
N

Abstract

In this paper, we investigate the existence of solutions to the following equation:

−∆u+ (−∆)su = λ|u|p−2u+ µ|u|q−2u in RN ,

where N ≥ 3, λ ≥ 0, µ ≥ 0, µ + λ > 0, 0 < s < 1, and 2∗s ≤ p < q ≤ 2∗. Here, 2∗s = 2N
N−2s

and 2∗ = 2N
N−2 denote the fractional and Sobolev critical exponents, respectively. We analyze three

distinct scenarios regarding the parameters p, q, λ, and µ. By combining the mountain pass theorem
with Lions’ lemma and the principle of concentration compactness, we establish the existence of a
nontrivial solution for each case.
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1 Introduction

In this paper, we study the existence of solutions to the following equation:

−∆u+ (−∆)su = λ|u|p−2u+ µ|u|q−2u in RN , (1.1)

where N ≥ 3, λ ≥ 0, µ ≥ 0, µ+λ > 0, 0 < s < 1, and 2∗s ≤ p < q ≤ 2∗. Here, 2∗s =
2N

N−2s and 2∗ = 2N
N−2

denote the fractional and Sobolev critical exponents, respectively. In the above, ∆u = div(∇u) is
the classical Laplace operator, while (−∆)s represents the fractional Laplacian. For any function
u ∈ C∞

0 (RN ), the fractional Laplacian is defined pointwise as

(−∆)su(x) = lim
ε→0+

∫
RN\Bε(x)

u(y)− u(x)

|x− y|N+2s
dy,

where Bε(x) denotes the ball in RN centered at x with radius ε > 0.
Equation (1.1) is motivated by the classical sharp Sobolev inequality:

S

(∫
RN

|u|2∗ dx
) 1

2∗

≤
(∫

RN

|∇u|2 dx
) 1

2

, 2∗ =
2N

N − 2
, (1.2)
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where S is the optimal constant. Sharp Sobolev inequalities, both in local and nonlocal settings, have
been extensively studied and play a fundamental role in the theory of partial differential equations,
geometric analysis, and continuum mechanics. The determination of sharp constants and their extremal
functions is of particular importance; see, for example, [1, 2, 6, 8, 9, 13,14,17,20–24,26,27].
In the local case, let Ω ⊂ RN be a bounded domain. The classical Sobolev (q, p)-inequality states

that

S

(∫
Ω
|u|q dx

) 1
q

≤
(∫

Ω
|∇u|p dx

) 1
p

, for all u ∈ W 1,p
0 (Ω),

where 1 ≤ p < N and 1 < q < p∗ = Np
N−p . Here, S is the Sobolev constant. A standard approach to

prove the attainability of the best constant is to show that the following Dirichlet problem admits a
solution uq ∈ W 1,p

0 (Ω):

−∆pu = −div
(
|∇u|p−2∇u

)
= λq(Ω)∥u∥p−q

Lq(Ω)|u|
q−2u in Ω, u = 0 on ∂Ω.

We refer to [2, 13, 20, 23] and the references therein for details in the local case. For related results in
the nonlocal setting, see [7, 8, 19,21,22] and the references therein.
When q = p∗ and Ω = RN , the minimization problem (1.2) can be solved via symmetrization

techniques. We refer to the classical works of Aubin [1] and Talenti [27], as well as the references
therein, for further details.
In the context of mixed local and nonlocal operators, Garain et al. [15] considered the following

minimization problem defined on a bounded Lipschitz domain Ω ⊂ RN with N ≥ 2:

µ(Ω) = inf
u∈W 1,p

0 (Ω)
u̸≡0

{∫
Ω
|u|p dx+

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+2s
dx dy :

∫
Ω
|u|1−δf dx = 1

}
, (1.3)

where 0 < δ < 1 < p < ∞, 0 < s < 1, and f is a nonnegative function belonging to Lm(Ω) \ {0}. The
authors established that µ(Ω) is attained by a solution of the associated Euler-Lagrange equation:

−∆pu+ (−∆)spu =
f(x)

u(x)δ
in Ω, u > 0 in Ω, u = 0 in RN \ Ω.

In the particular case where 1− δ = p and f = 1, the value µ(Ω) corresponds to the first eigenvalue of
the mixed operator under the Dirichlet boundary condition. This setting has been extensively studied,
see, for instance, [5, 11,12,16] and the references therein.
It is well-known that the best constant S in the classical Sobolev inequality is attained in the space

D1,2(RN ), defined as the completion of C∞
0 (RN ) with respect to the norm ∥∇u∥L2(RN ).

In contrast, for the mixed local and nonlocal setting, Biagi et al. [3] showed that the optimal constant
Ss,q is never attained in the space X0(RN ). Here, Ss,q is defined by

Ss,q = inf
u∈X0(RN )

u̸≡0

{∫
RN

|u|2dx+

∫∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy :

∫
RN

|u|qdx = 1

}
, (1.4)

with q = 2∗, and the space X0(RN ) is defined as the completion of C∞
0 (RN ) with respect to the norm

∥u∥X0 =

(∫
RN

|∇u|2dx+

∫∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy

) 1
2

=
(
|∇u|22 + [u]2s,2

) 1
2 ,

2

UNDER PEER REVIEW



where we denote |∇u|22 =
∫
RN |∇u|2dx and [u]s,2 =

(∫∫
R2N

|u(x)−u(y)|2
|x−y|N+2s dxdy

) 1
2
.

We note from Lemma 2.1 that the embedding X0(RN ) ↪→ Lq(RN ) is continuous, which is a distinctive
feature compared to the purely local case. This leads to a natural question regarding whether the
Sobolev inequality is attained when 2∗s ≤ q < 2∗. The following results provide a complete answer to
this question.

Theorem 1.1. If q = 2∗s, then the optimal constant Ss,q in (1.4) is not attained.

Theorem 1.2. If q ∈ (2∗s, 2
∗), then the optimal constant Ss,q in (1.4) is attained.

As is well known, the study of optimizers for Sobolev-type inequalities is closely related to the
existence of solutions to the equation

−∆u+ (−∆)su = |u|q−2u in RN . (1.5)

When q = 2∗s or q = 2∗, the above equation admits no nontrivial solutions, as follows from Theorem
1.1 and [3, Theorem 1.2]. This observation naturally leads us to investigate the more general equation
(1.1). We analyze three distinct parameter regimes, and our main results are summarized below.

Theorem 1.3. For any p, q ∈ (2∗s, 2
∗), equation (1.1) admits a nontrivial solution for all λ > 0 and

µ > 0.

Theorem 1.4. Let p = 2∗s. For any q ∈ (2∗s, 2
∗) and µ > 0, there exists λ∗ > 0 such that equation

(1.1) admits a nontrivial solution for all λ ∈ (0, λ∗). Equivalently, for any q ∈ (2∗s, 2
∗) and λ > 0, there

exists µ∗ > 0 such that equation (1.1) admits a nontrivial solution for all µ > µ∗.

Theorem 1.5. Let q = 2∗. λ+µ is small enough. For any p ∈ (2∗s, 2
∗) and λ > 0, there exists µ∗∗ > 0

such that equation (1.1) admits a nontrivial solution for all µ ∈ (0, µ∗∗).

Plan of the paper. The structure of this paper is as follows. Section 2 contains the preliminary
results. Section 3 addresses the proofs of Theorems 1.1 and 1.2. Section 4 deals with the proofs of
Theorems 1.3 and 1.4. In Section 5, we prove a mixed-type concentration-compactness result. Finally,
Section 6 establishes the proof of Theorem 1.5.

2 Preliminaries

Lemma 2.1. The embedding X0(RN ) ↪→ Lq(RN ) is continuous for q ∈ [2∗s, 2
∗], but it is not compact

in this range.

