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Infinitely many normalized solutions for the Kirchhoff equation with
localized nonlinearities on noncompact metric graphs

Abstract
In this paper, we study the following Kirchhoff problem

—(a+b [, W/ |* do)u” + du = k(2)|ul’ *u z€G,
fg |’LL|2 d.’l? =K,

where p > 10, a,b > 0, p > 0 is a prescribed mass, G is a noncompact metric graph, x is the
characteristic function of the compact core L of G and A € R appears as a Lagrange multiplier.
By using minimax principle, we prove the existence of infinitely many normalized solutions for any
prescribed mass in the L2-supercritical case.
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1 Introduction and main results

In this paper, we consider the following Kirchhoff equation with localized nonlinearities on metric graphs
—(a—i—b/ ’u"Qd:v)u"—i—)\u:/i(a:)]u|p_2u, x€Qg, (1.1)
g

coupled with the Kirchhoff conditions at the vertices, where p > 10, a,b > 0, A € R, and & is the
characteristic function of the compact core I, which is a subgraph of G consisting of all the bounded
edges.

The equation (1.1) is an extension of the clsaaical D’Alembert’s wave equations for free vibration of
elastic strings which is proposed by Kirchhoff. The specific mathematical model is given by
oo > '\ 0%0
o d:c) =0, (1.2)

h+2L0 dx?

’°e (p  E [
oo

where ® is the horizontal displacement, o is the mass density, A is the cross-section area, L is the length,
E is the Young’s modulus and Tj is the initial tension. For more physical background, see [10] and
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references therein. Notice that equation (1.1) has the term —(a+b [, v/ |? d)u”, which is nonlocal, such
that the Kirchhoff type equation is not a pointwise identify. It casues some difficulties when dealing
with this kind of issue.

Throughout the paper we consider that G = (£,V) is a connected noncompact metric graph which
satisfies:

¢ G has a finite number of edges and vertices;
¢ G has a nontrivial compact core K;
e G has at least one half-line (that is, G has at least an unbounded edge).

Moreover, each edge e € £ (bounded or unbounded) is identified with an interval I.( [0, ] or [0, +00)),
where [, := |e| is the length of edge e € £. And there exists a natural metric which is defined by the
shortest path between points. For more details of metric graph, see [3,11].

A function v defined on G can be viewed as a vector of functions {u.}, ¢, where each wu, is defined
on the edge e, that is the restriction of u on each edge e. We can define the Lebesgue space LP(G),

LP(G) := {u = {uc} ¢ : u is measurable and p-th integrable on each edge e},

equipped with norm

lalpigy = 3 el

eef

the corresponding inner product denoted by (-,-). And the Sobolev space H'(G) defined by
HY(G) = {u={uc} ce : uis continuous on G, and u. € H'(e) for all e € g},

equipped with norm
lll2 gy = 3= (IelZaey + el 2 )
ecf

the corresponding inner product denoted by (-,-). From [3], we say that wu satisfies the Kirchhoff

condition at vertex, namely
du,

e-v de

(v) =0 (1.3)

holds for any vertex v € V. Here e > v means that the edge e is incident at vertex v and the notation
ggj (v) stands for u.(0) or —ul(l.), according to whether the vertex v is identified with 0 or /.

To get solutions of (1.1), a direct way is to find the critical points for the functional E (.G): HY(G) —

R defined by
2
~ 1
E(u,G) = a/ ’u'!Qd:v+é (/ ’u’|2d$> +)\/ |u]2d:n—/ |ul? dx. (1.4)

From a physical perspective, an alternative approach is to prescribe the L? mass of u, i.e., to impose
the mass constraint

/ lul?dz = p > 0. (1.5)
g
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In this time, the parameter A € R appears as a Lagrange multiplier. This type of solutions often
called normalized solutions, and can be obtained by searching for the critical points of functional

E(,G): H'(G) =R
E(u,9) ::a/ ’u"2d1:+9 (/ ’U,’2dx>21/ ulP da: (1.6)
2 Jg 4 \Jg pJx

constrained on the L2-sphere
H(G) = {uc H'Q) | |ulldg) = n}-

It is easy to check that E(-,G) is class of C% on H(G), and is an even functional.

When we consider the normalized solutions of (1.1), it is well known that the exponent p = 10 plays
a special role, which is called L?-critical exponent. This constant can be derived form the Gagliardo-
Nirenberg inequality on noncompact metric graph in [2]: for every u € H'(G) and every noncompact
metric graph G, there exists C}, > 0 such that

p <C B+1 451
HuHLp(g) S pHuHL2(g)Hu ||L2(g)-

Recently, Qi [13] considered the following problem

—(a+b [, W/ |? da)u” + Mu = |ufP%u, z€G,
fg |U|2 d:U =K

with the Kirchhoff conditions at the vertices, where 2 < p < 10, a,b > 0 and A € R appears as a
Lagrange multiplier. In this case, by Gagliardo-Nirenberg inequality, it is easy to see that the functional
E(-,G) is bounded from below and coercive. Thus, the ground state solutions can be expected. However,
when p > 10, the functional E(-,G) is always unbounded from below. And due to the fact that graphs
are not invariant under scaling, the classic scaling techniques to deal with the mass constraint problem
in [15,16] do not work.

