



A Posteriori Error Estimates for 
Finite Element Methods of Second-Order Elliptic Problems with Periodic Boundary Conditions




Abstract
This paper presents a reliable and efficient a posteriori error indicator for the eigenvalue problem of the Laplace operator subject to periodic boundary conditions. The proposed indicator decomposes the a posteriori error into element interior residuals and facet residuals. Theoretical analysis establishes that the indicator attains the optimal convergence order. Numerical experiments show that the four indicators  all exhibit second-order  convergence. Among them, the ​ indicator yields the smallest error over the full range of mesh sizes, demonstrating a distinct advantage in accuracy. The results provide numerical support for the selection of a posteriori error indicators and convergence verification in adaptive finite element methods for eigenvalue problems, and validate the theoretical reliability of a posteriori error estimates in adaptive mesh refinement.
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1 Introduction
Second-order elliptic periodic boundary value problems arise in various physical contexts involving periodic microstructures, including heat conduction and elasticity of composite materials, percolation in porous media, and electromagnetic or acoustic wave propagation in periodic structures such as photonic crystals. Despite their distinct physical backgrounds, these problems are mathematically unified as periodic boundary value problems for second-order elliptic equations, which serve as the fundamental model for describing diffusion, equilibrium, and steady-state processes in periodic media.
Solving such problems on periodic domains presents two major challenges in numerical solution and theoretical analysis. First, achieving high accuracy requires extremely fine mesh discretization, which leads to a significant increase in computational cost. Second, the mathematical treatment and convergence analysis of periodic boundary conditions are relatively complex.
To improve the efficiency of computing a posteriori error indicators, researchers have conducted extensive studies and made notable progress. Lin and Lin (2006) developed improved mesh discretization techniques in finite element methods, which provided a foundation for accurate numerical experiments. Cai (2010) proposed efficient approximation methods for elliptic partial differential equations with periodic boundary conditions. Schatz and Wahlbin (1995) contributed fundamental results to the derivation of finite element error indicators.
Although significant progress has been made in the theory of a posteriori error estimation for elliptic boundary value problems, existing results have primarily focused on Dirichlet or Neumann boundary conditions. For periodic boundary conditions, the lack of essential boundary constraints makes it difficult to directly apply boundary localization techniques in the construction of traditional residual-type estimators. The few existing studies addressing periodic problems either rely on Fourier spectral methods or require global high regularity of the solution, making them difficult to extend to unstructured meshes or problems with discontinuous coefficients. To address these research gaps, this paper systematically investigates finite element methods for second-order elliptic problems with periodic boundary conditions within the framework of periodic Sobolev spaces. An efficient a posteriori error estimation indicator is proposed, and a comprehensive analysis of the corresponding a posteriori error estimates is conducted.
Compared with existing works, the main contributions of this paper are as follows:
(1) Establishing a theoretical analysis system for second-order elliptic problems under periodic boundary conditions, including periodic Sobolev spaces, variational formulations, and finite element discretization;
(2) Constructing an a posteriori error estimator suitable for periodic boundary value problems and proving its reliability and efficiency;
(3) Presenting the convergence order analysis of the finite element solution and the a posteriori error estimates, improving the error theory for periodic problems;
(4) Verifying the correctness of the theoretical results and the efficiency of the proposed method through numerical experiments.
The remainder of this paper is organized as follows:Section 2 introduces the periodic eigenvalue problem, periodic Sobolev spaces, variational formulation and bilinear form, as well as finite element interpolation operators and interpolation error estimates;Section 3 presents the form of the a posteriori error indicator and proves its reliability and efficiency;Section 4 verifies the validity of the above theories and the expected convergence order through numerical experiments. 
2 Preliminaries
2.1 Periodic Eigenvalue Problem and Boundary Conditions
Consider the second-order elliptic periodic boundary value problem:

		
satisfy the periodic boundary conditions:

		







Among them, is a bounded domain, is a real-valued function, andis a positive definite scalar function. It satisfies that for any ,,, and .
2.2 Periodic Sobolev Spaces, Variational Formulation and Bilinear Form