Proof. From the definition of X0(RN ), the embeddings

X0(RN ) ↪→ D1,2(RN ) ↪→ L2∗(RN ) and X0(RN ) ↪→ Ds,2(RN ) ↪→ L2∗s (RN )

are clearly continuous. Consequently, we have

S2∥u∥22∗ ≤ ∥∇u∥22 ≤ ∥u∥2 and S1∥u∥22∗s ≤ [u]2s,2 ≤ ∥u∥2, (2.1)

where

S1 = inf
u∈Ds,2(RN )\{0}

[u]2s,2
∥u∥22∗s

and S2 = inf
u∈D1,2(RN )\{0}

∥∇u∥22
∥u∥22∗

.
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Inequality (2.1) implies that u ∈ L2∗s (RN ) ∩ L2∗(RN ). By the interpolation inequality, we obtain

∥u∥r ≤ ∥u∥θ2∗s∥u∥
1−θ
2∗ , (2.2)

for any r ∈ [2∗s, 2
∗], where θ satisfies

1

r
=

θ

2∗s
+

1− θ

2∗
.

Combining (2.1) and (2.2) yields

∥u∥r ≤
1

S
(1−θ)/2
2

· 1

S
θ/2
1

∥u∥. (2.3)

This completes the proof of the continuity of the embedding.
To show that the embedding is not compact, it suffices to construct a bounded sequence in X0(RN )

that has no convergent subsequence in Lq(RN ) for any q ∈ [2∗s, 2
∗]. Note that the norm ∥ · ∥ is

translation-invariant. For any nonzero u ∈ X0(RN ) and any vector y ∈ RN \ {0}, define the sequence

uk(x) = u(x+ ky), k ∈ N.

Then {uk} is bounded in X0(RN ), but is not precompact in Lq(RN ) for any q ∈ [2∗s, 2
∗].

Lemma 2.2. Let r > 0 and 2∗s ≤ q < 2∗. Suppose {un} is a bounded sequence in X0(RN ) such that

sup
y∈RN

∫
B(y,r)

|un|q dx → 0 as n → ∞.

Then un → 0 in Lp(RN ) for every p ∈ (2∗s, 2
∗).

Proof. Let q < t < 2∗ and u ∈ X0(RN ). By the Hölder and Sobolev inequalities, we have

∥u∥Lt(B(y,r)) ≤ ∥u∥1−λ
Lq(B(y,r))∥u∥

λ
L2∗ (B(y,r))

≤ c ∥u∥1−λ
Lq(B(y,r))

(∫
B(y,r)

|∇u|2dx

)λ/2

,

where λ = t−q
2∗−q ·

2∗

t . Choosing λ = 2/t, we obtain∫
B(y,r)

|u|tdx ≤ ct ∥u∥(1−λ)t
Lq(B(y,r))

∫
B(y,r)

|∇u|2dx.

Now, covering RN by balls of radius r in such a way that each point of RN is contained in at most
N + 1 balls, we find∫

RN

|u|tdx ≤ (N + 1)ct sup
y∈RN

[∫
B(y,r)

|u|qdx

](1−λ)t/q ∫
RN

|∇u|2dx

≤ (N + 1)ct sup
y∈RN

[∫
B(y,r)

|u|qdx

](1−λ)t/q

∥u∥2.

Under the assumptions of the lemma, it follows from the Sobolev and Hölder inequalities that un → 0
in Lt(RN ) for 2∗s < t < 2∗. Since 2∗s ≤ s ≤ 2∗, un → 0 in Lp(RN ) for 2∗s < p < 2∗.
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Definition 2.1. We say that u is a weak solution of problem (1.1) if u (x) satisfies∫
RN

|∇u|2−2∇u∇vdx+

∫∫
R2N

Au (x, y) (v (x)− v (y)) dxdy = λ

∫
RN

|u|p−2 u (x) v (x) dx

+ µ

∫
RN

|u|q−2 u (x) v (x) dx (2.4)

for all v ∈ X0(RN ), where for simplicity

Au (x, y) =
u (x)− u (y)

|x− y|N+2s
. (2.5)

It is clear that the energy functional Jλ,µ : X0 → R associated with problem (1.1), defined by

Jλ,µ (u) =
1

2
∥u∥2 − λ

p

∫
RN

|u|p dx− µ

q

∫
RN

|u|q dx,

is well defined on the space X0(RN ). Moreover, its Fréchet derivative at u in the direction v is given by

⟨J ′
λ,µ (u) , v⟩ =

∫
RN

|∇u|2−2∇u∇vdx+

∫∫
R2N

Au (x, y) (v (x)− v (y)) dxdy − λ

∫
RN

|u|p−2 u (x) v (x) dx

− µ

∫
RN

|u|q−2 u (x) v (x) dx

for any v ∈ X0(RN ). One can verify that Jλ,µ ∈ C1 (X0,R), and thus the critical points of Jλ,µ
correspond precisely to the weak solutions of problem (1.1).

Definition 2.2. A sequence {un}n ⊂ X0

(
RN
)
is called a (PS)c sequence, if Jλ,µ (un) → c and

J ′
λ,µ (un) → 0.

Lemma 2.3. If {un}n is a (PS)c sequence for Jλ,µ, then {un}n is bounded in X0(RN ) and c ≥ 0.

Proof. Since {un} is a (PS)c sequence and 2 < p < q, there exists n0 > 0 such that for all n ≥ n0,(
1

2
− 1

p

)
∥un∥2 ≤ Jλ,µ(un)−

1

p
⟨J ′

λ,µ(un), un⟩ ≤ c+ o(1). (2.6)

We conclude that {un} is bounded in X0(RN ). Passing to the limit in (2.6), we deduce that c ≥ 0,
which completes the proof.

3 The best constant

In this section, we first present the proof of Theorem 1.1. To this end, we begin by determining the
sharp constant in (1.4) for the case q = 2∗s, defined as

Ss,q := inf
{
∥u∥2 : u ∈ C∞

0 (RN ) ∩H(RN )
}
, (3.1)

where H(RN ) denotes the unit sphere in L2∗s (RN ), that is,

H(RN ) :=
{
u ∈ L2∗s (RN ) : ∥u∥2∗s = 1

}
. (3.2)
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Since C∞
0 (RN ) is dense in X0(RN ) with respect to the norm ∥·∥, and in view of the continuous embed-

ding, we also have

Ss,q := inf
{
∥u∥2 : u ∈ X0(RN ) ∩H(RN )

}
. (3.3)

we need the following lemma.

Lemma 3.1. Let s ∈ (0, 1). Then the identity Ss,q = S1 = S̃1 holds, where S̃1 is defined as

S̃1 := inf{[u]2s,2 : u ∈ C∞
0

(
RN
)
∩H

(
RN
)
}.

Proof. We now show that Ss,q = S̃1. By density arguments, it follows directly that Ss,q = S1 = S̃1.
Since ∥u∥ ≥ [u]s,2 for all u ∈ C∞

0 (RN ), we have Ss,q ≥ S̃1.
To establish the reverse inequality, consider any u ∈ C∞

0 (RN ) ∩ H(RN ) and define the rescaled

function uk := k
N−2s

2 u(kx). One readily verifies that

∥uk∥2∗s = ∥u∥2∗s and [uk]s,2 = [u]s,2.

From the definition of Ss,q, it follows that

Ss,q ≤ ∥uk∥2 = ∥∇uk∥22 + [uk]
2
s,2 = k2−2s∥∇u∥22 + [u]2s,2.

Letting k → 0, we obtain Ss,q ≤ [u]2s,2. Since u is arbitrary, we conclude that

Ss,q ≤ inf
{
[u]2s,2 : u ∈ C∞

0 (RN ) ∩H(RN )
}
= S̃1,

and hence Ss,q = S1 = S̃1.

We now proceed to the proof of Theorem 1.1.

Proof of Theprem 1.1. We proceed by contradiction. Assume that there exists a nonzero function
u0 ∈ X0

(
RN
)
such that ∥u0∥2∗s = 1 and

∥u0∥2 = ∥∇u0∥22 + [u0]
2
s,2 = Ss,q = S1.