If a =1 and b = 0, we can see that the equation (1.1) will reduce to the nonlinear Schrédinger
equation on metric graph. In the last few decades, this problem has been extensively studied and has
obtained a variety of results. The reader can consult [1,2,4,6-9,12,14] and references therein. In
particular, Carrillo et al. [6] studied the following problem

(1.7)

—u" + M= k(2)|uff?u, zeg,
fg ‘UP dz = H,

with the Kirchhoff conditions at the vertices, and proved that (1.8) has infinitely many normalized
solutions on the L?-supercritical case (namely p > 6).

Motivated by the results already mentioned above, in this paper, we consider the existence of infinitely
many normalized solutions for the equation (1.1) on the L2-supercritical case for any mass u > 0.

Our main result can be stated as follows:

(1.8)

Theorem 1.1. Let G be a noncompact metric graph and p > 10. Then, for any p > 0, there exist
infinitely many solutions to equation (1.1) with the mass constraint (1.5). These solutions correspond
to the critical points of functional E(-,G) constrained on H;(g) whose energy levels go to +o0o.

3
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It is easy to check that, for any p > 0, the functional E(-,G) has a mountain pass geometry in
H }L(Q) But it is difficult to obtain the boundedness of Palais-Smale sequences for E(-,G) constrained
on H)(G). In order to overcome this issue, similar to [4,7], we consider the family of functionals
E,(-,G): Hl(g) — R given by

2
:;/g}u/‘?das%—i </g W‘ngg) —g/’CMpdaz7 VuGHl(g), Vp e [%,1], (1.9)

Clearly a critical point of E,(u,§G) constrained on Hﬁ(g) is a solution to

—(a+0 [, o/ |* dz)u” + M = pr(z)|ulP">u  on every edge e € &,

1.10
> ‘C%Z(U) =0 at every vertex v € V, (1.10)
e>v

where )\ is associated Lagrange multiplier. Denote by m(u) the Morse index of the solution u € H ;(g)
o (1.10).

This paper is organized as follows. Section 2 contains some Preliminaries. In Section 3, we show that
functional E,(-,G) has infinitely many distinct critical levels. In Section 4, we provide two auxiliary
results. The first result is showing that the solutions to (1.10) with A = 0 have a L? norm going to
infinity when their values of E,(-,G) goes to infinity (see Proposition 4.1). The second result is Theorem
4.1, which is used to derive Theorem 1.1 with p, — 17. Finally, in Section 5, we prove Theorem 1.1.

2 Preliminaries

In this section, we present some existing results that will be used in the rest of the paper. Firstly, we
give some definitions.

Definition 2.1. Let E be a infinite-dimensional Hilbert space, ¢ : E — R be a C?-functional and
€ (0,1). If for any R > 0, one can find M = M(R) such that, for any ui,us € B(0, R),

" (u1) — @' (u2) |« < Mjuy — ugl|®
and

l" (u2) = @ (ug)llsw < Mlug — uz]|®
then we say that ¢’ (u) and ¢"(u) are a-Hélder continuous on bounded sets, where || - ||« and || - ||« show
the operator norm of L(E,R) and of L(E,L(E,R)) respectively.

Definition 2.2. Let G be a noncompact metric graph, p > 10, u > 0 and p € [%,

u € H;(g) and 0 > 0, we define the approximate Morse index of u with respect to 6 by

1].  For every

mg(u) = sup {dimL‘Lis a subspace ofTuHi(g) such that D*E,(u, G)[w, w] < —GHwH%{l(g), Yw e L\{O}} ,
where TuH}t(g) is the tangent space to H;(g) at u and

E,(u, G)[u]

D*E,(u,G)[w, w] := B (u, G)[w,w] — oo
L2(G)

HwHL2(g)

If w is a critical point for E, constrained to H}L(g) and 0 = 0, then mo(u) is the Morse index of u as a
constrained critical point.
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Theorem 2.1. [5, Theorem 1.12] Let G be a noncompact metric graph, p > 10 and p > 0. Let
I C (0,400) be an interval and denote the family of C* functionals E,(-,G) : H'(G) — R by the
following form

Eﬂ(u7 g) = A('LL7 g) - pB(U,g), P S I7
where B(u,G) = 0 for all u € HY(G) and

A(u,G) — +oo or B(u,G) = 400 as u € HY(G) and lull g1 gy — +o0. (2.1)

Suppose that, for everyp € I, E,(u,G) ‘Hﬁ(g) is even and E;)(u, G) and E;’(u, G) are a-Holder continuous
on bounded sets in the sense of Definition 2.1 for some o € (0,1]. Moreover, suppose that there exists
an integer N = 2 and two odd functions ~; N : SN-2 H;(g), where 1 = 0,1, such that the set

PN = {’Y € C([Ov 1] X SN_zv H}L(g)) | vt € [O’ 1]77(7‘:7 )/LS Odda’Y(Ov ) = /VO,N)and 7(17 ) = /yl,N} (22)
s non void and

N ._ .

