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ABSTRACT

	In this work, shifted Chebyshev polynomials of the second kind and the variational iteration approach (VIA) are used to numerically solve fourth order Volterra integro-differential equations. The suggested method is then applied, and the trial functions for the approximation are the shifted Chebyshev polynomials of the second kind produced for the specified Volterra integro-differential equation. The importance of the proposed approach therefore most likely extends beyond a specific equation or application since it advances the broader domain of mathematical modeling and numerical analysis. The goal of research methodologies that combine a basis function and variational iteration approach (VIA) is to offer universal procedures that may be used to solve a variety of problems. To further demonstrate the reliability and applicability of the suggested method, four numerical examples were presented. The numerical outcome shows that the suggested technique outperforms method in literature. The Maple 18 software was used to perform the mathematical calculations. 
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1. INTRODUCTION 

The volterra integro-differential equation has been a topic of interest in many fields of science and engineering, including fluid dynamics. Nevertheless, volterra integro-differential equations are modeled to address problems with ordinary differential equations or partial differential equations with boundary and initial conditions. Thus far, numerical techniques have been employed to investigate the solution of the Volterra integro-differential equation. Through the use of the Legendre polynomial basis function, the Volterra integro-differential equation was solved using the collocation method (Olayiwola et al., 2020), yielding results for N=2,3,4,5,7,10. Also, (Wazwaz, 2011) used the Variational Iteration Method and the Adomian Decomposition Method to examine these problems in his text titled "Linear and Non-Linear Equation". The numerical solution of the Volterra integro-differential equation was investigated using a variety of collocation techniques (Adesanya et al., 2019; Agbolade, & Anake, 2017), including the Chebyshev-Galerkin approach (Ajileye et al., 2022), Bernoulli matrix technique (Bhraway et al., 2012), Differential transform methods (Ercan & Kharerah, 2013), Pseudo spectral Method (El-kady & Biomy, 2010), and Bernstein Polynomials technique (Fadugba, 2019; Issa & Saleh, 2017). The linear multistep method was also used to find the solution of the problem under study by (Mehdiyeva et al., 2019). Furthermore, (Afrouzi et al., 2011) utilized the modified homotopy perturbation approach to deal with numerical solutions of Volterra integro- differential equations of fourth order. offered a useful numerical method for solving Volterra integro-differential equations with power series as a basis function. They were able to produce a result for N = 4, 5, and 7. After applying the power series approximation to the problem, he incorporated it into the class of integro-differential equations that were being studied. The results for a few numerical examples show how effective the proposed method is. The present study generates approximate solutions for fourth order Volterra integro-differential equations using VIA combined with shifted Chebyshev polynomials of the second kind. The suggested method works well, and the initial results are reassuring and dependable.

2. MATERIALS AND METHOD

[bookmark: _Hlk216049860]2.1 CHEBYSHEV POLYNOMIALS OF THE SECOND KIND

[bookmark: _Hlk216049921]The second-kind Chebyshev polynomials are orthogonal polynomials in relation to the weight function:  .
The Chebyshev polynomials of the second kind is defined by
  with  and .
Therefore, the following are the first few Chebyshev polynomials of the second kind:
, ,                                                        (1)
[bookmark: _Hlk216049941]The second-kind shifted Chebyshev polynomials are orthogonal polynomials in relation to the weight function  with starting values  and .
This is defined by the relation .
Therefore, the following are the first few shifted Chebyshev polynomials of the second kind:
                                     (2) 

2.2 VARIATIONAL ITERATION APPROACH (VIA) WITH FOURTH ORDER VOLTERRA INTEGRO DIFFERENTIAL EQUATIONS
 
[bookmark: _Hlk216050006]The Volterra integro-differential equation shown below illustrates the fundamental concept of the approach.

                                                                                         (3)

[bookmark: _Hlk207826892]The unknown function is denoted as , while  is the Volterra integral kernel function and  is the known function. Using the variational iteration approach, we can develop the following correction functional:

              (4)                    

where  is a Lagrange multiplier that is best found by a variational iteration method. The subscript  denotes the  approximation, and  is considered a restricted variation. In other words,  and the relation (4) is called a correction functional. One iteration step can solve both linear and nonlinear problems since the Lagrange multiplier is precisely identified. It will be easy to generate each subsequent estimate of solution  by applying both the Langrange multiplier and our , as this method requires us to choose the Lagrange multiplier  ideally. The solution is provided by


A key factor in deciding how the problem will be resolved is the Lagrange multiplier, which has the following description.

 

[bookmark: _Hlk216050032]We assume an approximately correct solution of the kind (3) and (4).

 

Where  are shifted Chebyshev polynomials of the second sort,  are constants to be found, and N is the approximant degree. As a result, we get the iterative technique below:
                                           (5)               

2.3 CONVERGENCE OF THE METHOD

In this part, the convergence of the variational iteration approach employing Shifted Chebyshev Polynomials of the fourth kind will be discussed in relation to Banach's theorem. By using this method, the given differential equation is transformed into a set of function recurrences. The differential equation that is being given is presumed to have a solution at the limit of this sequence.