Define the bilinear form

	











We denote by  the complex Sobolev space equipped with the norm . Here,  means that, in addition to satisfying the conditions of , the functions must also satisfy the periodic boundary conditions(2). Suppose now that , and the functions  are both bounded functions on the domain, i.e., . Under these assumptions,  is continuous on the space  and satisfies -ellipticity; that is, there exist constants such that the bilinear form  satisfies:
Continuity:

	
Ellipticity:

	

Then the variational formulation of problem (1) is: Find  such that

		



Here, . Since  and  are scalar functions and their forms are symmetric, we have:

	

Therefore, the bilinear form  is symmetric, i.e., self-adjoint.
2.3 Finite Element Spaces and Discrete Schemes




Under periodic boundary conditions, elliptic operators with smooth coefficients typically satisfy full elliptic regularity. This implies that if , then the solution . Since the source term , i.e., , we obtain the following regularity estimate:

	






Grid Partitioning: The domain  is divided into a set of rectangular elements , satisfying . The intersection of any two distinct elements is either empty, a common vertex, or a common edge. The grid is periodic-matched in the - and -directions, meaning the grid points on the left-right boundaries and top-bottom boundaries are in one-to-one correspondence.

Finite Element Space: Define the piecewise polynomial space as: 



Here,  denotes the space of polynomials of degree at most  on  (e.g., k=1 corresponds to the bilinear element space).

Discrete Scheme: The discrete scheme of (6) is: find ​ such that

		


Here, ​ denotes the finite element solution, and ​ is the space of continuous, piecewise linear functions that satisfy periodic boundary conditions.
2.4 Finite Element Interpolation Operators and Interpolation Error Estimates

Suppose . By the Lax-Milgram theorem, the variational forms (3) and (4) each admit a unique solution.

Now, define the interpolation operator​ as:

	


That is, the value of the interpolant  at each grid node is identical to that of the original function .

Local Form on Each Element: On each element , the finite element interpolation can be written as:

	








Here,  denotes the number of nodes of element , ​ is the  node of element , and ​ is the local nodal basis function associated with node ​. This basis function takes the value 1 at node  and 0 at all other nodes.
Now, define the global finite element interpolation operator as:

	

Here, ​ denotes the grid partition.



​ is the local interpolation: for any continuous function , it is defined on element  as:

	



Here,  are the local nodes on element , and  are the corresponding local nodal basis functions.

​ is the global interpolation:

	


Here, ​​ are the globally independent nodes, and  are the corresponding global nodal basis functions.

Local interpolation error estimate (on element ):



(a) -norm estimate: If , then there exists a constant  such that:

	




where  is a seminorm, ​ denotes the diameter of element , and the global ​.



(b) -norm estimate: If , then there exists a constant  such that:

	
By the Cea's lemma:

	


where  and  are the continuity constant and coercivity constant, respectively.



Here,  is the true solution of the variational form, ​ is the finite element solution, and ​ is the periodic finite element space. 




By Cea's lemma, to estimate , we only need to estimate the best approximation error . Since the interpolant  is an element of ​, we have:

	

Global -error estimate:



Suppose the true solution , and ​-type finite elements are used. Then there exists a constant  such that:

	


If the solution is sufficiently smooth , the convergence order is ;


If the solution is not smooth enough , the convergence order is limited by the smoothness of the solution itself, being .

Piecewise -error estimate:
By considering the local smoothness on each element, a more refined estimate can be obtained:

	

-error estimate:

By using the Aubin-Nitsche technique, we can obtain a sharper -error estimate:

	
Consider the following eigenvalue problem corresponding to the periodic boundary value problem (1):

		
which satisfies the periodic boundary condition (2).
Finite element discrete scheme:



The variational form of (5) is defined as follows: find  and a non-trivial function , such that for all :

		
The finite element approximation scheme of (6) is as follows:

find ​, such that

	

where ​ is the periodic finite element space.