¢ = inf  maz By(1(t:9).6) > maz maz {Ey(0n(s).0). Eylnn().G)}, Vo e I (2:3)
Then, for almost every p € I, there exist sequences {uf)\fn} C H}L(g) and Cé\,[n — 0" such that, as
n — 4090,

(i) Ep(ul),,G) = c;

/! N N
(11) E;(uf)\fn, G)— —Ep(up’";;g)[up’"] uf)\fn — 0 in the dual of H}L(g);

(141) {uf,\fn} is bounded in H;(g);
(i0) g, () < N,

Remark 2.1. From [6, Remark 2.6], we know that if the sequence {uf)vn} CH }L(g) provided by the

N
p

as a constrained critical point, satisfies

previous Theorem converges to some uf)v €eH ; (G), then in view of points (i)-(ii), v

N
P

is a critical point
of E,(u,G) |H;1z(g) at level cf)V. And the Morse index of u
mo(ud) < N.

Lemma 2.1. [6, Lemma 2.7] Let G be a noncompact, N > 2 be an integer, p > 10, u > 0 and p > 0.
Assume that {uf)\jn} C Hy(G), {)\f)\jn} C R and {Cé\fn} C RT with C/])\,]n — 0" as n — +oo, and for a
given M € N, the following conditions hold:

(i) if all subspace W,, C H*(G) satisfies

EZ(Ui;\,[mg)[W,w] + Aé\{nHwH%?(g) < - ;17\,771

for large enough n € N, then dim(W,,) < M. Here )\]p\fn
dedined by

Wl g, Yw e Wo\ {0}, (2.4)

is called the almost Lagrange multipliers, which

1
N ._ ¢, N N
)‘p,n T _ﬁEp(up,nvg)[up,n]‘
(i3) there exist A € R, a subspace Y C HY(G) with dim(Y) = M + 1 and ¢ > 0 such that, for large
enough n € N,
Bl ), w] + Mwl2aq) < ~Clwlng), Ve Y. (25

Then )\fx > A for all large enough n € N. In particular, if (2.5) holds for any A < 0, then we have

n

Lo N
lim mf)\p’n > 0.
n—oo
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3 Existence of infinitely many minimax values

The main purpose of this section is to prove the following proposition.

Proposition 3.1. Let G be a noncompact metric graph. For any i > 0 and p > 10, there exists Ng € N
such that if N > Ny, there exist functions yo,n and yi,n such that the family of functionals

2
1
E,(G): HY(G) = R:u a/ ’u’le:c—i—é (/ |u’}2dx> - '0/ lul? dz, pelz,1]
satisfies the assumptions of Theorem 2.1. In particular,
'y = {7 € C([Oa 1] X SN_25 Hi(g)) | vt e [07 1]77@7 )ZS odd,'y((), ) = 7Y0,N> and’Y(lv ) = /yl,N} (31)

s non void and

1
N _ . -
c, = ng{v(t,s)eﬁ%gSN—QEph(tv s),G) > sg%gzmax {E,(vo,n(5),G), Es(mi,n(5),G)},Vp € [2, 1] (3.2)

Furthermore, ci,v — 400 uniformly w.r.t. p € [%, 1], as N — +o0o. In particular, there exist infinitely
many distinct values of cl])V.

Remark 3.1. Notice that the levels cf,v € R for every N > Ny and every p € [%,

defined by infima over nonempty sets(equivalent to cf)V < 4+00) and the inequality (3.2) implies that

1], since they are

N _
cp> Q.

Remark 3.2. Setting

2
Au,G) = ;/g‘u’fda:—i-z (/g ‘u’|2da:) and B(u,G) = ;/]C\mpdx,

it is easy to check the assumption (2.1) holds, since
u € Hj(g) and |[ul|g1gy = +00 = A(u,G) = +oo.

Let E,(u,G) and E}(u,G) denote respectively the free first and second Fréchet derivatives of E,(u, G).
Clearly, E}(u,G) and E/(u,G) are both of class C'!, and hence locally Hélder continuous on H}(G),
which implies E},(u,G) and E}(u,G) are a-Holder continuous on bounded sets in the sense of Definition
2.1 for some « € (0,1]. Then, it is only to show that (3.1) and (3.2) posed on I'y hold.

As this point, we shall rely on some results from [6], which are following lemmas.

