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ABSTRACT : 
The degree of approximation is an important concept in many areas of mathematics, especially in mathematical modeling and scientific computing, where accurate approximations are necessary for dependable predictions and simulations. In this work, we establish a new theorem for estimating the degree of approximation of functions belonging to the Lipschitz class by applying a product summability technique   to their associated Fourier series.  The results provide improved convergence behavior and sharper error estimates compared with classical single summability techniques. Such studies are valuable for advancing theoretical developments in harmonic analysis and summability theory, which have various  applications in signal processing, numerical analysis, and mathematical modeling. 
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1.INTRODUCTION
Function approximation plays a central role in mathematical analysis, particularly in the field of Fourier analysis. In recent years, summability methods have attracted considerable attention due to their ability to improve the convergence behavior of Fourier series. The current paper shows the degree of approximation of Lipschitz functions using a product summability method. The functions, which are characterized by their regularity and controlled variation, form an important class for approximation studies. By applying product summability techniques, we aim to obtain more precise results than those achieved through classical summation methods.
The analysis presented in this work provides new insights into convergence rates and error estimates in function approximation. To address these approximation problems, we have developed stronger and more reliable summability techniques, among which product summability has proven to be particularly effective. One such powerful approach is the (C,1)(E,1) method, where a series is subjected to multiple layers of transformation. These methods significantly enhance the convergence of Fourier series and yield improved approximations, especially for functions belonging to the class Lip(α,p). Moreover, this approach ensures better stability and smoother convergence behavior, reducing oscillations and approximation errors. As a result, it offers a more efficient framework for studying the approximation of functions with limited smoothness and controlled growth conditions and also strengthens its theoretical importance and practical applicability.
In modern analysis, the study of approximation is closely connected with understanding how well a function can be represented by simpler or more structured expressions. Fourier series provide a powerful tool for representing periodic functions, yet their convergence is not always guaranteed in the classical sense. This limitation motivates the use of alternative summability methods that refine or modify partial sums. Product summability methods combine different transformation techniques to enhance convergence properties. Such combinations often produce stronger approximation results than single summability procedures.
Lipschitz functions, due to their bounded rate of change, serve as a natural setting for examining approximation behavior. Their controlled smoothness allows for the derivation of meaningful error bounds. In particular, the class Lip(α,p) captures both regularity and integrability conditions, making it suitable for detailed quantitative analysis. The degree of approximation depends heavily on the smoothness parameter α and the integrability index p. By incorporating product summability, we obtain sharper inequalities that relate approximation error directly to these parameters.
Another important aspect of this study is the measurement of approximation in appropriate normed spaces. Norm-based analysis allows us to quantify the deviation between a function and its approximating sums. The use of Lp norms provides flexibility in handling different levels of smoothness and variability. Through careful estimation techniques, we establish upper bounds for the approximation error. These bounds demonstrate the effectiveness of the (C,1)(E,1) method in controlling convergence behavior.
Furthermore, the product summability approach reduces the Gibbs phenomenon, which commonly appears near points of discontinuity. Although Lipschitz functions are continuous, their derivatives may not be smooth, leading to oscillatory behavior in partial sums. By applying layered transformations, oscillations are significantly minimized. This results in approximations that converge more uniformly across the domain. Consequently, the method enhances both theoretical clarity and computational stability.
The results obtained in this paper contribute to the broader theory of summability and approximation. They extend classical results by providing refined estimates under more general conditions. In addition, the techniques developed here can be adapted to other summability methods and function spaces. The framework may also inspire further research in harmonic analysis and numerical approximation. Overall, this work emphasizes the importance of combining summability techniques to achieve stronger convergence results.

