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Human Immunodeficiency Virus (HIV) remains a major public health concern despite significant 
advances in antiretroviral therapy (ART), particularly dolutegravir-based regimens known for 
strong viral suppression. However, the therapeutic effect of ART is not instantaneous, as 
biological and pharmacological processes introduce delays between treatment initiation and 
observable viral load reduction. Ignoring such delayed drug response may oversimplify infection 
dynamics and affect the accuracy of predictive models. 
In this study, a delay differential equation (DDE) model of within-host HIV infection under 
antiretroviral therapy is developed, incorporating both intracellular infection delay and delayed 
drug-response effects. The model describes the interaction among healthy CD4+ T cells, infected 
CD4+ T cells, and free viral particles. Fundamental mathematical properties of the system are 
established, and the basic reproduction number is derived to characterize infection persistence. 
Equilibrium points are determined, and stability analysis is performed to identify conditions for 
viral suppression. 
The results demonstrate that delayed drug response influences the threshold dynamics of the 
system and affects the rate of viral load decay and immune recovery. In particular, treatment 
reduces the effective reproduction number, and viral clearance is achieved when the reproduction 
number is less than unity. These findings emphasize the importance of incorporating biologically 
realistic delay mechanisms in mathematical models of HIV treatment dynamics. 
 
Aims: The aim of this study is to examine the biological implications of delayed drug response in HIV 
treatment by developing a mathematical model and analyzing how treatment delay influences viral 
suppression and CD4+ T-cell dynamics. 
Model design:  A deterministic compartmental delay differential equation (DDE) model of within-host HIV 
treatment dynamics. 
Place and Duration of Study: Department of Mathematics, Federal University of Petroleum Resources, 
Effurun, Delta State, Nigeria. June 2025 and March 2026. 
Methodology: A deterministic delay differential equation (DDE) model was formulated to describe within-
host HIV dynamics under delayed drug response. The model consists of four state variables representing 
healthy CD4+ T cells, infected CD4+ T cells, viral load, and drug concentration. 
Results: The basic reproduction number was derived as 

𝑅0 =
𝛽𝜆𝑁

𝑐𝑑
. 
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Analysis shows that the disease-free equilibrium is locally asymptotically stable when 𝑅0 < 1and unstable 

when 𝑅0 > 1. The endemic equilibrium exists only when 𝑅0 > 1. 

Numerical simulations using parameter values listed in Table 1 yielded 𝑅0 = 1.82in the absence of 
treatment, indicating persistent infection. Following drug administration, the effective reproduction number 

decreased to 𝑅0
𝑡𝑟𝑒𝑎𝑡𝑒𝑑 = 0.74, resulting in viral suppression and immune recovery. 

Conclusion: A delay differential equation model of HIV treatment incorporating delayed drug response 
was developed and analyzed. The study demonstrates that the basic reproduction number governs 
infection persistence and that treatment efficacy can drive the system below the epidemic threshold. 
Delayed drug response influences transient viral dynamics but does not alter the fundamental stability 
condition. These findings provide theoretical insight into optimizing HIV treatment strategies 