Lemma 3.1. Let {uy,--- ,uy_1} C Hy(G) and {v1,--- ,un_1} C H,(G) be orthogonal families for the
inner product (-,-). Setting the odd functions

N-1

Yo SN2 H(G) by qon(s1,-esno1) = Y st
=1

and

N SV = HY(G) by vn(st,e o sno1) = ) sivi,

the set 'y defined by (2.2) is non void.
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Lemma 3.2. Let G be a noncompact metric graph, p > 10,4 > 0,p > 0, N > 2 be an integer, and
Yi,N SV-2 Hﬁ(g),i = 1,2, be two odd functions. Assume that the set

F]\/ = {,y € C([Oa 1] X SN?Q? H;%,(g)) ‘ vt € [07 1]77@7 )ZS 0dd77(07 ) = Y,N, and’}/(lv ) = 71,N}
is mot empty. Assume further that there exists a continuous even functional J : H'(G) — R, By € R,
and a subspace W C HY(G) with dim(W) < N — 2 such that
(H1) J(ro,n(s)) < By < J(n,n(8)), for all s € SN2

(H2) maz, maz{E,(on(s),9), Eplnn(s),9)} < inf Ey(u,G),
S ueEbN

where, By = {u € H,(G)N W J(u,G) = Bn}. Then

N . .
c' = in mazx E t,s),G) = inf E,(u,G). 3.3
Y= ing | mar B0(4),6) > inf Ey(u) (33

The following two lemmas will provide orthogonal families to be used in Lemma 3.1.

Lemma 3.3. Let G be a noncompact metric graph, p > 10 and p > 0. For any & > 0, there exists a
sequence of functions {¢1, P2, -} such that for any i,j € N* and any p € [%, 1]:

(i) ¢i € HL(G); N0llr2g) = & Ep(¢i G) = §€% + 4¢%
(i7) @i has compact support and supp(p;) N supp(P;) = @ fori # j;

N-1 ! N-1
(iii) for any N > 2 and s € SN2, < > siqbi) =¢and E, ( > si@,g) =224 %{4.
i=1 12(G) i=1

Proof. The proof is very similar to [6, Lemma 4.3], only need to replace the expression of E,(u,G). O

Lemma 3.4. Let G be a noncompcat metric graph, p > 10 and p > 0. For any fized integer N > 2 and
any given values of € > 0, b > 0, there exist functions ¢, -+ ,dn, compactly supported in IC, such that
foralli,je{l,--- N} and all p € [%,1],

Z &

() 6: € HAG) (6] o)

(1) supp (¢;) N supp (¢;) = @ fori # j;

N-1 _\'
(%)

Proof. Let e = [0,l¢] be any bounded edge of G. Let ¢ € C ((0, lﬁ)) be any function such that
¢l 2(r) = p For t € RT, define the function ¢! by

(iii) if s € SN2 then

_ N-1 _ _
> & and E, ( > Sicbz-,g) < b.
L2(Q) =1

o' (z) == t2d(tx). (3.4)

We can see that supp (¢') C (0, lﬁe) whenever ¢ > 1. Define the functions

Qsi::(z)t(‘r—(ijvl)le)a 121,,N
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where ¢ > 1 will be chosen later. Note that

supp (¢;) C <(Z_1)le ile) :

N 'N

so the functions ¢, have disjoint supports, then (ii) is satisfied. Viewing now ¢, as functions in H'(G)
N-1

supported in e, we may compute the energy of function 3 s;¢; with s € S¥=2 as follows
i=1
N—-1 0 [N 2 b N—-1 2 2 o = P
_ _, _, _
Ep<23i¢i,g> :2/ > st do + 7 / > sid | dw —/ > sigy| da
i=1 €li=1 €li=1 PJe|id
t2 N-1 ptpTﬂ N-1 le
/ o o+ tzz / ¢2 da S lsil [T lolrda
p = 0
at? bt 4
<7H¢/||%2(g) + ZH¢/||L2(Q) - H¢||Lp(;c
N-1
where ' = min > Isi|P. It is straightforward to verify that the last expression tends to —oo as
seS i=1

_ N-1 _
t — +00. Thus, for all b € R, there exists tg > 0 such that for all ¢ > ¢y we have E, ( > sy, Q> <b

i=1
t := max 1,,#,750 ,
19/l 22¢g)

the functions ¢, satisfy all of the desired properties. Indeed, ¢; € H ;(g) and a direct calculation yields

As a result, if we chose

.y _
16 l22(g) =t 'l 2g) > &, (3.5)
N-1 _\' 2 N-1 2
which implies (i). Finally, the choice of ¢, (3.5) and <Z sszi) = Y 2| show
i=1 2 i=1 L2(9)
9
(ii). O

Now let {Yx} be a sequence of linear subspaces of H!(G) with dim (Yy) = N, which is exhausting
H'(G) in the sense that
U v

N>1
is dense in H'(G). We recall that for separable Hilbert spaces, such as H'(G), such sequence always

exists.

Lemma 3.5. [6, Lemma 4.5] For any p > 10 there holds:

o Jg WP+ [l da
Sy = inf — 00, as N — co.

