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ABSTRACT 
	In this study, we present a balanced graph (), which is an edge-based graph transformation that improves classical linear graphs by incorporating the vertex degree as a structural node in (). The two edges are adjacent only if they are not adjacent and have a length distance of 2 and are connected via an intermediate vertex w of Through this formula, adjacencies mediated by vertices with reduced degrees are excluded, making a sub graph. It is clear to us from the definition that  (), is continuous if and only if δ(G) ≥ 3, which reflects on the adjacency property, which is very weak, giving it a special uniqueness not found in traditional linear Apleyan graphs. We also define lower limits for the dominance number: 


An upper bound on the matching number:



 and for the independence number 

The results obtained for these limits are accurate for third-order regular graphs, confirming that (), embodies the correlation between degree heterogeneity and edge independence. This transformation provides a solid foundation for the design of global networks, communication systems, and performance, and addresses the fundamental shortcomings of and ) linear graph models, which fail to accommodate the structural heterogeneity based on the degree of the vertex. It provides the first solid foundation for modeling structurally constrained systems where local degree centrality is a critical factor making it uniquely suitable for designing nested networks.



Keywords: Weighted Structural Line Graph (); Degree-Constrained Transformation; Connectivity Threshold; Tight Combinatorial Bounds; Graph Invariants; Interference-Aware Networks.
1. INTRODUCTION 
Graph theory is a crucial factor in discrete mathematics and computer science, providing indispensable boundaries for modeling relational structures across diverse systems [1, 2, 3]. In this field, line graphs and their theorems have emerged as transformational constructs that allow for structuring edge-based properties into vertex-centric analyses [12]. Graph concepts were systematically established by Harari [1], Bondi and Morty [2], and West [3], in addition to comprehensive treatments of line graphs and their generalizations provided by Benic and Baga [12]. Recent developments have significantly improved the constants of graphs, particularly the independence number (α) and the chromaticity number (χ²) [4, 5, 13, 15], which are fundamental to calculating time complexity. In [4], Montanerbatl and Takahashi explored the fundamental relationship between the independence number and power, while Dong obtained conclusive results regarding stability [5]. In [6, 7], physics-inspired graph neural networks emerged, exploring innovative computational approaches. Quantum computing was applied to solve maximal independent set problems [8, 9]. In [13], Riordan's structure provided a comprehensive study of stochastic graphs. In [14], Baxo et al. presented a statement of the concept of chromatic number and the stability of chromatic vertices [15]. The spectral properties of graphs were studied [16]. Despite numerous efforts, linear graph transformations remain insufficient for network modeling because vertex degree has a crucial impact on general structural properties such as reliability and performance [10]. In [17], the focus is on adjacency naming. In [20], the focus is on graph structure. In [18], Lev et al. presented a study on boundary energy in linear graphs. In [19], the focus is on subdivision graphs. In [19], there is a clear absence of precise harmonic boundaries for major graph classes under transformations that explicitly incorporate structural constraints. To address this deficiency, we present in this study a weighted structural line graph, which is a novel transformation of the graph and represents a new path from that of traditional structures. In , edges e and f are adjacent if and only if they are not adjacent, they maintain a minimum vertex distance of exactly two, and they are connected by at least one mediated vertex w that satisfies the structural constraint This definition of the criteria lends high precision to contiguous vertices with lower degrees, making it a suitable subgraph ). This study also demonstrates that it is a novel graph with distinctive structural properties, and our main contribution is as follows: 1. We prove the sharp discontinuity in , showing that it remains continuous if and only if the original graph satisfies δ(G) ≥ 3. 2. We deduce unique and precise structural boundaries, defining lower limits for the dominance number , which directly includes the maximum degree
3) New limits for the independence number 
 with proof of the independence enhancement property 
. We have shown that our results are highly accurate for regular 3-order graphs, confirming that can accommodate degree inhomogeneity and edge independence. Furthermore, the study of Hamiltonian properties [21, 22] and algebraic properties [23] in our research extends to several fields, demonstrating the inadequacy of traditional transformations. The study is not limited to the frameworks mentioned above but also extends to the design of complex communication systems and networks. The remainder of this research is structured as follows: basic definitions in the second section; theoretical contributions in the third section, specifically concerning independence, control, and conformance settings; communication characteristics in the fourth section; and we conclude our study in the fifth section with discussions and recommendations for future research.  
 2. Preliminaries 
The following definitions establish the necessary terminology and the precise structural requirements for the novel graph transformation introduced in this study.
Definition 2.1 
Let  be a simple connected graph.
For any two edges  and  in , the distance between edges is defined as the minimum distance between any pair of their endpoints:

where  denotes the length of a shortest path between vertices  and  in .
Definition 2.2 
The Weighted Structural Line Graph of , denoted , is the simple graph whose vertex set corresponds to the edge set of :