 14 
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1. INTRODUCTION 18 

 19 

In recent years, antiretroviral therapy (ART), particularly dolutegravir-based regimens, has become the standard of care for 20 
HIV treatment in many countries due to its high efficacy and strong viral suppression capability (Walmsley et al., 2013; 21 
Vitoria et al., 2018). Despite these advances, HIV infection remains a significant public health concern globally and 22 
particularly in sub-Saharan Africa (UNAIDS, 2023; WHO, 2019). In Nigeria, HIV continues to pose substantial public health 23 
and economic challenges, as documented in national surveillance and epidemiological reports (NACA, 2019; NACA, 2021). 24 
Although ART substantially improves survival and quality of life, viral suppression is not always achieved immediately after 25 
treatment initiation. A measurable delay often exists between drug administration and observable reduction in viral load due 26 
to pharmacological and intracellular processes (Tsiang et al., 2016; Phillips et al., 2017). 27 
 28 
Many classical mathematical models of HIV treatment assume that the effect of antiretroviral drugs is instantaneous (Nowak 29 
& May, 2000; Perelson & Nelson, 1999). However, this assumption neglects important biological and pharmacological 30 
processes, including intracellular viral replication cycles and delayed pharmacodynamic action. Ignoring such temporal 31 
effects may oversimplify HIV dynamics and lead to inaccurate predictions of treatment outcomes. 32 
 33 
Delay differential equation (DDE) models provide a more realistic framework for incorporating time lags in viral replication 34 
and infection processes. By allowing system dynamics to depend on past states, DDE models can capture intracellular 35 
infection delay mechanisms (Culshaw & Ruan, 2000; Nelson et al., 2000). Stability and threshold dynamics of delayed HIV 36 
models have been investigated in several studies (Hattaf & Yousfi, 2012; Xu et al., 2017). In the Nigerian context, 37 
mathematical modeling has also been applied to study HIV transmission and control dynamics (Ajao & Oladimeji, 2023), 38 
further emphasizing the relevance of modeling frameworks for policy and treatment strategy evaluation. 39 
The basic reproduction number remains a fundamental threshold parameter governing infection persistence and viral 40 
suppression in epidemic and within-host models (Diekmann et al., 1990; van den Driessche & Watmough, 2002). 41 
Understanding how delayed drug response modifies this threshold is therefore crucial for accurate prediction of treatment 42 
outcomes. 43 
 44 
There is therefore a need for a biologically realistic and analytically tractable model that captures the influence of delayed 45 
drug response on within-host HIV dynamics. In this study, we develop and analyze a delay differential equation model 46 
describing HIV infection under antiretroviral therapy with explicit incorporation of drug-response delay. The model is 47 
examined with respect to equilibrium behavior, reproduction number, and stability properties to determine the conditions 48 
required for viral suppression and immune recovery. 49 
 50 
2. Model Formulation 51 
To describe the within-host dynamics of HIV infection under antiretroviral therapy (ART), we consider a delay differential 52 
equation (DDE) model incorporating both intracellular infection delay and delayed drug-response effects. The formulation 53 
extends classical within-host HIV models developed by Nowak and May (2000) and Perelson and Nelson (1999), with 54 
incorporation of delay mechanisms as introduced in Culshaw and Ruan (2000) and Nelson et al. (2000). 55 
 56 
Let 𝑇(𝑡)denote the concentration of healthy CD4+ T cells at time 𝑡, 𝑇∗(𝑡)denote the concentration of infected CD4+ T 57 

cells, and 𝑉(𝑡)denote the concentration of free viral particles in the bloodstream. 58 
 59 
The model assumes that healthy CD4+ T cells are produced at a constant rate 𝜆, become infected through contact with 60 
free virus at rate 𝛽, and die naturally at rate 𝑑. Infected cells die at rate 𝛿and produce new virions at rate 𝑁, while free 61 

virus is cleared at rate 𝑐. The incorporation of intracellular delay reflects the time required for viral replication within 62 
infected cells (Culshaw & Ruan, 2000; Nelson et al., 2000). 63 
 64 
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The effect of treatment is incorporated through a drug efficacy function that reduces the infection rate after a 65 
pharmacological delay. The delayed HIV treatment model is given by: 66 

𝑑𝑇(𝑡)

𝑑𝑡
= 𝜆 − 𝑑𝑇(𝑡) − 𝛽(1 − 𝐸(𝐷(𝑡 − 𝜏2)))𝑇(𝑡)𝑉(𝑡), 68 

𝑑𝑇∗(𝑡)

𝑑𝑡
= 𝛽(1 − 𝐸(𝐷(𝑡 − 𝜏2)))𝑇(𝑡 − 𝜏1)𝑉(𝑡 − 𝜏1) − 𝛿𝑇∗(𝑡), 69 

𝑑𝑉(𝑡)

𝑑𝑡
= 𝑁𝑇∗(𝑡 − 𝜏2) − 𝑐𝑉(𝑡), 70 

𝑑𝐷(𝑡)