Wi (ficlulp da)?
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Now, we define
Sg p12 ( 2)p
3 w+x7)2
= 7N = = —_— _—
BN = ( N ) , where N = X(p) : apglg()f T

Using Lemma 3.5, we have that Sy — oco. Thus, setting

62\7 = ian E,(u,G), where By = {u €Y ,N H}L(g) | ||U/HL2(Q) = BN},
uceBN

we can obtain that
Lemma 3.6. 65}7 — 400 as N — +oo, uniformly in p € [%, 1].

Proof. For every u € By, using Lemma 3.5 we have

2
:g/]u’lzdx—l—fl(/ u’]de) _p/ lul? dx
+ "2 q
/’U|2dx+ (/U|2 > (# Jo vl m)
SN
CL
[ Pt [ 2ar) - r (14 10172 ))
35
N
8

a 4 a 2—
ZQ/BIZV"FZBN_ 3 v (n+BY)
a b
=585+ 78n +o(1).
The proof is completed by taking the infimum over By. O

Proof of Proposition 3.1. From Remark 3.2, we can konw that E,(u,G) satisfies the assumptions of
Theorem 2.1. By Lemma 3.5 and Lemma 3.6, for each N > 2, both sequences {Sx} and {Ef)\f} are
diverge.

Then consider a sequence of functions {¢;};°, as given by Lemma 3.3 taking { = 1 and a set of N
functions {qﬁl} _, given by Lemma 3.4 taking & =28y and b= 1. And, define the functions

Yot SNTE o HU(G) 1 (51,0, sno1) = Y sid,

YN SV S H(G) s (s1,0 0 sv1) = Y sidy,
which satisfy, for each N > 2 and s € SV 72,

70,5 (8) | L2gy) = 1,
Ep(von(s),G) =9+ 2,
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and
71,5 (8) lL2(g) = 28N,

E,(m,n(s),G) <1

From Lemma 3.1, we can get that the set
I'y = {7 S C([O, 1] X SN_Q? H;i(g)) | Vt € [07 1]77(757 )ZS Oddafy(oa ) = WO,Nyand'Y(L ) = /71,N}

is not empty, (3.1) holds.

Finally, we use Lemma 3.2 with the choice J(u,G) = ||u'||f2gy and W = Yy_5. It is easy to check
that assumptions (H1) and (H?2) are satisfied for any NV sufficiently large (uniformly w.r.t. p), thus (3.2)
holds. And using 6JpV — 400 as N — 400 and (3.3), we get that c]pv — 400 uniformly w.r.t. p € [3,1],
as N — +o0. 0

4 Two auxiliary results

4.1 The first auxiliary result

In this subsection, we focus on deriving properties of solutions to (1.10) when A = 0, as stated in the
following proposition.

Proposition 4.1. Let G be a noncompact metric graph and p > 10. Let {u,, } C H(G) and {py} C [5,1]
be sequences such that wu,, is a solution to (1.10) with p = py and X = 0. If E,, (u,,,G) = +00, then
[wpillL2(gy = o0

Remark 4.1. Note that if (\,u) is a solution of

—(a+ b/ ‘u"2 dz)u” + Mu = plulP~?u,
I

1
with L? mass o on some interval I C R*. Set z = w?pu, where @ = a +b [, [u/|* dz. Then (2,2) is
a solution of

A _
— 4+ D= plaP 2,
w

2
with L? mass w27y on some interval I C RT. Since a function on a metric graph is a family of
functions defined along its edges and the fact that each edge of a metric graph can be identified with
an interval I C R*. We can say that if (\,u) is a solution of

—(a+ b/ |u’}2 de)u” + M = pr(z)|ulP~2u,
g
with L? mass p on metric graph G, then (%, f) is a solution of
" A p—2
74 S = pn(a) |72, (11)

2
with L? mass w?-7 u on metric graph G.

10
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Then, for the following problem

— "+ %f — pn(;z)\f|p*2f on every edge e € &,

) cCllJ:;i (v) =0 at every vertex v € V,
e-v

we define the family of functionals J,(-,G) : H(G) — R by

=5 [lrfas=2 [

Sui= {1 € H'G) | 1132 = w7 u}-

constrained on the L2-sphere

From [6], we can know that if f is a solution to —f” + %f = p|f|p_2f on some interval I C R, set

Hy(z) = = (f'(@))° + Vor(f(2) where VoA(f) = Ifl”

N | =

it is easy to see that Hy(x) is a constant on I. Since H} () := f'(x) - (f”(x) + V! \(f(z))) = 0. The
Hy is called the ODE energy of the solution f on I.

The proofs of the following two lemmas follow closely those in [6, Proposition 3.1 and Lemma 3.2],
with A replaced by 2
Lemma 4.1. Let G be a noncompact metric graph. Let p > 10,% € R, and f be a solution to (4.2).
For each bounded edge e of G, let the ODE energy of the solution f on e be given by

1

S F@F + 215@l - o @), (13)

Hy(e) := Hy(z) =
where x is an arbitrary point of e. Finally, define

P,(f,G) == > l.H{(e), (4.4)

e is a bounded edge of G

where le is the length of the edge e. Then, one has

Hf IZ26) + = H“JCHLP(Q HfHL2 +B,(f,9).