2.LITERATURE REVIEW.
Work carried out  by   many mathematician in the field of approximation theory and its applications . Earlier efforts were made  by  Hardy [1] in his  evergreen book Divergent Series . Alexits [2] who proposed more general approaches to convergence. These frameworks consider the behavior of a series in the context of more general limiting processes instead of considering the question of whether a series converges or not in the traditional sense. This new view enables us to give some of the divergent series a meaning, and use it as an approximation. Subsequently, this case has brought significant changes in the theory of summability. Among the contributions, Waterman [3] contributed to the summability of Fourier series . Later, Nigam and Sharma[4] examined degree of approximation of a function by product means of Fourier series and Singh [5] examined Norlund methods, which advance the knowledge of approximation. Researchers like Paikray [6], Jati [7]and Misra & Misra[8] have in recent years come up with new matrix based summability techniques. These tend to be quasi-monotone sequences and other special tools to enhance the approximation by fourier series of functions. Then Dikshit [9],McFadden [10], Pati [11] are investigating properties and implication of absolutely convergence and non-absolute convergence of series. Other significant work is the work by Nigam and Sharma [12],who examined the way product means could help to improve approximation results. Meanwhile the classical of Titchmarsh [13] and Zygmund [14] still remains a textbook in the theory of trigonometric series. An important point of development in contemporary approximation theory is a study by Qureshi [15] who introduced spaces of Lipschitz whose study has led to the innovation of new directions. Based on this, Nigam [16] ,have given more insights by applying the Lipschitz function in order to get a clear insight on the level of approximation in mathematical analysis.Jena[17] gives more accurate result by using product method.Later  Mishra et al (18)and Jena LD et al(19) explores the idea of absolute summability.Prasad (20) and Chandra (21)  gives some idea about summability of Fourier series.Chandra Prem.(22) reveals Trigonometry  approximation of functions in r. Recent Jena B.B (23) obtained a result On the degree of approximation of Fourier series based on a certain class of product deferred summability means & Sheiso, D. S. (24) shown approximation of functions using fourier series and its application to the solution of partial differential equations . This continued evolution is what makes sure that summability is an effective tool in pure and applied mathematics..
3. DEFINITIONS.
Definition 3.1. The degree of approximation  of a function f  through trigonometric polynomial  is defined by  (f)=min                                     (1)                                              
 where  (x)  is nth  degree trigonometric polynomial. Functions.                                                       
Definition 3.2.  A function  fLip() for 0,if
  =O( for 0<                                                                    (2) 
  and also                                                                                                                                                                                                  fLip() if =O( for 0< ,p>0                 (3)
Definition 3.3.   Let (t)>0 be a increasing function and  p0,then
   fLip((t)) if   =O((t)).                                        (4)
Again if (t)= , them Lip((t),p) is same as  Lip(,p)    and
 If r  ,then   Lip(,p)  is same as  Lip( ).     
Definition3.4.  If the arithmetic mean of the first  n partial sum of a series approaches to a definite number as n becomes large, then the series is said to be Cesaro summable of order one  that is if    be infinite series, then    is called Cesaro summable to a  definite number s where s a finite number and written =s(C,1)=                                                                                                          (5)                          
Definition 3.5. Consider a series  , then is said to be Euler summable to s if  the result     a   finite number
 and written =s(E,1)=                                                                                          (6)                                                                                                                                                                                                                      
.                                                                                                                                        
Further, the (C,1) transform of the (E,1) define by 
= ( )(  =
Further  If =s, a definite number,                                                                             (7)                                                                                                                                                                               
then, we say   is summable by  (C,1)(E,1) mean to s.                                                                               

 Definition 3.6.  Let f(t) be a periodic function  of period 2π & integrable in  the Lebesque sense .Then Fourier Series f(t) is given by 
 f(t)=+                                                                               (8)                                                                                          
and conjugate Fourier  series  of  (8) is given by
f(t)=                                                                      (9)                                                     	   
Definition 3.7.   We write two functions by relation f(n) = O(g(n)), it means n≥& positive  constant k such that  |f(n)| ≤ kg(n)                                                                 (10)                                                                                                                                                                                                                                                                                                                                                           where big ‘O′ notation represents for an upper limit on the growth of a function.
Example: Let f(n) = 7n2+8n+9
 ≤ 7+ 8+9
=   (for n)
=k  .
where k=24  and =1 .
Therefore, we can say that f(n) = O(n2)

4.PRINCIPAL THEOREM.
In this  research paper, we have study the degree of approximation by product mean (C,1)(E,1) of the Fourier series of a function of class Lip(,p)
Theorem  4.1.  Let f:R R  be a periodic function  of period 2π &  Lebesque integrable in (0,2π)  belonging to the Lipschitz class Lip(   < <1,then its  degree of approximation  by  (C,1)(E,1 )by product mean  of its Fourier series (8) is     =O  . .    
5 .KNOWN RESULTS.
Before we are proceeding to the main theorem ,we shall use the following theorem.
Theorem 5.1.     Let f:R R be a periodic function of period 2π & Lebesque integrable in (-π,π) belonging to the Lip() ,then degree of approximation of f by the (C,1)(E,q) by product mean of its Fourier series (8)  is  =O for 0< ≤1  for n=0,1,2,3,…. 
Theorem 5.2 .Let f:RR  be a periodic function  of period 2π &  Lebesque integrable in (0,2π)  belonging to the Lipschitz class Lip(,then  degree of approximation  of its  conjugate function f by the by  (C,1)(E,q) product mean  of it conjugate function  of Fourier series is (=Min =O  where =)  is  (C,1)(E,1) means of Fourier series  (8)
Theorem 5.3   .Let f:R R  be a periodic function  of period 2π &  Lebesque integrable in (0,2π)  belonging to the Lipschitz class Lip(,then  its degree of approximation  f by the by  (C,1)(E,q) product mean  of it  Fourier  series is given by
=O provided  must satisfy   the following two conditions simultaneously =O and =O