𝑑𝑡
= −𝑘𝐷(𝑡) + 𝑢(𝑡). 71 

 67 
Here, 𝜏1represents the intracellular infection delay associated with viral replication inside host cells, while 𝜏2denotes the 72 
delayed drug-response time reflecting pharmacokinetic and pharmacodynamic processes. 73 
The drug efficacy function 𝐸(𝐷(𝑡))represents the effectiveness of antiretroviral therapy in reducing viral infectivity and 74 
satisfies 75 

0 ≤ 𝐸(𝐷(𝑡)) ≤ 1, 77 
 76 
where 𝐸(𝐷(𝑡)) = 0corresponds to no treatment effect and 𝐸(𝐷(𝑡)) = 1corresponds to complete suppression of infection. 78 
This formulation is consistent with standard pharmacodynamic modeling approaches used in HIV treatment studies 79 
(Tsiang et al., 2016; Phillips et al., 2017). 80 
. 81 
 82 
Model Parameters 83 
The parameters of the model describe biological processes including cell production, infection, viral replication, and 84 
clearance rates. 85 
 86 
Table 1: Model Parameters and Biological Interpretation 87 

Parameter Description 

𝜆 Production rate of healthy CD4+ T cells 

𝑑 Natural death rate of healthy CD4+ T cells 

𝛽 Infection rate constant 

𝛿 Death rate of infected cells 

𝑝 Viral production rate 

𝑐 Viral clearance rate 

𝜏1 Intracellular infection delay 

𝜏2 Drug-response delay 

 88 
All parameters are assumed to be positive constants to ensure biological feasibility. 89 
 90 
3. Basic Properties of the Model 91 
Before proceeding to equilibrium and stability analysis, we establish the fundamental properties of the model to ensure 92 
biological feasibility. 93 
 94 
Positivity of Solutions 95 
Since the model describes populations of healthy CD4+ T cells, infected cells, viral particles, and drug concentration, all 96 
state variables must remain non-negative for all 𝑡 ≥ 0. 97 
Assume that the initial conditions satisfy 98 

𝑇(𝜃) ≥ 0, 𝐼(𝜃) ≥ 0, 𝑉(𝜃) ≥ 0, 𝐷(𝜃) ≥ 0, 𝜃 ∈ [−𝜏, 0], 100 
 99 
where 𝜏 = max⁡{𝜏1, 𝜏2}. 101 
From the structure of the system, it follows that: 102 

When 𝑇(𝑡) = 0, then 
𝑑𝑇(𝑡)

𝑑𝑡
= 𝜆 > 0, 103 

When T* (𝑡) = 0, then 
𝑑𝐼(𝑡)

𝑑𝑡
≥ 0, 104 

When 𝑉(𝑡) = 0, then 
𝑑𝑉(𝑡)

𝑑𝑡
≥ 0, 105 

When 𝐷(𝑡) = 0, then 
𝑑𝐷(𝑡)

𝑑𝑡
= 𝑢(𝑡) ≥ 0. 106 
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Therefore, solutions that start in the non-negative region remain non-negative for all 𝑡 > 0. Hence, the model is positively 107 

invariant in ℝ+
4 . 108 

 109 
Boundedness of Solutions 110 
To show boundedness, consider the total cell population 111 

𝑋(𝑡) = 𝑇(𝑡) + 𝐼(𝑡). 113 
 112 
Adding the first two equations of the system yields 114 

𝑑𝑋(𝑡)

𝑑𝑡
≤ 𝜆 − 𝑚𝑋(𝑡), 116 

 115 
where 𝑚 = min⁡{𝑑, 𝛿} > 0. 117 
By comparison arguments, it follows that 118 

𝑋(𝑡) ≤
𝜆

𝑚
as 𝑡 → ∞. 120 

 119 
Similarly, the viral population and drug concentration satisfy linear differential inequalities that guarantee bounded 121 
solutions. 122 
Thus, all state variables of the system remain bounded for 𝑡 ≥ 0. 123 
Feasible Region 124 
From the positivity and boundedness results, the biologically feasible region of the model is defined as 125 