Lemma 4.2. Let G be a noncompact metric graph. Let p > 10 and % €R. Let f € HY(G) be a solution
0 (4.2). Then, one has

(p)

s )+ s 2P.(1.6).

(fa ) +2 P

where P,(f,G) is defined by (4.3)-(4.4).

The following lemma is crucial for proving Proposition 4.1, which is an already mentioned result
from [6, Corollary 3.5].

11
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Lemma 4.3. Let 1 > 0,0 < a <@ < oo, and p > 10. For every > 0, there exists H > 0 such that if
f:10,1] = R is a solution to

— ”:a|f|p*2f7 with o € [a,a] and Hy > H,

then

l
/0 @) de > .

Proof of Proposition 4.1. From Remark 4.1, we have f, = wﬁupk is a solution to (4.2) with p = pg
and A = 0. Since E,, (up,,G) — 400, we can know that J,, (f,,,G) — +00, then Lemma 4.2 implies
that P, (fp,,9) — +00. Let eg € £ be a bounded edge such that l,Hy, (e0) = lcHy, (e) for all
bounded edges e € £. Since £ is finite, then we can get that

Ppk (fpk’ g) < #{g}leonpk (60)’

so Hy, (eg) — +oo. Finally, using Lemma 4.3 with f = f,,a = py and [0,I] = ep, we deduce
that || fp,[l22(ep) — 00 and thus |[|fp, |lr2(g) — oo. Also have [[up,[|r2g) — oo, since [|fp, ll2g) =

_2
w2*1’|’upk|’L2(g). ]

4.2 The second auxiliary result
In this subsection, we present the main result to prove Theorem 1.1.

Theorem 4.1. Let G be a noncompact metric graph and p > 10. For any p > 0, there exists Ng € N
such that for almost every p € [%, 1], there exist sequences of Lagrange multipliers {/\i)v}?VO:NO C R*

and solutions {uf,v}?: C H;(g) to

No

—(a+b [, }(ui)v)"Q da) (ud )" + X ull = pf@(x)‘ufy‘p_QuiY on every edge e € &,
N

> d;f;e (v) =0 at every vertex v € V.

ev

(4.5)

In addition, cf)V = Ep(ufov,g) — o0 uniformly w.r.t. p € [3,1], as N — +00 and m(ug) <N+ 1.

As a consequence of Proposition 3.1, we can see that the all assumptions of Theorem 2.1 are satisfied;
then for all N € N large enough and for almost every p € [%, 1], we deduce the existence of a bounded
sequence {uf)\fn}zo:l C H,(G), such that

E,(ul),,G) = ¢ (4.6)
and
1. N N (, N : 1
E(tupn, G) + Apy Uy, ) = 0 inthe dual of H,,(G) (4.7)
where .
N _ N N
)‘p,n - _;E;)(up,na g)[up,n] (48)

Finally, there exists a sequence {C ,])Vn} C RT with Cé\fn — 07" such that, if the inequality

2
a/ ‘w'f dm+b/ ‘(ufo\fn)"z dac/ ‘w"Q dx + 2b (/(uﬁjﬁ’w'dm)
g g g g

12
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—(p—1)p ‘u n‘p dm—l—)\N \w|? dx
” /s
2

=By (u pmg)[w w] + A l[wllFa ) < — (4.9)

holds for any w € W, \ {0} in a subspace W, of Tu;]\{nH}L(g), then dim (W,) < N.

Since {uévn} C H'(G) is bounded, and therefore up to a subsequence, we can assume that there
exists some uf)V € H'(G) such that

ugnéufy in H(G), (4.10)
N —>uN in LV (G). (4.11)

In particular, since {uf)vn} C HY(G) is a bounded sequence, it follows from (4.8) that {)\ } C Ris

bounded. Up to a subsequence, there exists /\N € R such that 111}_1 /\N = )\N
n—

We claim that the limit uf,v € H(G) solves (4.5). Using (4.7) and lim A\, = )\N we have

n—+too P

0= lim [E(u}ln,G) + A (uply, )] [1]

:nli_{r;o [a ( daz—f—b/\ /Qdaz/(uf)\{n)/n/da:—p/lc|uf)\fn|p_2uf)\fn77daz+)\f)\fn/guixnnd$]
/ dm—i—b/ |2dx/( uy, )’n/dx—p/lc\ui)vlp2uf)v77da:—|—)\fgv[;uf)vndx (4.12)

for any n € H'(G). So the claim is true.

Next, we focus on proving the strong convergence of the sequence {ui,\jn} C H'(G). We have the
following lemma.

Lemma 4.4. If )\,]DV > 0, the following convergence holds:
/| P, |2dl’—f—>\N/|upn—uN| dI—>O as n — +o0.

