


               Common Fixed-Point Theorems in Complete 2- Metric Space


ABSTRACT: This paper establishes fixed-point theorems in complete two metric spaces by extending the Banach contraction principle. It also demonstrates the existence of a common fixed point for two mappings that satisfy the commuting property, enhancing the applicability of fixed-point theory in generalized metric structures and providing useful results for further mathematical analysis and applications in various research fields and related studies. 
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1. INTRODUCTION: 
Fixed point theory aids in solving linear and nonlinear differential and integral equations, with applications in materials research, image processing, and phase transitions. Its extension to fuzzy 2- and 3-metric spaces supports decision-making under uncertainty. His contraction condition in the Banach contraction principle [1] has been generalized in many ways over the years, and the underlying metric space has likewise been extended to various generalized metric structures. In this paper, we establish several fixed-point theorems in complete 2-metric spaces, motivated by the work of G. Jungck [8] and based on the concept introduced by Shrivastava [9] for fixed point theorems in 2-metric spaces. Numerous authors have contributed results in this area [2, 3, 5,6,7]. 
2. PRELIMINARIES:
Definition 2.1: A 2-metric space is a space  in which for each triple of points  there exists a real function  such that
1. to each pair of distinct points  in 
            
2. If   Then at least two of  are equa
3. 
4. 
For all  in 
Function d is called 2-metric for the space  and  is called a 2-metric space.
Definition 2.2: A sequence in 2-metric space  is said to be convergent at       if   for all  in .
The point x is called limit of the sequence  in 

Definition 2.3: A sequence  in 2-metric space  is said to be Cauchy sequence if  for all  in .
Definition 2.4: A 2-metric space is said to be complete if every Cauchy sequence is convergent.
Definition 2.5: A 2-metric space is said to be weakly commuting if they satisfy following condition

3. MAIN RESULTS
Theorem 3.1:  Let  be a compete 2- metric space and F be a mapping of   into itself.  is real such that:
      (3.1)
With  
There exists a point  such that any sequence of iterates   has a subsequence  covering to . Then  is a unique fixed point.
Proof: Let  
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Then  is an iterative sequence. Now we have to show that  a Cauchy sequence 
 
                        

	            
 		

	             

    

 
	
     Let    
Then F is a contraction and hence continuous. So, we can write: 
 	 
Then using the above inequality for 
             
             
Thus, using the above inequality for 
Thus  is a Cauchy sequence in  and  converges to 
Now we prove that  is a fixed point of F.
i.e. 
We use continuity to prove this:

This shows that  is a fixed point of F for complete 2- metric spaces.
Now to prove the uniqueness. 
Let  be two fixed points of F. Then  and 
Now
           

	         
    
Since      hence 
  

Hence  is unique fixed point of F.

Theorem 3.2: Let  be a compete 2- metric space and F be a mapping of   into itself.  is real such that
								(3.2)
With 
There exist a point  such that any sequence of iterates   has a subsequence  covering to . Then  is a unique fixed point.
Proof: Let 
                  
                  
		…..
		……
	
Then  is an iterative sequence. Now we have to show that  a Cauchy sequence.
          
 
                                
	            
 		 
	             

    

 
	
     Let    
Then F is a contraction and hence continuous. So we can write 
 	 
Then using the above inequality for 
             
             
Thus using the above inequality for 
Thus  is a Cauchy sequence in  and  converges to 
Now we prove that  is a fixed point of F.
i.e. 
We use continuity to prove this

This shows that  is a fixed point of F for complete 2- metric spaces.
Now to prove the uniqueness. 
Let  be two fixed points of F. Then  and 
Now
           

	         
    
Since      hence  
 

Hence  is unique fixed point of F.

Theorem 3.3: Let  be two self-mapping of a complete 2-metric space  satisfying the following conditions Mappings are weakly commuting
                                 
 													(3.3)
With  and b is a real number. Then  have a unique common fixed point in 
Proof: Let  be an arbitrary point of . We define a sequence  by:
   and 











Again, choose  and 














Continue in this manner we get:
             

Where: 
From triangular inequality for




Thus,  is a Cauchy sequence in  and as  there is a point  in  such that  is converges to 
Next, we prove that  is a common fixed point of  and .
Again, choose  and 



Taking limit  in the above: 






Hence,

Since mappings are weakly commuting then 


Similarly, if we select  then we get 
Hence  is a common fixed point of  and 
To prove uniqueness, let  be another fixed point of   and .







Hence,

then, 

So  and  has a unique common fixed point. 
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