Ω = {(𝑇, 𝑇∗, 𝑉, 𝐷) ∈ ℝ+
4 : 𝑇 + 𝑇∗ ≤

𝜆

𝑚
,  𝑉 ≥ 0,  𝐷 ≥ 0} . 127 

 126 
The region Ωis positively invariant and attracts all trajectories of the system. 128 
 129 
4. Equilibrium Points and Basic Reproduction Number 130 
In this section, we determine the equilibrium states of the system and derive the basic reproduction number, which serves 131 
as a threshold parameter governing infection persistence under delayed drug response. The concept of the reproduction 132 
number follows the standard next-generation matrix framework (Diekmann et al., 1990; van den Driessche & Watmough, 133 
2002). 134 
 135 
4.1 Disease-Free Equilibrium (DFE) 136 
The disease-free equilibrium corresponds to the absence of infection, that is, 137 

𝑇∗ = 0, 𝑉 = 0. 139 
 138 
Setting the right-hand sides of the system equal to zero under the infection-free condition yields 140 

𝑇 =
𝜆

𝑑
, 𝑇∗ = 0, 𝑉 = 0. 142 

 141 
For the drug equation at equilibrium, we set 143 

𝑑𝐷

𝑑𝑡
= −𝑘𝐷 + 𝑢(𝑡) = 0. 145 

 144 
Assuming constant drug input 𝑢(𝑡) = 𝑢, the equilibrium drug concentration satisfies 146 

𝐷∗ =
𝑢

𝑘
. 148 

 147 
Thus, the disease-free equilibrium of the full system is 149 

𝐸0 = (
𝜆
𝑑
,   0,   0,   

𝑢
𝑘
) . 151 

 150 
This equilibrium represents a state in which healthy CD4+ T cells remain at their natural steady level, infected cells and viral 152 
particles are absent, and the drug concentration stabilizes at its pharmacological equilibrium value. 153 
 154 

4.2 Basic Reproduction Number 𝑹𝟎 155 

The basic reproduction number 𝑅0represents the expected number of newly infected CD4+ T cells generated by a single 156 
infected cell in a fully susceptible environment. 157 
Using the next-generation matrix approach, the reproduction number for the delayed HIV treatment model is obtained as 158 

𝑅0 =
𝛽𝑁𝜆

𝑑 𝛿 𝑐
(1 − 𝐸(𝐷∗)). 159 
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 160 
In the absence of treatment, where 𝐸(𝐷∗) = 0, the classical reproduction number becomes 161 

𝑅0
untreated =

𝛽𝑁𝜆

𝑑 𝛿 𝑐
. 163 

 162 
Under therapy, drug efficacy reduces the infection rate and modifies the threshold to  164 

𝑅0
treated = 𝑅0

untreated(1 − 𝐸(𝐷∗)). 166 
 165 
Thus, antiretroviral therapy lowers the effective infection potential by reducing the rate at which healthy CD4+ T cells 167 
become infected. 168 
 169 
4.3 Endemic Equilibrium 170 
The endemic equilibrium corresponds to persistent infection, characterized by 171 

𝑇∗ > 0, 𝑉 > 0. 173 
 172 
Solving the steady-state equations yields 174 

𝑇∗ =
𝜆

𝑑𝑅0
, 176 

 175 
with corresponding positive equilibrium values for 𝑇∗and 𝑉expressed in terms of the system parameters. 177 
The endemic equilibrium exists only when 178 

𝑅0 > 1. 180 
 179 
 181 
4.4 Stability and Biological Interpretation 182 

The stability of the disease-free equilibrium depends on the threshold parameter 𝑅0: 183 

If 𝑅0 < 1, the disease-free equilibrium is locally asymptotically stable. 184 

If 𝑅0 > 1, the disease-free equilibrium becomes unstable, and a persistent infection state arises. 185 
 186 