In particular, if /\f)\] > 0, then sequence {u]pvn} converges strongly in H'(G).

Proof. From (4.7), we have

o)l g =a / ()l dz + b / () da / (W) de

; p/ g [P g da + A, /g Up 1 A

/( dx+b/| |2d:c/( Vi da

—p/}c|upnp 2V nd:ﬂ+)\N/gup7n77d:B+()\gn—)\fjv)/guf)\jnndx,

o)l g) =a / (W) dz + b / ()P de / (W) de

13
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—p/lc\uf)\fn\pQuf)\{nndx—i—)\,]ov/gugnndx. (4.13)

Then, combining (4.12) and (4.13), choosing n = 77277” =
bounded, we obtain

mw—g/«ﬁﬁ—< nmm)m+b/pn2ml; N Y de
—b [ NP [0y e = p [ Qoo = P2 ol o
-+ )\]pV /g(u]pvn —u, )npvn dx
—u/«ixy—<M>mm%m+xﬁéw%fw$mxwx
+b/| wlPdw</kiﬁymxydx—lgﬁhxﬁzymﬁ—%mn
—a/«ﬁhy—u&ymmu%u+xﬁjlﬁﬁ—uﬁmﬁﬂx
g
+b/r r%m/“%nfdm+m>

>a/] Uy — U |2d:c+)\N/|upnuN] dzx + o(1).

uf)\jn - uf)v and using (4.11) and also {n’\, } is

It is easy to see [, |(uf)vn - ufy)’|2 dx + )\ﬁf I |uI]DVn — uf)\’|2 dx — 0, as n — +o0. O

Then, to obtain the strong convergence of the sequence {uf)\jn} C HYG), it suffices to show that

)xf)v > 0. Firstly, we show that )\f)v < 0 is impossible by using Lemma 2.1. We begin with the following
lemma.

Lemma 4.5. For any A < 0 and d € N, there exists a subspace Y of HY(G) with dim(Y) = d such that

E (), G)[w, w] —&-/\HwH%Q(g) —a/g ‘w"Q dx—i—b/g ‘(“ivv,n)/f dw/g ‘w’}z dx

2
+2b (/ (ué\{n)/w/ dx) + )\/ ]w|2 dr < %HwH?{l(g), Yw €Y.
g g

Proof. Let ¢ € C°(R) with supp ¢ C (0,1) and such that f0+°° |p|> dz = 1. Viewing ¢ as a function in
H'(G) whose support is contained in a half-line which we identify with [0, 4+00). Using the notation of
(3.4), we can define

¢1 = ¢T7
where 7 > 0 is taken small enough so that
A
(a+368) 729/ 3a(g) + A < 5 (2 3 agmy + 1), (4.14)
where § = fg .)|? dx. By a direct calculation yields that

o172 =1 9101726y = 2161 72(6)

14
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Next, for i > 2, define

6i(z) = (x—if).

Notice that supp (¢;) C ( =1 ) and all the ¢; have disjoint supports. Let Y C H'(G) be the subspace

T T

generated by ¢1, -, ¢g. Any element w € Y writes as

d
w:201¢za i=1,---,d,
=1

where 6; € R. By a direct calculation and Holder inequality, we have

2
a/ ’w/|2 dx—f—b/ |(uf)\jn)"2 dx/ ‘w/|2 dx + 2b (/(ui)\{n)/w'daz> —l—)\/ \w|? da
g g g g g

d d d d
? (Z 91‘2”¢,H%Q(R)> +bo7° <Z 91‘2’\75,”%2(1@)) + 2657 (Z 91'2||¢/‘%2(R)> +A (Z 93)
=1 =1 =1 =1

d

= ((a+300) 72116/ 3oy +A) D 62,

i=1

And also, HwH}qu( = ( 213 2®) T 1) Z 2. Thus (4.14) implies that

a/ ‘w/}Q dg;+b/ |(uf)\fn)/‘2 dx/ ‘w’|2 dx + 2b </( pn) d:v) —I—)\/ lw|? da < ||w||§{1(g).
g g g g

Finally, using the fact that w vanishes outside the half-line justifies the equality stated in the claim,
which completes the proof. O

Since the codimension of Tué\{nH}L(g) in H'(G) is one. Thus, if (4.9) holds for any w € W,, \ {0} in a

subspace W,, of H'(G), then dim (W,,) < N +1. Let A < 0 and Y be the space of dimension d = N + 2
provide by Lemma 4.5. Apply Lemma 2.1, we can obtain that

AN > 0. (4.15)

Thus, from Lemma 4.4 and (4.15), we have

/| Uy, 2dz — 0.

Using (4.11) and the fact that nonlinearity acts only on the compact core K, we get that
N N
Ep(up,na g) - Ep(up 7g)
In particular, from (4.6), it follows that

Ep(uf,v, Gg) = cfjv. (4.16)

Then, with the following result, we complete the proof that )\i,v > 0, thereby establishing the strong
convergence of the sequence {u } C HY( 1 (G).