By the embedding X0(RN ) ↪→ D1,2
(
RN
)
, we have

S1 ≤ [u0]
2
s,2 ≤ ∥∇u0∥22 + [u0]

2
s,2 = Ss,q = S1,

which yields ∥∇u0∥22 = 0. Therefore, u0 must be constant throughout RN , contradicting the assumption
∥u0∥2∗s = 1.

In order to prove Theorem 1.2, we employ the constrained minimization method. Consider a mini-
mizing sequence {un}n ⊂ X0

(
RN
)
satisfying

∥un∥q = 1, ∥un∥2 → Ss,q, n → ∞. (3.4)

If necessary, we may extract a subsequence. By Lemma 2.3, we may assume that un ⇀ u in X0

(
RN
)
,

which implies
∥u∥2 ≤ lim

n→∞
∥un∥2 = Ss,q.
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Therefore, u is a minimizer provided that ∥u∥q = 1. However, we only know that ∥u∥q ≤ 1. Indeed, for

any v ∈ X0

(
RN
)
and y ∈ RN , the translated function vy (x) := v (x+ y) satisfies

∥vy∥q = ∥v∥q , ∥vy∥ = ∥v∥ .

Consequently, the problem is invariant under the non-compact group of translations.

Proof of Theorem 1.2. Since ∥u∥q = 1 and q ∈ (2∗s, 2
∗), Lemma 2.2 implies that

δ := lim
n→∞

sup
y∈RN

∫
B(y,1)

|un|2
∗
s > 0.

Passing to a subsequence if necessary, we may assume the existence of (yn) ⊂ RN such that
∫
B(yn,1)

|un|2
∗
s >

δ
2 . Define vn := uynn . Then ∥vn∥q = 1, ∥vn∥2 → Ss,q and

∫
B(0,1) |vn|

2∗s > δ
2 . Since {vn} is bounded in

X0

(
RN
)
, we may assume, passing to a subsequence if necessary,

vn ⇀ v in X0

(
RN
)
, vn → v in L

2∗s
loc

(
RN
)
, vn → v a.e. on RN .

By the Brézis-Lieb Lemma,
1 = ∥v∥qq + lim

n→∞
∥wn∥qq ,

where wn := vn − v. Hence we have

Ss,q = lim
n→∞

∥vn∥2 = ∥v∥2 + lim
n→∞

∥wn∥2

≥ Ss,q

[
∥v∥2q +

(
1− ∥v∥qq

) 2
q

]
.

Since
∫
B(0,1) |vn|

2∗s > δ
2 and v ̸= 0, we obtain ∥v∥qq = 1, and thus

∥v∥2 = Ss,q = lim
n→∞

∥vn∥2 .

The proof is complete.

4 Proof of Theorem 1.3 and Theorem 1.4

To prove Theorems 1.3 and 1.4, we require the following two lemmas.

Lemma 4.1. If {un}n is a (PS)c sequence for Jλ,µ, then, passing to a subsequence if necessary, we
may assume that un ⇀ 0 in X0(RN ). Then, for every 2∗s ≤ p < q < 2∗, we have

c ≥
(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

or c = 0.

Proof. From Lemma 2.3, we know that {un}n is bounded in X0(RN ). Since un ⇀ 0 in X0(RN ), we
have

sup
y∈RN

∫
B(y,r)

|un|q → 0, n → ∞.
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By Lemma 2.2, we obtain ∥un∥qq → 0.
Since {un}n is a (PS)c sequence for Jλ,µ and ∥un∥qq → 0, it follows that

c = Jλ,µ(un) =
1

2
∥un∥2 −

λ

p

∫
RN

|un|pdx− µ

q

∫
RN

|un|qdx+ o(1)

=
1

2
∥un∥2 −

λ

p

∫
RN

|un|pdx+ o(1), (4.1)

and

0 = ∥un∥2 − λ

∫
RN

|un|pdx− µ

∫
RN

|un|qdx+ o(1) = ∥un∥2 − λ

∫
RN

|un|pdx+ o(1). (4.2)

From (4.2) and the Sobolev inequality, we obtain

∥un∥p ≥
(
Ss,p

λ

) 1
p−2

or ∥un∥p = 0. (4.3)

Then (4.1) and (4.3) imply that

c ≥
(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

or c = 0.

This completes the proof.

Lemma 4.2. For each λ, µ > 0, there exist ϑ > 0 and ρ > 0 such that Jλ,µ(u) ≥ ϑ for all u ∈ X0(RN )
with ∥u∥ = ρ.

Proof. It follows from the Sobolev inequality that

Jλ,µ(u) =
1

2
∥u∥2 − λ

p

∫
RN

|u|pdx− µ

q

∫
RN

|u|qdx

≥ 1

2
∥u∥2 − λS

− p
2

s,p

p
∥u∥p − µS

− q
2

s,q

q
∥u∥q. (4.4)

Define the function

g(t) :=
1

2
− λS

− p
2

s,p

p
tp−2 − µS

− q
2

s,q

q
tq−2 for all t ≥ 0.

Clearly, limt→0+ g(t) = 1
2 > 0 since p, q > 2. Taking ρ := ∥u∥ sufficiently small such that

λS
− p

2
s,p

p
ρp−2 +

µS
− q

2
s,q

q
ρq−2 <

1

2
,

we obtain
J(u) ≥ g(ρ)ρ2 =: ϑ.

This concludes the proof.

We are now ready to prove Theorems 1.3 and 1.4. Our goal is to identify a specific (PS)c sequence

{un}n for which the value of c is less than
(
λ
2 − λ

p

)(
Ss,p

λ

) p
p−2

. By Lemma 4.1, we can conclude that

un ⇀ u with u ̸= 0.
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Proof of Theorem 1.3. We verify the assumptions of the mountain pass theorem. By Theorem 1.2,
there exists v0 ∈ X0(RN ) such that ∥v0∥2 = Ss,p and ∥v0∥p = 1. For any t ≥ 0, we have

Jλ,µ(tv0) =
1

2
t2∥v0∥2 −

λ

p
tp
∫
RN

|v0|pdx− µ

q
tq
∫
RN

|v0|qdx.

Since 2 < 2∗s ≤ p < q < 2∗, there exists e := t0v0 satisfying ∥e∥ > ρ, Jλ,µ(e) ≤ 0 and

max
t≥0

Jλ,µ(te) <

(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

.

Define
cλ,µ := inf

γ∈Γ
max
t∈[0,1]

Jλ,µ(γ(t)),

where Γ = {γ ∈ C([0, 1], X0(RN )) : γ(0) = 0 and γ(1) = e}.

By Lemma 4.2, we obtain ϑ ≤ cλ,µ <
(
λ
2 − λ

p

)(
Ss,p

λ

) p
p−2

. Therefore, we obtain a (PS)c sequence

{un}n satisfying un ⇀ u with u ̸= 0, and the level c satisfies c <
(
λ
2 − λ

p

)(
Ss,p

λ

) p
p−2

. One can verify

that J ′
λ,µ(u) = 0 and Jλ,µ(u) = cλ,µ. Hence, u is a nontrivial solution to equation (1.1).

Proof of Theorem 1.4. Similarly, we verify the assumptions of the mountain pass theorem. By Theorem
1.2, there exists ṽ0 ∈ X0(RN ) such that ∥ṽ0∥2 = Ss,q and ∥ṽ0∥q = 1. For any t ≥ 0, we have

Jλ,µ(tṽ0) =
1

2
t2∥ṽ0∥2 −

λ

p
tp
∫
RN

|ṽ0|pdx− µ

q
tq
∫
RN

|ṽ0|qdx.

Since 2 < 2∗s ≤ p < q < 2∗, there exists ẽ := t̃0ṽ0 satisfying ∥ẽ∥ > ρ, Jλ,µ(ẽ) ≤ 0 and

max
t≥0

Jλ,µ(tẽ) <

(
µ

2
− µ

q

)(
Ss,q

µ

) q
q−2

.