2.3.1 Theorem 

Given that : is a linear mapping and  be a Banach space, suppose
,  :                                                                   (6)
Then  has a unique fixed point. Hence, the sequence
                                                                                            (7)
with an arbitrary choice of  converges to the fixed point of  and we have that



                                                       (8)
Where , with the assumption that  This gives   as  and hence the sequence  is Cauchy. Since  is a Banach space, the sequence converges to a fixed point. By using linear mapping and Theorem 2.3.1, we have that

              (9)
and this is an essential requirement for the convergence of the variational iteration approach, which employs Shifted Chebyshev Polynomials of the second sort and is strictly a contraction on . The sequence (7) in the sequel converges to a fixed point of , which is also a solution to (3).


3. TEST PROBLEMS

In this section, we tackle four problems using the framework that was provided. Furthermore, measurable results show how accurate and successful the recommended approach is.

Example 3.1 [17]: Reference considers the fourth order Volterra-integro differential equation
	                                                (10)	
With initial conditions
		                                                (11)                                          
The exact solution for the problem is .

Solution

The correction functional for the fourth-order Volterra integro-differential equations (10) and (11) is as follows:
 
Where  represents the Lagrange multiplier.
By combining the variational iteration approach with second-kind shifted Chebyshev polynomials, we presume an approximate solution of the following type:

 
Hence, we get the following iterative formula:
 
As a result of (2), iterating, and applying the boundary conditions (11), the values of the unknown constants can be determined as follows:

Consequently, the series solution is given as


Example 3.2 [17]: Reference considers the fourth order Volterra integro differential equation
	                              (12)	
With initial conditions
		                              (13)                                          
The exact solution for the problem is .

Solution
The correction functional for the fourth-order Volterra integro-differential equations (12) and (13) is as follows:
 
Where  represents the Lagrange multiplier.
By combining the variational iteration approach with second-kind shifted Chebyshev polynomials, we presume an approximate solution of the following type:

 
Hence, we get the following iterative formula:
 
As a result of (2), iterating, and applying the boundary conditions (13), the values of the unknown constants can be determined as follows:


Consequently, the series solution is given as


Example 3.3 [17]: Reference considers the fourth order Volterra integro differential equation
	                                                        (14)	
With initial conditions
		                              (15)                                          
The exact solution for the problem is .
Solution
The correction functional for the fourth-order Volterra integro-differential equations (14) and (15) is as follows:
 
Where  represents the Lagrange multiplier.
By combining the variational iteration approach with second-kind shifted Chebyshev polynomials, we presume an approximate solution of the following type:

 
Hence, we get the following iterative formula:
 
As a result of (2), iterating, and applying the boundary conditions (15), the values of the unknown constants can be determined as follows:


Consequently, the series solution is given as


Example 3.4 [2, 18]: Reference considers the fourth order Volterra integro differential equation
	                                                               (16) With initial conditions
		                                     (17)                                          
The exact solution for the problem is .

Solution

The correction functional for the fourth-order Volterra integro-differential equations (16) and (17) is as follows:
 
Where  represents the Lagrange multiplier.
By combining the variational iteration approach with second-kind shifted Chebyshev polynomials, we presume an approximate solution of the following type:

 
Hence, we get the following iterative formula:
 
As a result of (2), iterating, and applying the boundary conditions (17), the values of the unknown constants can be determined as follows:


Consequently, the series solution is given as

	
4. results 

The proposed method is implemented on four test problems, and the numerical results are compared with existing methods in the literature and displayed in tabular form as follows:

Table 1. Comparison of numerical outcomes for example 3.1
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute error by MHPM
[17]

	0.0
	1.000000000
	1.000000000
	0.00000000e-0
	0.20000000e-8

	0.1
	1.110517092
	1.110431300
	0.85792000e-4
	0.16953616e-1

	0.2
	1.244280552
	1.244114815
	0.16573700e-3
	0.32409066e-1

	0.3
	1.404957642
	1.404723642
	0.23400000e-3
	0.45010795e-1

	0.4
	1.596729879
	1.596445074
	0.28480500e-3
	0.53608489e-1

	0.5
	1.824360636
	1.824048076
	0.31256000e-3
	0.57318664e-1

	0.6
	2.093271280
	2.092959094
	0.31218600e-3
	0.55594823e-1

	0.7
	2.409626895
	2.409347107
	0.27978800e-3
	0.48307176e-1

	0.8
	2.780432742
	2.780218898
	0.21384400e-3
	0.35833115e-1

	0.9
	3.213642800
	3.213525617
	0.11718300e-3
	0.19159753e-1



[image: ]

Table 2. Comparison of numerical outcomes for example 3.2
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute error by MHPM
[17]