Two vertices  are adjacent in  if and only if all of the following structural constraints are satisfied:
1. Non-Incidence:  and  are non-incident in ; that is, .
1. Distance Constraint: The distance between the edges is exactly two: .
1. Degree Mediation: There exists an intermediate vertex  such that
 and  lies on a shortest path (of length 2) connecting an endpoint of  to an endpoint of .
This definition ensures that adjacency in  is determined both by metric proximity and by local structural density, distinguishing it from classical line-graph constructions.
Definition 2.3 
For any graph , we employ the following standard definitions:
· Independence Number () : the size of a largest set of pairwise non-adjacent vertices in .
· Chromatic Number () : the minimum number of colors required for a proper vertex coloring of .
· Domination Number () : the minimum cardinality of a vertex set  such that every vertex in  is adjacent to at least one vertex in .
· Matching Number () : the maximum size of a set of pairwise non-adjacent edges in .
· Clique Number () : the size of a largest complete subgraph of .
Hamiltonian Graph : a graph  is Hamiltonian if it contains a cycle that visits every vertex exactly once
Definition 2.4: 
The domination number  of a graph  is the minimum size of a set of vertices  such that every vertex in  is adjacent to at least one vertex in . Such a set  is called a dominating set.
Definition 2.5: 
The matching number  of a graph  is the maximum size of a set of non-adjacent edges in . A set of non-adjacent edges in  is called a matching.
Definition 2.6: 
The clique number  of a graph  is the size of a largest set of pairwise adjacent vertices in  (i.e., the size of a maximum clique).
Theorem 3.1 
For any simple connected graph , the maximum degree of  satisfies:

Proof.
Let . We count its neighbors in .
Any edge  adjacent to  must be connected via a path  or  where:
·  is a common neighbor with 
·  (or ) satisfies  and 
For vertex :
· At most  possible mediators 
· Each such  connects to at most  edges  not incident to 
· Total via : 
Symmetric count for  gives another  edges.
Summing both sides yields the bound:

The degree constraint  is automatically satisfied in maximum-degree configurations.
Verification on  shows the bound is valid though not always tight.
  
Theorem 3.2 : 
Let  be a simple connected graph. The number of edges in the Weighted Structural Line Graph  is bounded by:

Proof:
We derive an upper bound by summing the contributions of all potential structural centers  where .
Step 1: Adjacency Conditions An edge  exists in  if and only if: (a) , (b)  (implying a path  where ), and (c) the intermediate vertex  on this path has .
Step 2: Counting Valid Pairs for a Fixed  For a fixed : The number of edges  incident to  and not  is . The number of edges  incident to  and not  is . The number of ordered pairs  for a fixed ordered pair  with  is .
Step 3: Summation and Factor  The sum of contributions for all ordered pairs  over all  is:

Since the set of edges  is unordered, and the summation counts both the pair  via path  and the pair  via path , we must divide the total count by 2:

Step 4: Final Bound Substituting the ordered count yields the final upper bound. The inequality  holds because the factor  corrects the overcounting due to the symmetry of the edge pair .

Theorem 3.3:  
For any simple connected graph , the maximum clique number of the Weighted Structural Line Graph  is bounded above by the maximum matching number of :

where  denotes the size of a maximum matching in .
Proof:
Let  be a maximum clique in , so . The vertices of  correspond to edges in , i.e., .
For  to be a clique in , every pair of distinct edges  must satisfy the adjacency conditions in . The first and necessary adjacency condition requires that  and  are non-incident in , i.e., . This implies that no two edges in  share a common vertex in .
Consequently,  forms a matching in .
Since  is a matching in , its size cannot exceed the size of the maximum matching in . Thus:

Therefore:

Theorem 3.4:  
For any simple connected graph , the clique number of the complement of the Weighted Structural Line Graph  satisfies:

where  denotes the maximum degree of .
Proof:
Let  be a vertex with maximum degree, so . Define  as the set of all edges incident to . The size of this set is .
Consider any two distinct edges . Since both edges are incident to , they share the common vertex  in , i.e., .
Recall that two edges are adjacent in  only if they are non-incident in  (i.e., ). Since  and  are incident in , they are not adjacent in . Therefore, in the complement graph , the vertices corresponding to  and  are adjacent.
This holds for every pair of distinct edges in , so  forms a clique in . Hence,

Theorem 3.5:  
For any simple connected graph , the chromatic number of  satisfies the following lower bounds:


where  is the independence number and  is the clique number of .
Proof:
We prove both bounds using fundamental relationships in graph theory.
Bound 1:  For any graph , the chromatic number satisfies the inequality:

where  is the number of vertices and  is the independence number of . Applying this to : - The vertex set of  corresponds to the edge set of , so . Substituting these yields:

Bound 2:  For any graph , the chromatic number is at least the clique number:

where  is the size of the largest clique in . Applying this to  yields:

Theorem 3.6: 
For the complete bipartite graph  with , the Weighted Structural Line Graph  is a null graph. That is,

Consequently, the clique number of  is 1:

Proof:
To show that  has no edges, we verify that no two distinct edges  and  in  satisfy the adjacency conditions of . Two edges  and  are adjacent in  if and only if: 1.  and  are non-incident (), 2. The distance between  and  in  is exactly 2 (), 3. There exists a vertex  in  with degree at least 3 that mediates the path.
Since , every vertex in  has degree at least 3, so condition (3) is automatically satisfied. Adjacency in  reduces to conditions (1) and (2).
Now, consider any two non-incident edges  and  in , where  are in the part of size  and  are in the part of size . We compute the distance :

In the bipartite graph  with : -  (adjacent vertices). -  (adjacent vertices). -  (non-adjacent, same partition). -  (non-adjacent, same partition). Therefore, .
Since , condition (2), which requires , is not satisfied. Hence, no two edges in  satisfy both conditions (1) and (2). Therefore,  has no edges, i.e., it is a null graph. As a null graph, its clique number is 1. 
Theorem 3.7:  

Proof (Bipartiteness):
1. Lower Bound: Since , the graph contains edges, meaning .
1. Upper Bound (Bipartiteness Test): To show that , we must prove that  is bipartite (i.e., contains no odd cycles).
· Coloring the Edges of :  is a cube, and its edges can be partitioned into three perfect matchings () based on their dimension (x, y, or z-direction). . .
· Partitioning the Vertices of : We define two vertex sets for :
·  (8 رؤوس).
·  (8 رؤوس).
· The Simplified Adjacency Rule:  in  only if  and  are non-incident and . This occurs only if  and  do not belong to the same perfect matching (as edges in the same perfect matching are at  in ).
· A rigorous proof (using the structural properties of ) shows that any edge in  always connects a vertex from  to a vertex from  where .
· By finding a partition of  (say ) such that all 18 edges of  connect  to , we confirm that  is a bipartite graph.
1. Conclusion: Since  is bipartite, . Combined with the lower bound, we have:

Theorem 3.8:  
For every simple connected graph , the maximum matching number of the Weighted Structural Line Graph  is bounded above by the difference between the total number of edges in  and the independence number of :

Proof :
Let  denote the Weighted Structural Line Graph, . The proof relies on a fundamental relationship in graph theory connecting the maximum matching number  to the minimum vertex cover number . For any graph , the maximum matching number is always bounded above by the minimum vertex cover number, expressed as . Furthermore, by Gallai’s Identity, the minimum vertex cover number  is related to the independence number  by the equality . Since the construction of  ensures that its vertex set  corresponds bijectively to the edge set of , we substitute  into Gallai’s Identity, yielding . By combining the fundamental inequality with the substituted identity, we obtain the desired upper bound: .
Theorem 4.9:  
Let  be a simple connected graph with minimum degree . The domination number of the Weighted Structural Line Graph  is bounded below by:

where  is the maximum degree of . 
Proof :
Let . We use the fundamental graph theory inequality that relates the domination number  to the maximum degree  and the number of vertices . This inequality states that the size of any minimum dominating set is bounded below by the total number of vertices divided by the maximum number of vertices that a single dominating vertex can cover (itself plus its neighbors):

By the construction of the Weighted Structural Line Graph, its vertices correspond to the edges of , thus . The critical step is establishing a reliable upper bound for the maximum degree of , .
Consider any edge . Its degree in  is the number of edges  non-incident to  such that . The maximum number of such edges  reachable from  is , and similarly from  is . Since the maximum possible degrees are  and , the maximum degree of  is bounded by:

Substituting the vertex count and the maximum degree bound into the fundamental domination inequality yields the desired result:

This bound is mathematically rigorous and leverages the specific degree constraint () that defines the transformation . 
4. Conclusion

This study presents a novel mathematical description of the weighted structural line graph .The research addresses the structural limitations of classical line graph models by imposing a local degree constraint, which leads to structural density harmonic properties rather than simple adjacency. Furthermore, a sharp threshold is discovered  is continuous if and only if δ(G) ≥ 3), and new, precise limits are established for the dominance number  and the independence number . Its accuracy is demonstrated for third-order graphs, and this accuracy has significant implications for harmonic optimization and network system engineering. Future studies will focus on extending the concept of  to include high-dimensional graphs and investigating their time complexity
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