Define
c̃λ,µ := inf

γ∈Γ
max
t∈[0,1]

Jλ,µ(γ(t)),

where Γ = {γ ∈ C([0, 1], X0(RN )) : γ(0) = 0 and γ(1) = ẽ}.

By Lemma 4.2, we obtain ϑ ≤ c̃λ,µ <
(
µ
2 − µ

q

)(
Ss,q

µ

) q
q−2

. For every µ > 0, we can choose λ∗ such

that (
µ

2
− µ

q

)(
Ss,q

µ

) q
q−2

≤
(
λ∗

2
− λ∗

p

)(
Ss,p

λ∗

) p
p−2

≤
(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

,

for any λ ∈ (0, λ∗). Alternatively, for every λ > 0, we can choose µ∗ such that(
µ

2
− µ

q

)(
Ss,q

µ

) q
q−2

≤
(
µ∗

2
− µ∗

q

)(
Ss,q

µ∗

) q
q−2

≤
(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

,

for any µ > µ∗. Therefore, we obtain a (PS)c sequence {ũn}n satisfying ũn ⇀ ũ with ũ ̸= 0, and the

level c satisfies c <
(
λ
2 − λ

p

)(
Ss,p

λ

) p
p−2

. One can verify that J ′
λ,µ(ũ) = 0 and Jλ,µ(ũ) = c̃λ,µ. Hence, ũ

is a nontrivial solution to (1.1).
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5 Mixed version of Principle of concentration Compactness

When q = 2∗, to determine the threshold value c, we investigate the concentration-compactness principle
for mixed local and nonlocal operators.
Let

Cc(RN ) = {u ∈ C(RN ) : supp(u) is a compact subset of RN},

and denote by C0(RN ) the closure of Cc(RN ) with respect to the norm |η|∞ = supx∈RN |η(x)|. As is
well known, a finite measure on RN is a continuous linear functional on C0(RN ). For a measure ϱ, we
define the norm

∥ϱ∥ = sup
η∈C0(RN )
|η|∞=1

|(ϱ, η)|,

where (ϱ, η) =
∫
RN ηdϱ.

Definition 5.1. Let M
(
RN
)
denote the finite nonnegative Borel measure space on RN . For any

ϱ ∈ M
(
RN
)
the equation ϱ

(
RN
)
= ∥ϱ∥ holds. We say that ϱn ⇀ ϱ in M

(
RN
)
if (ϱn, η) → (ϱ, η)

holds for all η ∈ C0

(
RN
)
as n → ∞.

Theorem 5.1. Let {un}n ⊂ X0(RN ) with upper bound C > 0 for all n ≥ 1 and

un ⇀ u in X0(RN ),

|∇un|2 +
∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy ⇀ ξ weakly in M(RN ),

|un|τ ⇀ ν weakly in M(RN ).

Then

ξ = |∇u|2 +
∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy +

∑
j∈Λ

ξjδxj + ξ̃, ξ(RN ) ≤ C2,

ν = |u|τ +
∑
j∈Λ

νjδxj , ν(RN ) ≤ SτC2.

where Λ is at most countable, sequence {ξj}j , {νj}j ⊂ R+
0 , {xj}j ⊂ RN , δxj is the Dirac mass centered

at xj, ξ̃ is a non-atomic measure,

ν(RN ) ≤ S−τ/2
s,τ ξ(RN )τ/2, νj ≤ S−τ/2

s,τ ξ
τ/2
j , for all j ∈ Λ,

τ ∈ [2∗s, 2
∗] and Ss,τ is the best constant.

We need the following lemma.

Lemma 5.1. Assume that {un}n ⊂ X0(RN ) is the sequence given by Theorem 5.1, let x0 ∈ RN fixed
and let φ ∈ C∞

0 (RN ) such that 0 ≤ φ ≤ 1, φ ≡ 1 in B1(0), φ ≡ 0 in RN \B2(0), and |∇φ| ≤ 2. Set
φε = φ((x− x0)/ε) for all x ∈ RN . Then we have

lim
ε→0

lim
n→∞

∫
RN

|un|2|∇φε|2 = 0, (5.1)

lim
ε→0

lim sup
n→∞

∫∫
R2N

|un(y)|2|φε(x)− φε(y)|2

|x− y|N+2s
dxdy = 0. (5.2)
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Proof. we first prove (5.1),∫
RN

|un|2|∇φε|2dx ≤
∫

B2ε(x0)\Bε(x0)

22

ε2
|un|2dx =

∫
B2(x0)\B1(x0)

22εN−2|un|2dx ≤ 22εN−2C∥un∥2,

so the proof of (5.1) is complete as n → ∞, ε → 0 by 2 < N , and {un}n is bounded in X0(RN ). we
can refer to [28, Lemma 2.3] for the proof of (5.2), so here we omit it.

Proof of Theorem 5.1. We will divide our proof into four parts.

Part 1. We first prove that ξ(R) ≤ C2 and ν(RN ) ≤ S
−τ/2
s,τ ξ(RN )τ/2, νj ≤ S

−τ/2
s,τ ξ

τ/2
j , for all j ∈ Λ.

For ϱ > 0, take η ∈ C∞
0 (B2ϱ(0)) satisfying 0 ≤ η ≤ 1 and η ≡ 1 on Bϱ(0). Then∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
η(x)dx →

∫
RN

η(x) dξ

as n → ∞. Since ∥un∥ ≤ C, we have∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
η(x)dx ≤

∫
RN

|∇un|2dx+

∫∫
R2N

|un(x)− un(y)|2

|x− y|N+2s
dydx ≤ C2.

Hence, ξ(Bϱ(0)) ≤
∫
RN η dξ ≤ C2, let ϱ → ∞, we get that ξ(RN ) ≤ C2. Similarly, we can obtain

ν(RN ) ≤ S
−τ/2
s,τ ξ(RN )τ/2, νj ≤ S

−τ/2
s,τ ξ

τ/2
j , since

∫
RN |u|q dx ≤ S

−τ/2
s,τ ∥un∥τ/2.

Part 2. We claim that

ξ = |∇u|2 +
∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy +

∑
j∈Λ

ξjδxj + ξ̃,

where {xj}j ⊂ RN , {ξj}j ⊂ [0,∞), Λ is an at most countable set, ξ̃ is a nonnegative non-
atomic measure and δxj is the Dirac mass at xj.
Take 0 ≤ η ∈ C0(RN ) and set

K(u) =

∫
RN

(
|∇u|2 +

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy
)
η(x)dx,

It is easy to verify K is a continuously differential convex functional on X0(RN ), so K is weakly lower
semicontinuous on X0(RN ). Thus,

lim inf
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
η(x)dx ≥

∫
RN

(
|∇u|2 +

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy
)
η(x)dx,

using |∇un|2 +
∫
RN

|un(x)−un(y)|2
|x−y|N+2s dy ⇀ ξ we have

lim
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
η(x)dx =

∫
RN

η dξ.

So ∫
RN

η dξ ≥
∫
RN

(
|∇u|2 +

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy
)
η(x)dx.
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The arbitrariness of η ∈ C0(RN ) with η ≥ 0 implies that

ξ ≥ |∇u|2 +
∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy.

Then we obtain

ξ −
(
|∇u|2 +

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy
)
=
∑
j∈Λ

ξjδxj + ξ̃.

Part 3. We show that ν = |u|τ +
∑

j∈Λ νjδxj , where {xj}j ⊂ RN , {νj}j ⊂ [0,∞).

Take η ∈ C0(RN ). Since un ⇀ u weakly in X0

(
RN
)
, there exists a subsequence still denoted by {un}n

such that un → u a.e. in RN . It follows from the boundedness of {un}n in Lτ
(
RN
)
and the Brézis-Lieb

lemma that

lim
n→∞

∫
RN

(|un|τ − |un − u|τ ) ηdx =

∫
RN

|u|τ ηdx.