Define the solution operator,

		

		




Here,  denotes the true solution  of the periodic boundary value problem, and denotes the numerical solution ​ obtained by the finite element method.


The corresponding equivalent operator form is as follows: find  and  such that

	

	


The finite element eigenvalue problem is equivalent to finding the eigenpair of the finite-dimensional operator ​.
3 A Posteriori Error Estimates

From this point onward, ​ linear elements are adopted, which belong to the bilinear element space.




-shape regularity: There exists a constant >0 such that for all elements ​ with nonempty intersection of their closures , the following inequality holds:





Further assumptions: The domain , the mesh partition ​ satisfies -shape regularity, and the polynomial degrees of adjacent elements are comparable.





Theorem3.1Assume that the mesh ​ is , and ​ linear elements are employed. Then there exists a constant  and an interpolation operator ​ such that the following estimates hold:

	

	








where ​ denotes the diameter of element , ​ denotes the length of edge , ​is an element patch covering element , and ​ is an edge patch covering edge .




Lemma 11: Let  be an edge of the reference element , and let  be a constant. Then there exists an extension function  satisfying:

	

and there exists a constant  such that the following norm estimate holds: 

	







Remark 3.1 Let  be the interpolation of  on the element  (with polynomial degree 1 in all directions, or of degree 1 in each direction), or the -projection of  onto the polynomial space of degree 1. For convenience of argument, we assume that  is an eigenpair of the eigenvalue problem (7) and  is the corresponding solution of the finite element approximation problem (8).
3.1 Posteriori Error Indicator

In this section, we introduce a residual-based a posteriori error indicator for the eigenvalue problem with periodic boundary conditions. The indicator measures the local and global discretization error of the finite element approximation ​ by decomposing the error into two components: the interior element residual and the edge residual.
For each element, the interior residual is defined as: 

	


where the elliptic differential operator ​ acting on the discrete solution ​ is defined by 

	




The interior residual ​ measures the local violation of the governing eigenvalue equation within element . A large value of ​ indicates that the discrete solution ​ poorly approximates the exact solution inside the element, reflecting insufficient resolution of the solution gradient or source term.
We define the local error indicator as the sum of two contributions:

	

where: the element-wise interior error contribution ​ is given by

	

which quantifies the error induced by the interior residual, weighted by the element diameter  to ensure consistency with the energy norm scaling.

The edge-based error contribution ​ is defined as

	


where the edge residual flux  is 







Here,  denotes the jump operator across inter-element edge , and ​ is the unit outward normal vector to . The term ​ aggregates the jump discontinuities in the normal flux across all edges of , weighted by the edge length ​, to quantify the error introduced by the lack of flux continuity between adjacent elements.
The global error indicator is obtained by summing the local indicators over all elements in the mesh:

	




Remark 3.2 When constructing the a posteriori error indicator, due to the imposition of periodic boundary conditions for the problem, boundaries satisfying the periodic equivalence relation shall be treated as a single physical boundary. Specifically, for a pair of periodic boundary edges  and  that are identified under the periodicity condition, the numerical fluxes ​ and  are merged into a single residual term, as the solution and its normal derivative are constrained to be equal across these edges. Consequently, when computing the element boundary residuals, the numerical fluxes and residual terms associated with this pair of periodic boundaries must be merged, ensuring that the periodic boundary conditions are strictly satisfied in the variational formulation of the error estimate. This treatment preserves the periodic symmetry in the error estimation, avoiding spurious contributions to the indicator from artificial boundary splits.


Theorem 3.1:There exists a constant , dependent on  , such that:

	



where, ,,



Proof: The  finite element space  is the piecewise linear continuous finite element space (is the mesh partition, functions are linear on each element, linear across elements).