15
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Lemma 4.6. It cannot be )\f)\] =0.

Proof. Assuming that N € N is large enough uniformly in p € [%, 1] and by contradiction that there
exists a subsequence {uf)v }20 > With Nj, — +oo and py, € [3,1] for all k, such that uf)\;’“ € H}L(g) have an
associated )\Nk = 0. By Proposition 3.1, c k — +o0o uniformly w.r.t. pi € [ 1], as Ny — 400. Then,

from (4.16), we have E,, (u f)\; ,G) = +00 as k: — oo. It is impossible, as a consequence of Proposition

4.1, we can know that Huﬂk 22(g)y — oo, but {u }k . C H,(G), a contradiction. O

In the end, we will show that the Morse index m(u
N + 1. Let us recall the following definition.

f)v) of u]pv as a solution to (4.5) satisfies m(u]pv) <

Definition 4.1. For any metric graph G, and any solution u € H'(G) of (1.10), we consider

2
Q(w;u,G) ::a/ ‘w/’2 d:c—i—b/ ’2/’2 dx/ ’w/‘Q dx +2b (/ u'w’dx)
g g g g
0=V [Pl do A | [uf? da.
K g

Then, the Morse index of u is the maximal dimension of a subspace W C H(G) such that Q(w;u,G) < 0
for all w € W\ {0}.

Observe that the relationship between the Morse index of a solution to (1.10) and the Morse index
as a constrained critical point (see Definition 2.2) via the equality

D2Ep(uf,v,g)[w,w} = E"( ,G)[w, w] + A(w, w)

2
_a/‘w‘ dx—i—b/‘ d:):/‘w"Z dx—i—%(/(uf)v)'w’dx)
g
—(p—1) /‘u 2 da —i—)\N/]w\ dz, forallwe HY(G). (4.17)

Since u n— uN as n — 0o, from Remark 2.1, we can know that the Morse index of u € Hl(g) as a

constralned crltlcal point is less than N. In view of (4.17) and the fact that the codlmensmn of H.(9)
in H(G) is one. So we can deduce that

m(u)) < N+ 1. (4.18)

Proof of Theorem /j.1. Integrating the previous content, we immediately have, for any p > 0 and
N € N sufficiently large, and for almost every p € [%, 1]. There exist sequences of Lagrange multipliers
{/\év}?VO:NO C R* and solutions {uév}?vo:NO C HL(G) to (4.5). We also have by (4.16) that E,(u),G) =

cf,v — 400 as N — +oo. Finally, the estimate (4.18) completes the proof. O

5 Proof of Theorem 1.1

Let p > 0 and N € N be sufficiently large. By Theorem 4.1, it is possible to choose a sequence p,, — 17,
and a correspondmg sequence of critical points u ' € H! (g) of E,, (u,G) constrained to H 1(g) at the
level cp and having a Morse index m(u ) < N + 1. Addltlonally, the Lagrange multipliers satisfy
MV 0.

Pn
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Thus, in order to prove the Theorem 1.1, it is only to show that {ué\i } C H ;(g) converges. For
this the key point is to show that {uf,\i } CH ;(Q) is bounded. Observe the monotonicity of c as

N N

a function of p € [%,1] implies that {cf)\i} is bounded as it belongs to [c] ,cl] with ¢ ,c1 € R (see

29
Remark 3.1). In addition, due to the Kirchhoff boundary condition

/| \dx+b(/\ \dx) HN/\uN\dx_pn/;u ? d,
it follows that
N
n
- (3-3) e (b-1) ([t e

equivalent to
2 N
a _a N y/|2 b b> </ N y/|2 > N, Aok
- — = u de+ | - — - u dr | =c¢, +——"—.

Therefore, if {)\f)\;} C (0,+00) is bounded, then {uf)\;} C H}(G) is bounded as well. So using the
following result, we can conclude the proof of Theorem 1.1.

Lemma 5.1. Let G be a noncompact metric graph and p > 10. Assume that {p,} C [%, 1] is a sequence
converging to 1. Let {(A,,,u,,)} C R x HY(G) be a sequence of solutions with p = p,, to

—(a+b [, [/ |? dz)u” + M = pr(z)|ulP u  on every edge e € €,

> ZZZ (v) =0 at every vertex v € V.
exv

and satisfy additionally, for some p > 0,

/ |upn|2 dx = p, forallmn e N,
g

and whose Morse indices m(u,,) are bounded. Then, the sequence {\,,} C R is bounded from above.

Proof. From Remark 4.1, we know that {(A%, fpn)} C R x HY(G) is a sequence of solutions with

p = pn tO
— "+ %f — pn(x)\f|p*2f on every edge e € &,
Z jiee (v) =0 at every vertex v € V,
e>v

2
with mass [, | fon|? dz = wZ7 p. Using the [6, Lemma 6.1], we have that the sequence {)‘—} CRis

w

bounded from above, namely the sequence {),,} C R is bounded. O
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