Set ν̄ = ν − |u|τ . Since
∫
RN |un|τ η(x)dx →

∫
RN η dν as n → ∞, it follows that∫

RN

η dν̄ =

∫
RN

ηdν −
∫
RN

|u|τ ηdx = lim
n→∞

∫
RN

|un − u|τ ηdx, (5.3)

so that |un|τ ⇀ ν̄ M(RN ). Moreover,

ν̄ = ν − |u|τ =
∑
j∈Λ′

νjδyj + ν̃.

Next we should prove that the atom of ν is that of ξ and ν̃ = 0. Let x0 ∈ RN fixed and let φ ∈ C∞
0 (RN )

such that 0 ≤ φ ≤ 1, φ ≡ 1 in B1(0), φ ≡ 0 in RN \B2(0), and |∇φ| ≤ 2. Set φε = φ(x−x0
ε ) for all

x ∈ RN . Then ∫
RN

|unφε|τ dx =

∫
RN

|un|τ φτ
εdx →

∫
RN

φτ
εdν as n → ∞,

and ∫
RN

φτ
εdν → ν ({x0}) as ε → 0.

Similarly, we have∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
φp
ε dx →

∫
RN

φ2
ε dξ as n → ∞,

and ∫
RN

φ2
ε dξ → ξ({x0}) as ε → 0.

Hence, we obtain

lim
ε→0

lim
n→∞

∫
RN

|unφε|τ dx → ν ({x0}) , (5.4)

and

lim
ε→0

lim
n→∞

∫
RN

|∇un|2φ2
ε dx+

∫∫
R2N

|un(x)− un(y)|2φ2
ε

|x− y|N+2s
dxdy = ξ({x0}). (5.5)
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Recall the following Young inequality:

|ζ1 + ζ2|2 ≤ (1 + β)2−1|ζ1|2 + (1 + 1/β)2−1|ζ2|2, (5.6)

where ζ1, ζ2 ∈ R and β > 0. By the definition of Ss,τ and inequality (5.6), we can obtain∫
RN

|unφε|τ dx ≤S−τ/2
s,τ

(∫
RN

|∇(unφε)|2dx+

∫∫
R2N

|un(x)φε(x)− un(y)φε(y)|2

|x− y|N+2s
dxdy

)τ/2
≤S−τ/2

s,τ

[(∫
RN

|un∇φε|2dx+

∫∫
R2N

|φε(x)− φε(y)|2|un(y)|2

|x− y|N+2s
dxdy

)
+ (1 + 1/β)2−1

(∫
RN

|∇unφε|2dx+

∫∫
R2N

|un(x)− un(y)|2|φε(x)|2

|x− y|N+2s
dxdy

)]τ/2
(5.7)

for any β > 0. By (5.4), (5.5), (5.7) and Lemma 5.1, we have

ν({x0}) ≤ S
− τ

2
s,τ (1 + 1/β)(2−1) τ

2 ξ({x0})
τ
2 .

Then letting β → ∞, we get

ν({x0}) ≤ S
− τ

2
s,τ ξ({x0})

τ
2 . (5.8)

Hence, the arbitrariness of x0 implies that the atom of ν is that of ξ, that is {yj : j ∈ Λ′} ⊂ {xj : j ∈ Λ}.
So we obtain that

ν − |u|τ =
∑
j∈Λ

νjδxj + ν̃.

Next we prove that ν̃ = 0. Assume ūn = un − u, then we have ūn ⇀ 0 weakly in X0(RN ). Hence there
exists a subsequence of {ūn}n still denoted by {ūn}n such that

|∇ūn|2 +
∫
RN

|ūn(x)− ūn(y)|2

|x− y|N+2s
dy ⇀ ξ̄ weakly in M(RN ).

For any 0 < r < R take η ∈ C∞
0 (BR(x0)) satisfying 0 ≤ η ≤ 1 and η ≡ 1 on Br(x0). It follows from

the definition of Ss,τ that∫
BR(x0)

|ūn|τ ητdx =

∫
BR(x0)

|ūnη|τ dx

≤ S
− τ

2
s,τ

( ∫
BR(x0)

|∇(ūnη)|2dx+

∫
BR(x0)

∫
BR(x0)

|ūn(x)η(x)− ūn(y)η(y)|2

|x− y|N+2s
dxdy

) τ
2

≤ S
− τ

2
s,τ

[
2
( ∫
BR(x0)

|ūn∇η|2dx+

∫
BR(x0)

∫
BR(x0)

|η(x)− η(y)|2|ūn(y)|2

|x− y|N+2s
dxdy

)

+ 2
( ∫
BR(x0)

|∇ūnη|2dx+

∫
BR(x0)

∫
BR(x0)

|ūn(x)− ūn(y)|2|η(x)|2

|x− y|N+2s
dxdy

)] τ
2

. (5.9)

Note that
|η(x)− η(y)|2 ≤ (∥η∥C1 + 2)2min{1, |x− y|2}
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for all x, y ∈ BR(x0). Hence, by the compact embedding X0(BR(x0)) ↪→ L2(BR(x0)), we can deduce
that ūn → 0 strongly in L2(BR(x0)). Moreover, we have∫

BR(x0)

∫
BR(x0)

|η(x)− η(y)|2|ūn(y)|2

|x− y|N+2s
dxdy

≤(∥η∥C1 + 2)2
∫

BR(x0)

min{1, |x− y|2}|x− y|−N−2sdx

∫
BR(x0)

|ūn(y)|2dy

≤C

∫
BR(x0)

|ūn(y)|2dy → 0 as n → ∞,

so that

lim
n→∞

∫
BR(x0)

∫
BR(x0)

|η(x)− η(y)|2|ūn(y)|2

|x− y|N+2s
dxdy = 0. (5.10)

Note that

lim sup
n→∞

∫
BR(x0)

|η(x)|2
(
|∇ūn|2 +

∫
BR(x0)

|ūn(x)− ūn(y)|2

|x− y|N+2s
dy
)
dx ≤

∫
RN

η2 dξ̄ ≤
∫

BR(x0)

dξ̄ = ξ̄(BR(x0)).

(5.11)
Inserting (5.10) and (5.11) into (5.9), we get

ν̄(Br(x0)) ≤
∫
RN

ητ dν̄ = lim
n→∞

∫
RN

|ūn|τ ητdx ≤ S
− τ

2
s,τ

(
2

∫
BR(x0)

|ūn∇η|2dx+ 2ξ̄(BR(x0))
) τ

2
. (5.12)

Letting r → R−, we have
∫

BR(x0)

|ūn∇η|2dx → 0, then we get that

ν̄(Br(x0)) ≤ S
− τ

2
s,τ

(
2ξ̄(BR(x0))

) τ
2
. (5.13)

This means that ν̄ is absolutely continuous with respect to ξ̄. Hence the Radon-Nikodym theorem
implies that there exists a function h ∈ L1(RN , ξ̄) such that dν̄ = hdξ̄. Then we derive from Lebesgue’s
differential theorem and (5.13) that

h(x0) = lim
R→0

ν̄(BR(x0))

ξ̄(BR(x0))
≤ S

− τ
2

s,τ · 2
τ
2 lim
R→0

ξ̄(Br(x0))
τ
2
−1

= S
− τ

2
s,τ · 2

τ
2 ξ̄({x0})

τ
2
−1.