7.PROOF OF THE PRINCIPAL THEOREM.
Proof:Since  we know from  above  theorem             ( 5.3)
    =O                                       (1)                        
We are given     (t)=, then at the point t=                    
                       ==                                    (2)
Combining (1)  and (2) ,taking q=1, we get
 =O 
                  =O
                  =O
                   =O
Corollary 1  If p, then degree of approximation of a function fLip(), for 0<<1 is =O  which shows  that error of approximation  decrease as the order of the polynomial n increase.
Corollary 2. Let f be a function  in the Lipschitz class Lip(,p) , then degree of approximation is    where k is a constant  independent n.


8.RESULT AND DISCUSSION
The present study reveals the approximation of Lipschitz functions using the (C,1)(E,1) product summability method applied to their Fourier series. The main result establishes that if  f  is a periodic, Lebesgue integrable function on ( 0,2 ) belonging to the Lipschitz class, then  the degree of approximation of  f  by the (C,1)(E,1) product means of its Fourier series is  O   where  0< ≤1  for n=0,1,2,3,. The discussion highlights that the product summability method outperforms than individual summability techniques by providing better convergence rates under certain smoothness conditions. This result not only generalizes earlier findings but also demonstrates the efficiency of the method in approximating periodic functions within the Lipschitz classes.
Furthermore, the analysis confirms that combining two summability methods into a product form enhances stability and reduces approximation error more effectively than using them separately. The theoretical results are supported by clear mathematical arguments, showing consistency with known properties of Fourier series. Hence, the (C,1)(E,1) product method can be considered a strong and reliable tool for function approximation.
In addition to these findings, the results provide deeper insight into how smoothness conditions influence the rate of convergence. It is observed that the parameter   which measures the degree of smoothness in the Lipschitz classes, plays a important  role in determining the order of approximation. As the smoothness of the function increases, the approximation improves correspondingly, confirming the theoretical expectations of harmonic analysis. This relationship clearly shows that the method adapts effectively to the intrinsic behavior of the function.
Another important outcome of this study is the comparison with classical summability methods such as Cesàro or Euler means used independently. While those methods provide convergence in many cases, they may fail to yield optimal error bounds for functions with limited smoothness. The product method, however, strengthens convergence by applying successive averaging processes, which smooth out irregularities in a more balanced manner. As a result, the approximation becomes more uniform and less sensitive to local fluctuations.
The discussion also suggests that this product  method maintains consistency with the theoretical framework of Fourier analysis while extending its practical applicability. The improved convergence rate demonstrates that product summability can serve as a valuable extension of classical techniques. Moreover, the obtained error estimates are not only mathematically rigorous but also practically meaningful for further analytical investigations.
Overall, the results confirm that the above  product summability method provides a refined and efficient approach for approximating Lipschitz functions. The method ensures smoother convergence, reduced oscillations, and sharper error bounds. These advantages make it a promising tool for future research in approximation theory and summability methods.









9.CONCLUSION 
The present study reveals the approximation of Lipschitz functions using the (C,1)(E,1) product summability method applied to their Fourier series. The main result establishes that if  f  is a periodic, Lebesgue integrable function on  belonging to the Lipschitz class, then the degree of approximation of  f  by the (C,1)(E,1) product means of its Fourier series can be determined.. The discussion highlights that the product summability method outperforms individual summability techniques by providing better convergence rates under certain smoothness conditions. This result not only generalizes earlier findings but also demonstrates the efficiency of the method in approximating periodic functions within the Lipschitz classes.
Furthermore, the analysis confirms that combining two summability methods into a product form enhances stability and reduces approximation error more effectively than using them separately. The theoretical results are supported by clear mathematical arguments, showing consistency with known properties of Fourier series. Hence, the (C,1)(E,1) product method can be considered a strong and reliable tool for function approximation.
In addition to these findings, the results provide deeper insight into how smoothness conditions influence the rate of convergence. It is observed that the parameter ( \alpha ), which measures the degree of smoothness in the Lipschitz class, plays a decisive role in determining the order of approximation. As the smoothness of the function increases, the approximation improves correspondingly, confirming the theoretical expectations of harmonic analysis. This relationship clearly shows that the method adapts effectively to the intrinsic behavior of the function.
Another important outcome of this study is the comparison with classical summability methods such as Cesàro or Euler means used independently. While those methods provide convergence in many cases, they may fail to yield optimal error bounds for functions with limited smoothness. The product method, however, strengthens convergence by applying successive averaging processes, which smooth out irregularities in a more balanced manner. As a result, the approximation becomes more uniform and less sensitive to local fluctuations.
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