Define the edge residual: Let  be the common edge of two adjacent elements  and , and let  be the unit normal vector of , pointing from  to . The edge residual describes the jump of the normal flux as:

	

Let . By ellipticity:

	




Take . Decompose  as: , where  is the Clement interpolation, satisfying:

	
Therefore:

		

For the first term  on the right-hand side of (9):

		

Applying integration by parts to :

		
Merging the boundary terms:

		

For the second term  on the right-hand side of (9):

		
Substituting (10) to (13) into (9):

	

Note that . Rearranging this gives:

		
Introduce the approximation operator and split the error, defining:

	

	

	
Replacing the exact operator with the approximate operator, on each element:  

	
On boundaries:  

	
Substituting (14):  

		
Rearranging (15) yields:  

		
Estimating each term:  
(a) Eigenvalue residual term:  

	
(b) Additional term:

	
(This term can be absorbed into the constant)  
(c) Element residual term:  

	
(d) Boundary jump term:  

	
(e) Element data error term:  

	
(f) Boundary data error term:

	
Substituting all estimates from (a) to (f) into (16) and using the Cauchy-Schwarz inequality and finite overlap property:  

	
Reorganizing the sums:  

	

	
Thus:

	
Proof completed.

Remark3.1:The proof of Theorem 12 establishes a reliable and efficient a posteriori error estimate for the finite element eigenvalue problem under periodic boundary conditions. By combining the element residual, edge jump residual, and data approximation terms, the estimator  effectively controls the energy norm error. The construction of the Clement-type interpolation and the use of local bubble functions ensure that the estimate is both locally computable and robust with respect to mesh geometry and polynomial degree variation. This result forms the theoretical foundation for the adaptive refinement strategy proposed in the subsequent sections.

Lemma 3.1: There exists a constant  such that:  

	


where  is the patch consisting of element  and all its direct neighboring elements,  

	






Proof: Construct a bubble function: , satisfying: ,  is positive inside  and zero on . For any , we have the inverse estimates:  

	

	
Define the test function:  

	

It is clear that . Substitute into the error equation:  

	

Apply integration by parts to the second term on the right-hand side over element :  

	


Here, the boundary term vanishes because  and is zero on .  
Therefore: 

	
 Substituting into the error equation:  

		

Decompose :  

	
Substitute into (17):  

		
Estimate each term:  
(a) Left-hand side term:

	
By the inverse estimate:

	
And:  

	
Thus:  

		

(b) For the first term on the right-hand side, since , we have:  

		
(c) The second term on the right-hand side:

		
Substituting (19) to (201 into (18): 



Dividing both sides by :  

	

Multiplying by : 

	
Squaring and adjusting constants:  

	
Proof completed.

Theorem 3.2: There exists a constant  such that:  

	



Proof: Construct an extension function for each edge: For each edge  of element , identify the patch :  



If  is an interior edge (), set .  


[bookmark: _Hlk218783547]If  is a periodic boundary edge, set .  




[bookmark: _Hlk218783639][bookmark: _Hlk218783656][bookmark: _Hlk218783675][bookmark: _Hlk218783698]Construct : Since in the P1 element  is constant on edge , there exists an extension function   satisfying:  

	
and having the following norm estimates:

		

		



Extend  by zero to , then .

Regarding the construction of : 

	

For an interior edge :  

	

Since the true flux is continuous: , we have:  

		
For the first term on the right-hand side above:  

		


For the interior edge , where :  

On :

	

On :  

	


After summation, since  vanishes on , all boundary terms disappear:  

	
Thus, equation (25) is transformed into  

		
Using the equation relationship:

	
Substituting (26) and taking the absolute value:

		
Substituting the extended function norm estimates and inserting (22)(23) into (27):

		 
From (24)(25)(28):

		

Dividing both sides of (29) by ​​:

	

Now we handle the first term: By the inverse estimate ,and

	
Thus:

	




Note that  is the data approximation error, which can be absorbed into the  term (since  includes ).
Combining constants, we obtain:

	
Further transformation yields:

	


Summing over all edges  of element :

	


Since  and , we obtain:

	
Proof completed.






Remark3.2: This theorem extends the local residual analysis (from Lemma 3.1) to the edge-based residual​by constructing ​-regular extension functions over edge patches  (tailored for interior/periodic edges), which bridge edge residuals to volume errors while avoiding boundary term artifacts. By absorbing data approximation errors (e.g., ) into the operator and right-hand side term , the final estimate unifies volume and edge residual contributions, establishing ​ as a valid edge error indicator.