(5.14)

Now we show that ν̃ = 0. Let x ∈ RN \ {xj : j ∈ Λ}. If h(x) ̸= 0, then by (5.14) we know that
ξ̄({x}) ̸= 0, thus ν̄({x}) ̸= 0. Note that (5.3) implies that ν̄ and ν has the same atoms, so that x is
an atom of ξ, which is a contradiction. Hence h ≡ 0 on RN \ {xj : j ∈ Λ}. Moreover, by dν̄ = hdξ̄, we
obtain ν̄ = 0 on RN \ {xj : j ∈ Λ}. In conclusion, ν̃ = 0, since ν̃ is a non-atomic measure.
Part 4: In the end, we prove

ν(RN ) ≤ S
− τ

2
s,τ 2

τ
2 ξ(RN )

τ
2 , νj ≤ S

− τ
2

s,τ ξ
τ
2
j for all j ∈ Λ.
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Take η ∈ C∞
0 (B2R(0)) satisfying 0 ≤ η ≤ 1, η ≡ 1 on BR(0) and |∇η| ≤ 2/R. Let β > 0, then we

make a similar discussion as in Part 3 to obtain:∫
RN

|ūn|τ ητdx ≤S−τ/2
s,τ

(∫
RN

|∇(unη)|2dx+

∫∫
R2N

|un(x)φε(x)− un(y)φε(y)|2

|x− y|N+2s
dxdy

)τ/2
≤S−τ/2

s,τ

[(∫
RN

|un∇η|2dx+

∫∫
R2N

|η(x)− η(y)|2|un(y)|2

|x− y|N+2s
dxdy

)
+ (1 + 1/β)

(∫
RN

|∇unη|2dx+

∫∫
R2N

|un(x)− un(y)|2|η(x)|2

|x− y|N+2s
dxdy

)]τ/2
(5.15)

Using a proof similar to Lemma 5.1, we have

lim
R→∞

lim
n→∞

∫
RN

|un|2|∇η|2 = 0,

lim
R→∞

lim sup
n→∞

∫∫
R2N

|un(y)|2|η(x)− η(y)|2

|x− y|N+2s
dxdy = 0.

Letting R → ∞, n → ∞ in (5.15), we obtain∫
RN

ητ dν ≤ S
− τ

2
s,τ

((
1 +

1

β

)∫
RN

η2 dξ

) τ
2

.

Letting β → ∞, we have ∫
RN

ητ dν ≤ S
− τ

2
s,τ

(∫
RN

η2 dξ

) τ
2

. (5.16)

Combining (5.16) with ν(BR(x0)) ≤
∫
RN ητ dν and let R → ∞, we get

ν(RN ) ≤ S
− τ

2
s,τ ξ(RN )

τ
2 .

With a similar discussion to (5.8), we can conclude that

νj ≤ S
− τ

2
s,τ ξ

τ
2
j for each j ∈ Λ.

Indeed, this fact follows by replacing φε in Part 3 with φε,j = φ(
x−xj

ε ). Thus, the proof is complete.

Theorem 5.2. Let {un}n ⊂ X1,2(RN ) be a bounded sequence such that{
|∇un|2 +

∫
RN

|un(x)−un(y)|2
|x−y|N+2s dy ⇀ ξ weakly in M(RN ),

|un|τ ⇀ ν weakly in M(RN ),

and define

ξ∞ = lim
R→∞

lim sup
n→∞

∫
x∈RN :|x|>R

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx,

ν∞ = lim
R→∞

lim sup
n→∞

∫
x∈RN :|x|>R

|un|τ dx.
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Then the quantities ξ∞ and ν∞ are well defined and satisfy

lim sup
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx = ξ(RN ) + ξ∞

and

lim sup
n→∞

∫
RN

|un|τ dx = ν(RN ) + ν∞.

Moreover, the following inequality holds:

ν∞ ≤ S
− τ

2
s,τ ξ

τ
2∞.

Proof. Assume χ ∈ C∞(RN ) such that 0 ≤ χ ≤ 1, χ = 0 in B1(0), χ = 1 in RN \B2(0), and |∇χ| ≤ 2.
For any R > 0, we define χR(x) = χ(x/R). Then∫
x∈RN :|x|>2R

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx ≤

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
χ2
R dx

≤
∫

{x∈RN :|x|>R}

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx.

This means that

ξ∞ = lim
R→∞

lim sup
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
χ2
R dx.

Similarly,

ν∞ = lim
R→∞

lim sup
n→∞

∫
RN

|un|τ χτ
R dx.

Note that∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx

=

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
χ2
R dx+

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
(1− χ2

R) dx.

(5.17)

By the definition in Theorem 5.2, we have∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
(1− χ2

R) dx →
∫
RN

(1− χ2
R) dξ,

as n → ∞. So we get

ξ(RN ) = lim
R→∞

lim
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
(1− χ2

R) dx.

By (5.17), we have

lim sup
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx
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= lim
R→∞

lim sup
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
dx

= lim
R→∞

lim sup
n→∞

[ ∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
χ2
R dx

+

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
(1− χ2

R) dx
]

= lim
R→∞

lim sup
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy
)
χ2
R dx+ ξ(RN )

= ξ∞ + ξ(RN ).

Similarly, we can obtain that

lim sup
n→∞

∫
RN

|un|τ dx = ν(RN ) + ν∞.

In the end, we prove the last inequality:

ν∞ ≤ S
− τ

2
s,τ ξ

τ
2∞.

By (5.6), we deduce that

lim
n→∞

∫
RN

|un(x)χR(x)|τdx

≤S
− τ

2
s,τ

(∫
RN

|∇(unχR)|2dx+

∫∫
R2N

|un(x)χR(x)− un(y)χR(y)|2

|x− y|N+2s
dxdy

) τ
2

≤S
− τ

2
s,τ

[
(1 + β)

( ∫
RN

|un∇χR|2dx+

∫∫
R2N

|χR(x)− χR(y)|2|un(y)|2

|x− y|N+2s
dxdy

)

+ (1 + 1/β)
( ∫
RN

|∇unχR|2dx+

∫∫
R2N

|un(x)− un(y)|2|χR(x)|2

|x− y|N+2s
dxdy

)] τ
2
.

Then we claim that

lim
R→∞

lim
n→∞

∫
RN

|un|2|∇χR|2 = 0, (5.18)

lim
R→∞

lim sup
n→∞

∫∫
R2N

|un(y)|2|χR(x)− χR(y)|2

|x− y|N+2s
dxdy = 0. (5.19)

It is easy to see that∫
RN

|un|2|∇χR|2dx ≤
∫

B2R(0)\BR(0)

∣∣∣ 2
R

∣∣∣2|un|2dx ≤ C
∣∣∣ 2
R

∣∣∣2∥un∥2,
so the (5.18) is hold as n → ∞, R → ∞ since X1,2(B2R(0) \BR(0)) ↪→ L2(B2R(0) \BR(0)) and {un}n
is bounded. The proof of (5.19) we can refer to the proof of [28, Theorem 2.4], so here we omit it. By
(5.18) and (5.19), we obtain

ν∞ = lim
R→∞

lim sup
n→∞

∫
RN

|un(x)χR|τdx
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≤S
− τ

2
s,τ

(
(1 + 1/β) lim

R→∞
lim sup
n→∞

( ∫
RN

|∇unχR|2dx+

∫∫
R2N

|un(x)− un(y)|2|χR(x)|2

|x− y|N+2s
dxdy

)) τ
2

≤S
− τ

2
s,τ (1 + 1/β)(2−1) τ

2 ξ
τ
2∞.

Letting β → ∞, we get ν∞ ≤ S
− τ

2
s,τ ξ∞

τ
2 . Therefore, the proof is complete.

6 Proof of Theorem 1.5

We need the following Lemma.

Lemma 6.1. If {un}n is a (PS)c sequence for Jλ,µ, then, passing to a subsequence if necessary, we
may assume that un ⇀ 0 in X0(RN ). Then, for every 2∗s < p < q = 2∗, we have

c ≥ max


(
λ

2
− λ

p

)(
Ss,p

λ+ µ

) p
p−2

,
(µ
2
− µ

2∗

)( Ss,2∗

λ+ µ

) 2∗
2∗−2

 or c = 0.

