∣(uNρn)′∣∣2 dx+

(
b

4
− b

p

)(∫
G

∣∣(uNρn)′∣∣2 dx)2

= cNρn +
λN
ρnµ

p
.

Therefore, if
{
λN
ρn

}
⊂ (0,+∞) is bounded, then

{
uNρn
}

⊂ H1
µ(G) is bounded as well. So using the

following result, we can conclude the proof of Theorem 1.1.

Lemma 5.1. Let G be a noncompact metric graph and p > 10. Assume that {ρn} ⊆ [12 , 1] is a sequence
converging to 1. Let {(λρn , uρn)} ⊆ R×H1(G) be a sequence of solutions with ρ = ρn to

−(a+ b
∫
G |u

′|2 dx)u′′ + λu = ρκ(x)|u|p−2u on every edge e ∈ E ,∑
e≻v

due
dxe

(v) = 0 at every vertex v ∈ V.

and satisfy additionally, for some µ > 0,∫
G
|uρn |

2 dx = µ, for all n ∈ N,

and whose Morse indices m(uρn) are bounded. Then, the sequence {λρn} ⊂ R is bounded from above.

Proof. From Remark 4.1, we know that
{(

λρn
ω , fρn

)}
⊆ R × H1(G) is a sequence of solutions with

ρ = ρn to 
−f ′′ + λ

ωf = ρκ(x)|f |p−2f on every edge e ∈ E ,∑
e≻v

dfe
dxe

(v) = 0 at every vertex v ∈ V,

with mass
∫
G |fρn |

2 dx = ω
2

2−pµ. Using the [6, Lemma 6.1], we have that the sequence
{

λρn
ω

}
⊂ R is

bounded from above, namely the sequence {λρn} ⊂ R is bounded.
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