UNDER PEER REVI EW

A Unified Framework for Generalized Hardy-type
Inequalities on Time Scales

Abstract: This paper presents weighted Hardy-type inequalities established within the
framework of time scale calculus. By employing Holder’s inequality as an analytical tool,
we derive refined inequalities that extend classical Hardy results to a more general and
unified setting. The approach relies on suitable generalizations of Opial-type inequalities
on time scales, allowing the treatment of continuous and discrete cases under a single
structure. Furthermore, the inequalities may serve as useful tools in the qualitative anal-
ysis of dynamic equations, particularly in studying boundedness, oscillation and stability
properties of solutions on arbitrary time scales.

Keywords: Hardy-type inequalities, Continuous functions, Weighted functions, Hélder’s

inequality.

1 INTRODUCTION

Result in [9] states that if f(z) is a non—negative p-integrable function defined on (0, c0),

and p > 1. Then f integrable over the interval (0,z) for each x and the following

/Ooo (i /Ox f(t)dt)pd:c < (ﬁ)p/ooo F2(x)da (1.1)

P
holds, where (;&) is the best possible constant. Inequality (1.1) is called the continuous

inequality:

Hardy inequality.
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In [8], the discrete version of (1.1) states that: if 1 < p < oo, A, =D 1_, ak, a, = {ax}

is a sequence of non-negative real numbers and C, > 0, then

i %An "< Cpi lan]” . (1.2)
n=1 n=1

The summary of Hardy inequalities with weighted functions could be sourced from ([1],
2], [11], [14] and [16]) and the references therein.

(1.1) was extended to the form

/(] f<t>ozt)7mgc)dx)i <o/ fﬂ(@y(@dxf , 13

with «, # real numbers, satisfying o < 8, and p, v are positive and measurable functions
in the interval (o, §), p, v are parameters satisfying 0 < v < oo and 1 < p < 0.

[3] proved some Hardy—type inequalities of the form

[ o) ([ ) ar< | () ) (1.4)

where 1 and ¢ satisfy the differential equation

d I\ -
@@ (y) ) + by (z) = 0. (1.5)
In time scales analysis, [6 & 7] summarized and organized the time scale calculus.

[14] pioneered the time scales version of Hardy inequality in an attempt to unify and

extend the classical Hardy integral inequality and the discrete Hardy inequality by means

of the theory of time scales and obtained the following result:

[y ey [rom o

where p > 1, F(z) := [; f(t)At and f is a non—negative function.

Time scale calculus was initiated by [10] in order to create a theory that can unify discrete
and continuous analysis. A time scale is an arbitrary non—empty closed subset of the
real numbers. The three most popular examples of time scale calculus are differential

calculus, difference calculus and quantum calculus, that is T=R, T =N, T =¢% =

2
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{¢" : t € Ny}, where ¢ > 1

Delta derivative f for a function f defined on T as:

(i) f2 = f' is the usual derivative if T = R; and

(ii) f2 = Af is the usual forward difference operator if T = Z.

We shall assume throughout this article that time scale T has the topology that it inherits
from the real numbers with the standard topology.

In this paper our aim is to establish some inequalities with weighted functions of Hardy-
type which are proved using Hoélder’s inequality on time scales via some generalizations

of Opial inequalities.
2 MAIN RESULTS

The main results will be proved by Hélder’s inequality on time scale as expressed in [4]

/f |f(x)g(2)| Az < Mﬁu(x)vmr [/jw(x)pmr’ @.1)

where o, € T and f,g € C.q(I,R), p>1and 1/p+ 1/ = 1. Also, by [15] which states
that if f is absolutely continuous on [o, f] and f(«) = f(5) = 0, then

/aﬁ | f ()] ‘f/(x)‘dx < 5;04 /aﬁ

with a best constant 1/4. Opial inequality had already been simplified by [12], it is proved

states that

/

f(x)

)2 dz, (2.2)

that if f is real and absolutely continuous on (o, ) and with f(a) =0 and T = R, then

[ uilr@]a<d [

In this paper, all functions are assumed to be positive and measurable and all integrals

f'(:c)‘zdx (2.3)

exist and finite.

Theorem 2.1. Let T be time scale with o, € T. Assume that 1, ¢ be positive rd—
continuous functions on (o, B)r. If f: [a, /|N'T — RY with f(a) = f(8) =0. Then

(/jm) (/a f(t)m) Ax>2 < j %m (Aﬁ¢(x)(f(x))2A) , (2.4)

3
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for all functions f > 0, where

B
_ / W(z) Az, (2.5)

Proof: Let F(z) = [” f(t)At. Since F(a) = 0 and F'(z) = f(z), we have

/a () ( /a ' f(t)At) Ax = / (@) F(a)Ar. (2.6)

Integrating by parts the R.H.S., we have

/ (/ f(t At) Ar = —V(z, 5)F ()|ﬁ+/ﬂqf(m,5)F’(x)Ax. (2.7)

«

By the assumptions ¥(3, ) = 0 and F(«), we have

/j@b(a:) (/;f(t)m) Az :/f\If(;n,ﬁ)F'(x)Ax.