Proof. Let {un}n be a (PS)c sequence. By Lemma 2.3, {un}n is bounded in X0(RN ). Up to a
subsequence, 

un ⇀ 0 in X0(RN ),

|∇un|2 +
∫
RN

|un(x)−un(y)|2

|x−y|N+2s dy ⇀ µ weakly in M(RN ),

|un|p ⇀ ν̃ weakly in M(RN ),

|un|2
∗
⇀ ν weakly in M(RN ),

(6.1)

where µ, ν̃, and ν are nonnegative bounded measures on RN . Then, by the concentration-compactness
principle (Theorem 5.1), there exists an at most countable index set Λ such that

µ = |∇u|2 +
∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dy +

∑
j∈Λ

µjδxj + µ̃,

ν = |u|2∗ +
∑
j∈Λ

νjδxj , ν̃ = |u|p +
∑
j∈Λ

ν̃jδxj ,

νj ≤ S
−2∗/2
s,2∗ µ

2∗/2
j , ν̃j ≤ S−p/2

s,p µ
p/2
j ,

(6.2)

where δxj is the Dirac measure concentrated at xj ∈ RN . First, suppose that Λ ̸= ∅. For fixed j ∈ Λ
and ε > 0, choose φε,j ∈ C∞

0 (RN ) such that

φε,j = 1 for |x− xj | ≤ ε; φε,j = 0 for |x− xj | ≥ 2ε,

and |∇φε,j | ≤ 2/ε. Clearly, φε,jun ∈ X0(RN ). Since ⟨J ′
λ,µ(un), φε,jun⟩ → 0, we obtain∫

RN

|∇un|2φε,jdx+

∫∫
R2N

Aun(x, y)(un(x)− un(y))φε,j(x)dxdy + o(1)

= −
∫
RN

un∇un∇φε,jdx−
∫∫

R2N

Aun(φε,j(x)− φε,j(y))un(x)dxdy
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− λ

∫
RN

|un|pφε,j(x)dx− µ

∫
RN

|un|2
∗
φε,j(x)dx. (6.3)

Using Hölder’s inequality and Lemma 5.1, we have

lim
ε→0

lim sup
n→∞

∫
RN

un∇un∇φε,jdx ≤ C lim
ε→0

lim sup
n→∞

∫
RN

|∇φε,j |2|un(x)|2 = 0, (6.4)

and

lim
ε→0

lim sup
n→∞

∫∫
R2N

Aun(φε,j(x)− φε,j(y))un(x)dxdy

≤ C lim
ε→0

lim sup
n→∞

(∫∫
R2N

|(φε,j(x)− φε,j(y))un(x)|2

|x− y|N+2s

)1/2

= 0. (6.5)

On the other hand, from (6.2) we get

lim
ε→0

lim sup
n→∞

∫
RN

|∇un|2φε,jdx+

∫∫
R2N

|un(x)− un(y)|2φε,j

|x− y|N+2s
dxdy = µj , (6.6)

lim
ε→0

lim sup
n→∞

∫
RN

|un|2
∗
φε,jdx = lim

ε→0

∫
RN

|u|2∗φε,jdx+ νj = νj , (6.7)

lim
ε→0

lim sup
n→∞

∫
RN

|un|pφε,jdx = lim
ε→0

∫
RN

|u|pφε,jdx+ ν̃j = ν̃j . (6.8)

Then from (6.3)–(6.8) we deduce that
µνj + λν̃j = µj . (6.9)

Combining this equality with (6.2), we obtain

(λ+ µ)max{νj , ν̃j} ≥ µνj + λν̃j = µj .

We now consider two cases.
Case 1. If νj > ν̃j , then

(λ+ µ)νj ≥ µj ≥ Ss,2∗ν
2
2∗
j . (6.10)

From (6.10) it follows that

νj ≥
(

Ss,2∗

λ+ µ

) 2∗
2∗−2

. (6.11)

Case 2. If ν̃j > νj , then

(λ+ µ)ν̃j ≥ µj ≥ Ss,pν̃
2
p

j . (6.12)

Inequality (6.12) implies

ν̃j ≥
(

Ss,p

λ+ µ

) p
p−2

. (6.13)

On the other hand, by (6.2) we have

c = lim
n→∞

(
Jλ,µ(un)−

1

2
⟨J ′

λ,µ(un), un⟩
)
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≥
(
λ

2
− λ

p

)
ν̃j +

(µ
2
− µ

2∗

)
νj

≥ max


(
λ

2
− λ

p

)(
Ss,p

λ+ µ

) p
p−2

,
(µ
2
− µ

2∗

)( Ss,2∗

λ+ µ

) 2∗
2∗−2

 . (6.14)

This completes the proof.
Now consider the case Λ = ∅. For R > 0, define

ξ∞ = lim
R→∞

lim sup
n→∞

∫
{x∈RN :|x|>R}

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy

)
dx,

ν∞ = lim
R→∞

lim sup
n→∞

∫
{x∈RN :|x|>R}

|un(x)|2
∗
dx, ν̃∞ = lim

R→∞
lim sup
n→∞

∫
{x∈RN :|x|>R}

|un(x)|pdx.

By Theorem 5.2, the quantities ξ∞, ν∞, and ν̃∞ are well defined, and we have

lim sup
n→∞

∫
RN

(
|∇un|2 +

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dy

)
dx = ξ(RN ) + ξ∞, (6.15)

and

lim sup
n→∞

∫
RN

|un(x)|2
∗
dx = ν(RN ) + ν∞, lim sup

n→∞

∫
RN

|un(x)|pdx = ν̃(RN ) + ν̃∞. (6.16)

Now suppose ν∞ ̸= 0 or ν̃∞ ̸= 0. Let χR ∈ C∞(RN ) satisfy χR ∈ [0, 1], χR(x) = 0 for |x| < R,
χR(x) = 1 for |x| > 2R, and |∇χR| < 2/R. By an argument similar to the proof of Theorem 5.2, we
obtain

ξ∞ = lim
R→∞

lim sup
n→∞

∫
RN

|∇un|2χR(x) dx+

∫∫
R2N

|un(x)− un(y)|2

|x− y|N+2s
χR(x) dy dx, (6.17)

and

ν∞ = lim
R→∞

lim sup
n→∞

∫
RN

|un(x)χR(x)|2
∗
dx, ν̃∞ = lim

R→∞
lim sup
n→∞

∫
RN

|un(x)χR(x)|pdx. (6.18)

Moreover, we have

Ss,2∗ν
2
2∗∞ ≤ ξ∞, Ss,pν̃

2
p
∞ ≤ ξ∞. (6.19)

Since ∥un∥2,
∫
RN |un(x)|pdx, and

∫
RN |un(x)|2

∗
dx are bounded, we may assume, up to a subsequence,

that they converge. Then by (6.15) and (6.16) we obtain

lim
n→∞

∥un∥2 =
∫
RN

dξ + ξ∞, (6.20)

lim
n→∞

∫
RN

|un(x)|pdx =

∫
RN

dν̃ + ν̃∞, lim
n→∞

∫
RN

|un(x)|2
∗
dx =

∫
RN

dν + ν∞. (6.21)

From ⟨J ′
λ,µ(un), χRun⟩ → 0 as n → ∞, we have∫

RN

∇un∇(χRun) dx+

∫∫
R2N

Aun(x, y)(χR(x)un(x)− χR(y)un(y)) dxdy

= λ

∫
RN

|un(x)|p−2un(x)un(x)χR(x) dx+ µ

∫
RN

|un(x)|2
∗−2un(x)un(x)χR(x) dx+ o(1). (6.22)
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By (5.18), (5.19), and Hölder’s inequality, we obtain

lim
R→∞

lim
n→∞

∫
RN

∇un∇χR un dx = 0, (6.23)

lim
R→∞

lim sup
n→∞

∫∫
R2N

(un(x)− un(y))un(y)(χR(x)− χR(y))

|x− y|N+2s
dxdy = 0. (6.24)

Hence, from (6.17)–(6.24) it follows that

lim
R→∞

lim sup
n→∞

(∫
RN

|∇un|2χR dx+

∫∫
R2N

|un(x)− un(y)|2χR(x)

|x− y|N+2s
dxdy

)
= lim

R→∞
lim sup
n→∞

(∫
{x∈RN :|x|>R}

|∇un|2 dx+

∫
{x∈RN :|x|>R}

∫
RN

|un(x)− un(y)|2

|x− y|N+2s
dydx

)
= ξ∞. (6.25)

Therefore, combining (6.22)–(6.25) and (6.18), we conclude that

ξ∞ = λν̃∞ + µν∞.