4.5 Biological Meaning of 𝑹𝟎 < 𝟏 187 

When 𝑅0 < 1, each infected CD4+ T cell produces, on average, less than one newly infected cell during its lifetime. 188 
Consequently, the infection cannot sustain itself and gradually declines. Biologically, this corresponds to effective viral 189 
suppression under treatment. Viral load decreases toward zero, infected cells diminish, and healthy CD4+ T cell levels 190 
recover toward their natural equilibrium (Diekmann et al., 1990; van den Driessche & Watmough, 2002). 191 
 192 
Conversely, when 𝑅0 > 1, each infected cell generates more than one new infection, leading to sustained viral replication 193 
and persistence of HIV within the host. 194 
The delayed drug response influences the transient behavior of the system and may affect the speed of viral suppression, 195 
but long-term eradication remains governed by the threshold condition 𝑅0 < 1. 196 
 197 
5. Stability Analysis 198 
In this section, we analyze the stability of the equilibrium points of the delayed HIV treatment model. The stability behavior 199 
is governed by the threshold parameter 𝑅0. 200 
 201 
5.1 Stability of the Disease-Free Equilibrium 202 
The disease-free equilibrium (DFE) 203 

𝐸0 = (
𝜆
𝑑
,  0,  0,  𝐷∗) 205 

 204 
represents the absence of infection. To determine its stability, the system is linearized around 𝐸0, and the associated 206 
characteristic equation is examined. 207 
It can be shown that all eigenvalues of the linearized system have negative real parts when 208 

𝑅0 < 1. 210 
 209 
Hence, the disease-free equilibrium is locally asymptotically stable if 𝑅0 < 1. In this case, small perturbations from the 211 
infection-free state decay over time, and the viral population approaches zero. 212 
Conversely, when 213 

𝑅0 > 1, 215 
 214 
the disease-free equilibrium becomes unstable, indicating that infection can invade and persist within the host. 216 
 217 
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5.2 Stability of the Endemic Equilibrium 218 

When 𝑅0 > 1, an endemic equilibrium exists with positive levels of infected cells and viral particles. Linearization of the 219 
system around the endemic equilibrium and analysis of the corresponding characteristic equation show that this equilibrium 220 
is locally asymptotically stable under biologically realistic parameter conditions. This threshold behavior is consistent with 221 
classical epidemic and within-host models (Diekmann et al., 1990; van den Driessche & Watmough, 2002). 222 
Thus, for 𝑅0 > 1, the system approaches a persistent infection state characterized by sustained viral load and reduced 223 
healthy CD4+ T cell levels. 224 
 225 
5.3 Effect of Delay on Stability 226 

The inclusion of intracellular delay 𝜏1and drug-response delay 𝜏2influences the transient dynamics of the system. Delay 227 
differential equation theory shows that time delays can modify stability properties and may induce oscillatory behavior 228 
depending on parameter magnitude (Kuang, 1993; Ruan, 2006). 229 
 230 
While the threshold condition for infection persistence remains governed by 𝑅0, the magnitude of delays may affect the rate 231 
of convergence toward equilibrium. For small delay values, stability conditions remain unchanged. However, sufficiently 232 
large delays can alter transient behavior and potentially generate oscillations before the system settles at equilibrium, as 233 
observed in delayed HIV models (Culshaw & Ruan, 2000; Xu et al., 2017). 234 
 235 
In particular, delayed drug response may slow the rate of viral suppression even when 𝑅0 < 1. Nevertheless, the long-term 236 

behavior of the system is primarily determined by the threshold parameter 𝑅0, with viral eradication occurring when 𝑅0 <237 

1and persistence occurring when 𝑅0 > 1. 238 
 239 
6. Numerical Simulations and Biological Interpretation 240 
To illustrate the theoretical results, numerical simulations of the delayed HIV treatment model were performed under both 241 
untreated and treated scenarios. The simulations aim to demonstrate the influence of delayed drug response on immune 242 
dynamics, viral suppression, and threshold behavior. 243 
Parameter values used in the simulations are given in Table 1. 244 
 245 
6.1 CD4+ T Cell Dynamics 246 
We first examine the evolution of healthy CD4+ T cells in the absence and presence of treatment. The parameter values 247 
used for simulation are taken as specified in Table 1. 248 
 249 
 250 