= B\Iﬂ(%ﬁ) 2 F (2)Az
/a VI @A

Applying the inequality (2.1) with p = v = 2, we have

[l s ([ s ([eorors
_ ( / ’ %A) ( / Bcb(x)(f(x))%x)% -

Theorem 2.2. Let T be time scale with o, B € T. Assume that 1) be positive rd—continuous

(2.8)

Hence, the proof is complete.

functions on («, B)r. Then

/ (/ f(t At) Az < (B —a aiggﬁ(/ Y(w Ax)/ (2))?Az,  (2.10)

for all functions f > 0, where

B
x, B) :/ (x)Ax. (2.11)
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Proof: Let F(z) = [” f(t)At. Since F(a) = 0 and F' (z) = f(z), we have

/jw(az) (/;f(t)Atf Az = /jw(w)FQ(x)Aa:. (2.12)

Integrating by parts the R.H.S., we have

/fwx) (/:f(t)At>2 Ax = —V(z, B)F*(z)|] + 2/5 U(x, B)F(2)F (z)Az.  (2.13)

(67

By the assumptions ¥(3, 8) = 0 and F(«), we have

/f Y() (/; f(t)At>2 Az =2 /j U(z, B)F(2)F (z)Ax.

, (2.14)
<2 sup \If(:l:,ﬁ)/ VF(2)F'(2)Ax.
a<z<f o
Applying the inequality (2.3) with F'(a) = 0, we have
B z 2 B
/ (x) (/ f(t)At) Az < (B —«) sup \I/(a:,ﬁ)/ (F/(:L‘)>2AZL‘.
- - asess . (2.15)

—(B-a) sup U(z,B) ( / " f(x))%x) |

a<z<f

Hence, the proof is complete.

Remark 2.1. Applying a generalization of inequality (2.3) due to [4] to prove a new
inequality of Hardy’s type. The inequality due Beesack states that:

Theorem 2.3. Let T be time scale with o, 5 € T. If f is an absolutely continuous functions

on |a, B] with f(a) = f(B) =0 then

[wen|rwarsy [Tot [valrof ar (216)

where () is positive and continuous with | f At/r(t) < oo.

Proof: Using this inequality on the term

B , B ,
2/ U(z, B)F(x)F (x)Azx <2 sup \If(x,ﬁ)/ VF(x)F (z)Az, (2.17)

a<z<f
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we obtain
QAﬁW(x,B)F(x)F'(x)Ax < 2;1;5[3\1:(@@% /j %) /j () (F’(x))QAa;.
= s v ([ 25) [ o uwrar

(2.18)
Remark 2.2. Using this inequality (2.18) and as in the proof of Theorem 2.2 we have
p v Ax
(x) f(t)At Aaz < sup VU(z (b Az. (2.19)
a «a a<z<f
Hence, the proof is complete.

Theorem 2.4. Let T be time scale with o, € T. Assume that ¥, ¢ be positive rd-
continuous functions on (e, ). If f: [a, /)N'T — RT with f(a) = f(B) = 0. Then

B z B Ax
/ () (/ f(t)At> Az < sup Y(a,z </ )/ o(z Az. (2.20)
« « a<z<f
for all functions f > 0.
If we apply [12] inequality, which states that:

Theorem 2.5. Let T be time scale with o, B € T. Let f be absolutely continuous function
on [a, 8] with f(a) = f(8) =0, then

/flf(t)! \f’(t)\m < % </f (ﬁ)ﬂ At)i (/jz/z(t) \f’(t)‘”&)i, (2.21)

where [7(1/6()), p>1and L +1 =1,

Proof: Using inequality (2.21) on the term sup,.,.5 ¥(7,3) fﬁ (x)Az, we

have

B B
2/ U(z, B)F(x)F ()Azx < 2 sup \I’(as,ﬁ)/ F(x)F (z)Ax

a<z<f

< sup ¥z, ) (/j (@)pl Ax)i (/f 6(z) (F'(x)YAx)z (2.22)

2

~ s Vo) ( / i (ﬁ) Ax) ; ( f o) f(@)ae)
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Remark 2.3. Using the inequality (2.22) and proceed as in the proof of Theorem 2.2,

we have the following results:

Theorem 2.6. Let T be time scale with o, B € T. Let f be absolutely continuous function
on |a, B] and p > 1 such that % + % = 1. Then

2
P

/f v ([ 1 <t>N)2 Ars e, @ h) </B (5) Aw)
) ( / ’ ¢<x><f<x>>w)

(2.23)

20

for all functions f > 0.

Theorem 2.7. Let T be time scale with o, € T. Let 1 be positive and continuous

. B -1 1,1
function on o, 8] and p > 1 such that where [ (1/¥(a,z))’"! < oo, p>1 and st =1
Then

(2.24)

[ ([ o) s ([ () ")
< ([ owrswran)’

for all functions f > 0.
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