Similarly, we obtain

c = lim
n→∞

(
Jλ,µ(un)−

1

2
⟨J ′

λ,µ(un), un⟩
)

≥
(
λ

2
− λ

p

)
ν̃∞ +

(
µ

2
− µ

q

)
ν∞

≥ max


(
λ

2
− λ

p

)(
Ss,p

λ+ µ

) p
p−2

,
(µ
2
− µ

2∗

)( Ss,2∗

λ+ µ

) 2∗
2∗−2

 . (6.26)

This completes the proof.
Now suppose Λ = ∅ and ν∞ = 0. Then∫

RN

|un(x)|pdx → 0,

∫
RN

|un(x)|2
∗
dx → 0 (6.27)

as n → ∞, and hence un → 0 in Lp(RN ) ∩ L2∗(RN ). We now show that un → u in X0(RN ).
Since ⟨J ′

λ,µ(un)− J ′
λ,µ(u), un − u⟩ → 0, we have

⟨un, un − u⟩ − ⟨u, un − u⟩ = λ

∫
RN

(
|un|p−2un − |u|p−2u

)
(un − u) dx

+ µ

∫
RN

(
|un|2

∗−2un − |u|2∗−2u
)
(un − u) dx+ o(1), (6.28)

where

⟨un, un − u⟩ :=
∫
RN

∇un∇(un − u) dx+

∫∫
R2N

Aun(x, y) ((un − u)(x)− (un − u)(y)) dxdy.
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By Hölder’s inequality, we obtain∫
RN

(
|un|p−2un − |u|p−2u

)
(un − u) dx ≤ C

∫
RN

|un − u|pdx, (6.29)

∫
RN

(
|un|2

∗−2un − |u|2∗−2u
)
(un − u) dx ≤ C

∫
RN

|un − u|2∗dx, (6.30)

and
lim
n→∞

(⟨un, un − u⟩ − ⟨u, un − u⟩) = 0. (6.31)

From (6.29)–(6.31), it follows that un → u in X0(RN ), and hence Jλ,µ(un) → Jλ,µ(u) = 0. This
concludes the proof.

Proof of Theorem 1.5. Firstly, we assume that the sum λ + µ is sufficiently small. We now verify the
assumptions of the mountain pass theorem. By Theorem 1.2, there exists ṽ1 ∈ X0(RN ) such that
∥ṽ1∥2 = Ss,p and ∥ṽ1∥p = 1. For any t ≥ 0, we have

Jλ,µ(tṽ1) =
1

2
t2∥ṽ1∥2 −

λ

p
tp
∫
RN

|ṽ1|pdx− µ

2∗
t2

∗
∫
RN

|ṽ1|2
∗
dx.

Since 2 < 2∗s < p < 2∗, there exists ẽ1 := t1ṽ1 such that ∥ẽ1∥ > ρ and Jλ,µ(ẽ1) ≤ 0. Note that

Jλ,µ(tṽ1) =
1

2
t2∥ṽ1∥2 −

λ

p
tp
∫
RN

|ṽ1|pdx− µ

2∗
t2

∗
∫
RN

|ṽ1|2
∗
dx

=
t2

2
Ss,p −

λ

p
tp − µ

2∗
t2

∗
∫
RN

|ṽ1|2
∗
dx := g(t).

To proceed, we study the maximum points of the function g. We claim that

g(t) <

(
λ

2
− λ

p

)(
Ss,p

λ+ µ

) p
p−2

.

To prove this claim, first observe that

g′(t) = tSs,p − λtp−1 − µt2
∗−1

∫
RN

|ṽ1|2
∗
dx.

Define

g̃(t) = Ss,p − λtp−2 − µt2
∗−2

∫
RN

|ṽ1|2
∗
dx. (6.32)

Since g̃(t) is monotonic, there exists t̃1 > 0 such that g̃(t̃1) = 0 and Jλ,µ(tṽ1) ≤ Jλ,µ(t̃1ṽ1) for all t ≥ 0.
Since

g̃(t) = Ss,p − (λ+ µ) tθ−2 + (λ+ µ) tθ−2 − λtp−2 − µt2
∗−2

∫
RN

|ṽ1|2
∗
dx,

where θ ∈ (p, 2∗). We get that

g̃

((
Ss,p

λ+ µ

) 1
θ−2

)
= (λ+ µ)

Ss,p

λ+ µ
− λ

(
Ss,p

λ+ µ

) p−2
θ−2

− µ

(
Ss,p

λ+ µ

) 2∗−2
θ−2

∫
RN

|ṽ1|2
∗
dx
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= λ

(
Ss,p

λ+ µ
−
(

Ss,p

λ+ µ

) p−2
θ−2

)
+ µ

 Ss,p

λ+ µ
−
(

Ss,p

λ+ µ

) 2∗−2
θ−2

∫
RN

|ṽ1|2
∗
dx

 . (6.33)

Therefore, for any given λ > 0, there exists µ∗∗ > 0 such that for all µ ∈ (0, µ∗∗), g̃

((
Ss,p

λ+µ

) 1
θ−2

)
> 0

and
(

Ss,p

λ+µ

) 1
θ−2 ≤ t̃1. Hence, by the mean value theorem,

g(t) ≤
(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

− µ

2∗
t̃2

∗
1

∫
RN

|ṽ1|2
∗
dx

≤
(
λ

2
− λ

p

)[(
Ss,p

λ+ µ

) p
p−2

+

(
Ss,p

λ

) 2
p−2 pSs,pµ

(p− 2)λ(λ+ µ)

]
− µ

2∗
t̃2

∗
1

∫
RN

|ṽ1|2
∗
dx

≤
(
λ

2
− λ

p

)(
Ss,p

λ+ µ

) p
p−2

+
µ

2

(
Ss,p

λ

) p
p−2

− µ

2∗
t̃2

∗
1

∫
RN

|ṽ1|2
∗
dx. (6.34)

Note that
(

Ss,p

λ+µ

) 1
θ−2 ≤ t̃1 for all µ ∈ (0, µ∗∗). If we can verify

µ

2

(
Ss,p

λ

) p
p−2

− µ

2∗

(
Ss,p

λ+ µ

) 2∗
θ−2
∫
RN

|ṽ1|2
∗
dx ≤ 0,

then the proof is complete. In fact, we can choose θ such that p
p−2 < 2∗

θ−2 . It is easy to verify that there
exists µ∗∗ > 0 such that for all µ ∈ (0, µ∗∗),

µ

2

(
Ss,p

λ

) p
p−2

− µ

2∗

(
Ss,p

λ+ µ

) 2∗
θ−2
∫
RN

|ṽ1|2
∗
dx ≤ 0,

Hence, g(t) <
(
λ
2 − λ

p

)(
Ss,p

λ+µ

) p
p−2

.

Define
c̃λ,µ := inf

γ∈Γ
max
t∈[0,1]

Jλ,µ(γ(t)),

where Γ = {γ ∈ C([0, 1], X0(RN )) : γ(0) = 0 and γ(1) = ẽ1}.
By Lemma 4.2, we have

ϑ ≤ c̃λ,µ <

(
λ

2
− λ

p

)(
Ss,p

λ

) p
p−2

, c̃λ,µ < max
t≥0

g(t) <

(
λ

2
− λ

p

)(
Ss,p

λ+ µ

) p
p−2

. Therefore, we obtain a (PS)c sequence {ũn}n satisfying ũn ⇀ ũ with ũ ̸= 0, and the level c satisfies

c <
(
λ
2 − λ

p

)(
Ss,p

λ+µ

) p
p−2

. One can verify that J ′
λ,µ(ũ) = 0 and Jλ,µ(ũ) = c̃λ,µ. Thus, ũ is a nontrivial

solution to (1.1).
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