Theorem 3.3: There exists a constant C>0C>0 independent of  such that:

	


where ​ is the local patch consisting of the immediate neighbors of element .
4 Numerical Experiments

To verify the effectiveness of the proposed a posteriori error estimation method for elliptic periodic boundary value problems, numerical experiments are conducted in this section on the unit square domain . The computational domain is discretized using a uniform triangular mesh, as illustrated in Figure 1.
[image: ]
Fig. 1. Uniform triangular mesh discretization of the unit square domain for elliptic periodic eigenvalue problems




Numerical results are presented in the table. From the numerical results, it can be clearly seen that for all tested eigenvalues , the error decreases monotonically as the mesh is progressively refined. Taking ​ as an example, when the mesh size h decreases from 1/64 to 1/1024, the corresponding error decreases from 1.104854E-02 to 6.905340E-04, showing a significant improvement in accuracy. As the mesh is progressively refined, the error of all eigenvalues shows a regular decay, and the convergence rate approaches the optimal order of , which is completely consistent with the theoretical conclusion that the eigenvalue error is  for the second-order elliptic eigenvalue problem with periodic boundary conditions.
Table 1. Errors of the eigenvalues ​ during the successive refinement from k=6 to k=10.
	k
	6
	7
	8
	9
	10

	h
	1/64
	1/128
	1/256
	1/512
	1/1024

	
	error
	error
	error
	error
	error

	

	1.104854E-02
	 5.524272E-03
	2.762136E-03
	1.381068E-03
	6.905340E-04

	

	 1.364563E-01
	 6.822606E-02
	3.411277E-02
	1.705635E-02
	8.528173E-03

	

	 2.722713E-01
	 1.361200E-01
	6.805807E-02
	3.402879E-02
	1.701437E-02

	

	 5.442114E-01
	 2.720725E-01
	1.360321E-01
	6.801555E-02
	3.400771E-02


[image: ]
Fig. 2. The error convergence trends corresponding to the four eigenvalues in Table 1 reflect the optimal convergence order of .
Numerical experiments show that the proposed a posteriori error estimation for the second-order elliptic periodic boundary value problem effectively evaluates the numerical accuracy and reliability of the finite element solution. The numerical error decays regularly with successive mesh refinement, while maintaining the optimal convergence order, which is in good agreement with the theoretical convergence analysis. The present method provides reliable error control and is suitable for high-precision numerical computation of periodic elliptic problems.
5 Conclusion
For second-order elliptic problems with periodic boundary conditions, this paper presents a complete residual-based a posteriori error estimation, which provides a computable error measure for the corresponding finite element approximation. By properly handling the fluxes and residuals on periodic boundaries, the derived error estimation is consistent within the variational framework and is suitable for numerical simulations of typical periodic structures. The estimator can be directly applied to adaptive mesh computations, allowing for the control of solution accuracy while optimizing computational resources, thus offering a practical tool for the numerical analysis and simulation of related periodic problems.
6 Future Work and Suggestions
While the proposed a posteriori error estimator is reliable and efficient for second-order elliptic problems with periodic boundary conditions, further research is still needed.
First, extending the framework to three-dimensional problems is a natural next step. Many practical applications, such as metamaterial and photonic crystal analysis, involve complex 3D periodic structures that require efficient error control.
Second, this work only considers conforming finite element methods. Developing similar estimators for nonconforming and discontinuous Galerkin methods under periodic boundary conditions would expand the method’s applicability, especially for problems needing flexible mesh generation.
Third, the analysis can be extended to problems with variable or discontinuous coefficients, which are common in composite materials and heterogeneous media. Studying the estimator’s robustness in these cases is an important future direction.
Finally, integrating the error estimator into adaptive mesh refinement algorithms would allow fully automated, accuracy-guaranteed simulations, supporting large-scale periodic problem solving in engineering and physics.
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