Figure 1: Healthy CD4+T-Cells Count Before Treatment 251 
 252 
 253 
 254 
 255 
 256 
 257 
 258 
 259 
 260 
 261 
 262 
 263 
  264 
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 265 
Figure 2: Healthy CD4+T-Cells Recovery After Drug Effect 266 

 267 
 268 
 269 
 270 
 271 
 272 
 273 
 274 
 275 
 276 
 277 
 278 
 279 
 280 
 281 
 282 
 283 
 284 
 285 
 286 
 287 
 288 
 289 
 290 
 291 
 292 
 293 
In the untreated case, the CD4+ T cell population declines due to persistent viral infection, eventually stabilizing at a lower 294 
endemic level. This reduction reflects sustained immune depletion when 𝑅0 > 1. 295 
Under treatment, however, the infection rate is reduced through the drug efficacy function. When therapy is sufficiently 296 

effective such that 𝑅0 < 1, the CD4+ T cell population gradually recovers toward its natural equilibrium level 
𝜆

𝑑
. Although 297 

delayed drug response slows the initial recovery phase, long-term immune restoration is achieved once the effective 298 
reproduction number falls below unity. 299 
These results demonstrate that delayed therapy influences the transient dynamics but does not alter the threshold 300 
condition required for immune recovery. 301 
 302 
6.2 Viral Load Dynamics 303 
We next analyze the viral load evolution under untreated and treated conditions. 304 
  305 
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 306 
Figure 3: Viral Load Dynamics Before Drug Effect 307 
 308 
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Figure 4: Viral Load Suppression (After Drug Effect) 337 
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 359 
 360 
 361 
 362 
 363 
 364 
In the absence of treatment, viral particles increase rapidly and approach a positive steady state corresponding to the 365 
endemic equilibrium. This behavior confirms that infection persists when 𝑅0 > 1. 366 
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When treatment is introduced, viral replication is reduced by the drug-response function. If drug efficacy is sufficiently high 367 
such that 𝑅0 < 1, the viral load decreases progressively and approaches zero. However, due to the delayed drug response 368 

𝜏2, the initial decline in viral load may not be immediate. A transient phase may occur before suppression becomes evident. 369 
The comparison between treated and untreated cases highlights the critical role of drug efficacy in achieving viral 370 
suppression and reducing long-term infection burden. 371 
 372 
6.3 Residual Convergence  373 
To further validate the numerical stability of the simulations, the residual error of the solution was examined. 374 

Figure 5: Residual Magnitude for Viral Load (After Drug Effect) 375 
 376 
 377 
 378 
 379 
 380 
 381 
 382 
 383 
 384 
 385 
 386 
 387 
 388 
 389 
 390 
 391 
 392 
 393 
 394 
 395 
 396 
 397 
 398 
 399 
 400 
 401 
The residual decreases toward zero over time, indicating numerical convergence and consistency of the simulation 402 
results. 403 
 404 
Biological Interpretation 405 
The numerical simulations confirm the analytical findings: 406 

When Ro > 1, infection persists and immune depletion occurs. 407 
When Ro < 1, viral suppression is achieved and CD4+ T cells recover. 408 
Delayed drug response affects the speed of suppression but does not change the fundamental threshold condition. 409 

These results emphasize that effective treatment must reduce the reproduction number below unity to ensure sustained 410 
viral clearance and immune restoration. 411 
 412 
7. Discussion 413 
This study developed and analyzed a delay differential equation model to investigate the impact of delayed drug response 414 
on HIV treatment dynamics. The incorporation of intracellular infection delay and pharmacological drug-response delay 415 
enhances the biological realism of classical HIV models (Nowak & May, 2000; Perelson & Nelson, 1999) and extends 416 
previous delay-based frameworks (Culshaw & Ruan, 2000; Xu et al., 2017). 417 