	0.0
	1.000000000
	1.000000000
	0.0000000e-0
	0.0000000e-0

	0.1
	1.105170918
	1.105194998
	0.2408000e-4
	0.5983000e-4

	0.2
	1.221402758
	1.221591055
	0.1882970e-3
	0.4410270e-3

	0.3
	1.349858808
	1.350468584
	0.6097760e-3
	0.1350879e-2

	0.4
	1.491824698
	1.493180004
	0.1355306e-2
	0.2848471e-2

	0.5
	1.648721271
	1.651129367
	0.2408096e-2
	0.4814413e-2

	0.6
	1.822118800
	1.825746281
	0.3627481e-2
	0.6915389e-2

	0.7
	2.013752707
	2.018452925
	0.4700218e-2
	0.8562768e-2

	0.8
	2.225540928
	2.230622740
	0.5081812e-2
	0.8864426e-2

	0.9
	2.459603111
	2.463529085
	0.3925974e-2
	0.6568788e-2

	1.0
	2.718281828
	2.718281829
	0.1000000e-8
	0.2000000e-8
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Table 3. Comparison of numerical outcomes for example 3.3
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute error by MHPM
[17]

	0.00
	1.0000000000
	1.0000000000
	0.000000000e-0
	0.000000000e-0

	0.04
	0.9607894392
	0.9607894392
	0.000000000e-0
	0.212300000e-4

	0.08
	0.9231163464
	0.9231163464
	0.000000000e-0
	0.169065600e-3

	0.12
	0.8869204367
	0.8869204367
	0.000000000e-0
	0.568149900e-3

	0.16
	0.8521437890
	0.8521437890
	0.000000000e-0
	0.134130310e-2

	0.20
	0.8187307531
	0.8187307531
	0.000000000e-0
	0.260984490e-2

	0.24
	0.7866278611
	0.7866278610
	0.100000000e-9
	0.449388590e-2

	0.28
	0.7557837415
	0.7557837413
	0.200000000e-9
	0.711259400e-2

	0.32
	0.7261490371
	0.7261490365
	0.600000000e-9
	0.105844384e-1

	0.36
	0.6976763261
	0.6976763244
	0.170000000e-8
	0.150274129e-1
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Table 4. Comparison of numerical outcomes for example 3.4
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute error by
[18]

	0.0
	-1.00000000000
	-1.00000000000
	0.000000000e-00
	3.000000000e-10

	0.2
	-0.78139724700
	-0.78139724700
	0.000000000e-00
	5.100000000e-09

	0.4
	-0.53164265170
	-0.53164265170
	0.000000000e-00
	7.246000000e-07

	0.6
	-0.26069314150
	-0.26069314310
	1.600000000e-09
	1.294280000e-05

	0.8
	0.206493816e-1
	0.206493540e-1
	2.760000000e-08
	1.007233000e-04

	1.0
	0.30116867890
	0.30116843000
	2.489000000e-07
	4.962796000e-04
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5. DISCUSSION

The results obtained in this study clearly demonstrate that the combination of the Variational Iteration Approach (VIA) with shifted Chebyshev polynomials of the second kind is highly effective for solving fourth-order Volterra integro-differential equations. The method was tested on four numerical examples involving both linear and nonlinear equations, and the approximate solutions were compared with the exact solutions, as well as results from existing methods in the literature. In Example 1, the proposed method produced approximate values that were very close to the exact solution . The absolute errors were extremely small, mostly in the order of and , while the Modified Homotopy Perturbation Method (MHPM) generated much larger errors. This indicates that the present method provides a more accurate approximation and converges rapidly to the exact solution. For Example 2, the exact solution was . The approximate series solution obtained through the shifted Chebyshev-VIA technique closely matched the exact exponential function throughout the interval considered. The computed errors remained very small, and in almost all cases the proposed approach performed better than MHPM. This confirms the reliability and stability of the method even for nonlinear integro-differential equations. Example 3 further demonstrated the strength of the method. The approximate solution nearly coincided with the exact solution . The errors were almost zero for several values of , reaching magnitudes as low as . Compared with the existing method in the literature, the proposed technique achieved significantly higher accuracy. This excellent agreement shows that the method possesses strong convergence properties. In Example 4, the equation with exact solution  was solved successfully. Again, the numerical results agreed closely with the exact solution. The obtained errors were extremely small and much lower than those reported by earlier methods. This illustrates the capability of the proposed technique to handle oscillatory-type problems effectively.
6. Conclusion

This paper has investigated and effectively applied the variational iteration approach (VIA) employing Shifted Chebyshev Polynomials of the second kind to create numerical solutions for fourth order Volterra integro-differential equations. The solution method uses a variational iteration approach (VIA) with shifted second-kind Chebyshev polynomials. The graphical behavior between the exact and approximate solutions is displayed in Figure 1-4. For physical problems, this method yields more realistic and fast convergence of series solutions. As indicated in Tables 1, 2, 3, and 4, the recommended approach outperforms techniques discussed in the literature. Additionally, the numerical findings demonstrated that the proposed methodology is a mathematically efficient solution to the class of problems being considered.
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Fig. 1. Graphical behaviour of exact and approximate solutions for example 3.1
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Fig. 2. Graphical behaviour of exact and approximate solutions for example 3.2
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Fig. 3. Graphical behaviour of exact and approximate solutions for example 3.3
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Fig. 4. Graphical behaviour of exact and approximate solutions for example 3.4