The inclusion of delay alters the transient behavior of the system. In particular, delayed drug response slows the initial 418 
reduction of viral load following treatment initiation. Although the threshold condition for eradication remains governed by 419 
the basic reproduction number 𝑅0(Diekmann et al., 1990; van den Driessche & Watmough, 2002), the presence of delay 420 
may prolong the time required to achieve suppression. This transient phase is biologically relevant, as clinical observations 421 
often show a lag between treatment commencement and measurable viral decline (Tsiang et al., 2016; Phillips et al., 2017). 422 
Thus, the model captures a realistic feature of HIV pharmacodynamics that is absent in instantaneous treatment models. 423 

The analytical expression of the reproduction number demonstrates that drug efficacy directly reduces the effective infection 424 
potential through the factor (1 − 𝐸(𝐷∗)). As drug efficacy increases, the effective contact rate between healthy CD4+ T cells 425 
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and viral particles decreases, leading to a reduction in 𝑅0. When treatment is sufficiently potent such that 𝑅0 < 1, each 426 
infected cell produces less than one new infected cell on average, resulting in eventual viral elimination. Conversely, 427 
inadequate drug efficacy or poor adherence may maintain 𝑅0 > 1, allowing infection persistence. 428 

Clinically, these findings emphasize the importance of maintaining adequate therapeutic drug levels to ensure that the 429 
effective reproduction number remains below unity. The importance of sustained viral suppression under dolutegravir-based 430 
therapy has been highlighted in clinical studies (Walmsley et al., 2013; Vitoria et al., 2018). Delayed drug action may 431 
influence early treatment outcomes and transient viral dynamics, even when long-term suppression is achievable. 432 

Incorporating delay into HIV treatment models is therefore essential for accurate prediction of viral suppression patterns 433 
and immune recovery. Delay differential equation theory has shown that time lags can significantly influence transient 434 
dynamics and stability properties (Kuang, 1993; Ruan, 2006). The present analysis underscores the value of delay-based 435 
frameworks in capturing realistic biological processes within HIV dynamics. 436 

Overall, the study demonstrates that while the fundamental eradication condition remains 𝑅0 < 1, delayed drug response 437 
significantly shapes the temporal pathway toward viral suppression and immune recovery. 438 

8. CONCLUSION 439 

In this study, a delay differential equation model was developed to investigate the dynamics of HIV treatment incorporating 440 
delayed drug response. Unlike classical instantaneous-treatment models, the proposed framework explicitly accounts for 441 
both intracellular infection delay and pharmacological delay in drug efficacy. This formulation enhances the biological 442 
realism of HIV treatment modeling and provides a more accurate representation of transient viral behavior. 443 
 444 
The analysis established fundamental properties of the model, including positivity and boundedness of solutions, ensuring 445 
biological feasibility. The disease-free and endemic equilibria were derived, and the basic reproduction number 𝑅0was 446 
obtained as a threshold parameter governing infection persistence. The results demonstrate that treatment modifies the 447 
effective reproduction number through the drug efficacy function, and viral suppression is achieved when 𝑅0

 469 
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448 < 1. Thus, the 
449 threshold condition remains the central determinant of long-term infection outcome, even in the presence of delay. 
450  
451 Numerical simulations confirmed that delayed drug response influences transient dynamics, particularly the rate of viral load 
452 decline and immune recovery. While delay does not alter the fundamental eradication condition, it affects the temporal 
453 pathway toward suppression and may prolong the initial response phase following therapy initiation. 
454  
455 These findings underscore the importance of incorporating delayed pharmacological effects into mathematical models of 
456 HIV treatment. Models that neglect such delays may underestimate transient viral persistence and misrepresent immune 
457 restoration dynamics. 
458  
459 Future research may extend this framework by considering time-varying drug adherence, multi-drug regimens, stochastic 
460 effects, or optimal control strategies for treatment scheduling. Such extensions would further enhance the predictive capacity 
461 of delay-based HIV models and contribute to improved therapeutic planning. 
462  
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