SYMMETRY ANALYSIS OF (k,u,v)-PARACONTACT
MANIFOLDS ADMITTING RICCI SOLITONS

ABSTRACT. In this paper, we investigate Ricci solitons on (k, p, v)-paracontact
manifolds by employing the Riemann, Wy, W7, and Wr-curvature tensors. The
study focuses on analyzing the conditions under which a paracontact manifold
admitting a Ricci soliton exhibits Ricci pseudosymmetry and Ricci semisym-
metry. By exploring the interplay between Ricci solitons and these curvature
structures, we establish several characterizations and derive necessary condi-
tions that enrich the geometric understanding of paracontact manifolds. The
obtained results not only extend previous studies on curvature-restricted struc-
tures but also highlight the role of Ricci solitons in shaping the intrinsic and
extrinsic geometry of paracontact spaces.

1. Introduction

Paracontact geometry has attracted considerable attention in recent decades
due to its deep connections with both pure and applied mathematics. Paracontact
geometry, first introduced by Kaneyuki, subsequently drew the interest of many
researchers and became a central topic of study in this field [1]. In [2], M. Markel-
los and C. Tsiclios introduced new non-Sasakian (k, u)-contact metric structures on
the unit sphere $3. Meanwhile, B. Cappelletti, Mantona, and L. Di Terlizzi demon-
strated that every non-Sasakian contact (x, p)-space admits a canonical paracontact
metric structure [3]. Therefore, combining the results of Markellos and Tsiclios [4]
with those of Cappelletti and Terlizzi, it follows that the unit sphere S® possesses
a paracontact metric structure.

In particular, (k, u, v)-paracontact manifolds, as natural generalizations of para-
contact metric manifolds, provide a rich framework for studying geometric struc-
tures with additional curvature constraints. These manifolds extend the scope of
classical contact and paracontact spaces, offering new perspectives in the classifica-
tion of geometric structures and their curvature properties. The study of (k, p, v)-
paracontact manifolds is motivated not only by their intrinsic mathematical interest
but also by their potential applications in mathematical physics, relativity theory,
and the geometric analysis of differential equations.

On the other hand, Ricci solitons, introduced in the context of Hamilton’s Ricci
flow, have become a central topic in Riemannian and pseudo-Riemannian geometry.
The geometry of Ricci solitons has attracted the attention of many mathematicians,
and it became even more significant following Perelman’s use of Ricci solitons to
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solve the long-standing Poincaré conjecture, posed in 1904. Since then, the geome-
try of Ricci solitons on various manifolds has been studied in detail and continues
to be investigated to this day without losing its relevance and importance ([5]-[13]).

A Ricci soliton represents a self-similar solution to the Ricci flow and serves
as a natural generalization of Einstein metrics. Beyond their fundamental role in
understanding the formation of singularities in Ricci flow, Ricci solitons arise in
various branches of theoretical physics, including general relativity, string theory,
and cosmology. Their ability to capture the balance between the Ricci curvature
and the vector field generating the flow makes them powerful tools in both the
study of geometric evolution and the classification of manifolds subject to curvature
constraints.

The interplay between (k, u, v)-paracontact manifolds and Ricci solitons provides
a fertile ground for exploring new geometric phenomena. In particular, examining
conditions such as Ricci pseudosymmetry and Ricci semisymmetry within this set-
ting enables us to understand how the underlying curvature tensors such as the
Riemann tensor, Wy, Wi and Wy shape the structure of Ricci solitons on para-
contact manifolds. These investigations not only generalize classical results but
also enrich the theory of paracontact geometry by unveiling deeper links between
curvature operators and soliton theory.

This paper aims to analyze Ricci solitons on (k, p, v)-paracontact manifolds in
the presence of curvature restrictions defined by various tensors. We establish
characterizations of Ricci pseudosymmetric and Ricci semisymmetric structures in
this context, thereby contributing to the growing body of research on curvature-
restricted paracontact geometry. Moreover, the results presented here highlight the
importance of Ricci solitons as a bridge between abstract differential geometry and
its applications in physics and applied mathematics.

From this point onward in the paper, (k,u,v)-paracontact metric manifolds
ZCn+1) will be denoted by (F#*)P-CMM for brevity.

2. PRELIMINARIES

An (2n 4 1)-dimensional differentiable manifold = is said to have a paracontact
structure if it admits a (1, 1)—tensor field ¢, a vector field £ and a 1-form 7 satisfying
the following conditions

(1) ¢*wr = wr — (w1,
for any vector field w; € x(2) in [1],

n€) =1,n0¢ =0, ¢ =0.
An almost paracontact structure is said to be normal if and only if the (1,2)—type
torsion tensor

Ny =[¢,¢] —2dn®¢
vanishes identically, where
(¢, ¢)(w1,w2) = ¢? [wi, wa] + [pwr, pwa] — PlPwr, wa] — Plwr, Pws].
An almost paracontact manifold equipped with a pseudo-Riemannian metric g such
that
9(Pw1, gwz) = —g(wi,w2) + N(w1)n(ws), g(wi,§) =n(wr)

for all vector fields wq,ws € x(Z), is called an almost paracontact metric manifold,
where the signature of g is (n 4+ 1,n). An almost paracontact structure is said to
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be a paracontact structure if g(w1, pws) = dn(wr,ws) with the associated metric g
[14]. Let h be (1,1) tensor field defined by h = 1 L¢¢, where L denotes the Lie
derivative. Then h is symmetric and satisfies the conditions

h¢ = —¢h,h& = 0,Tr.h = Tr.¢ph = 0.
Let V be the Levi-Civita connection of g. So it is clear that
(2) Vi€ = =i + dphwr

for any wy € x(E) [1]. For a paracontact metric manifold Z, if £ is a Killing vector
field or equivalently h = 0, then it is called a K —paracontact manifold.

An almost paracontact manifold is said to be para-Sasakian if and only if the
following condition holds

(Vi 9wz = —g(w1, w2)§ + n(ws)wi,
for all wi,ws € x(Z) [14]. A normal paracontact metric manifold is para-Sasakian
and satisfies

R(wr, w2)€ = —n(wa)wi + n(wi)wz
for all wi,wy € x(E). But this is not a sufficient condition for a paracontact
manifold to be para-Sasakian. It is clear that every para-Sasakian manifold is
K —paracontact. But the converse is not always true [15].

A paracontact metric manifold is said to be a (k, u)—paracontact manifold if the

curvature tensor R is of form

R(wy,w2)€ = k [n(w2)wr — n(wi)wz] + g [n(wz)hwr — n(w:)hws]
for all wy,ws € x(Z), where k and p are real constants.

A (2n + 1)—dimensional *#*)P-CMM is a paracontact metric manifold for
which the curvature tensor field satisfies

R(w1,w2)€ = k{n(wz)wi — n(wi)wa} + p{n(wa)hwr — n(wi)hws }

+r{n(wz)phwr — n(wi)phwa },
for all wy,ws € x(Z), where &, u, v are smooth functions.

Example 1. We consider the 3-dimensional manifold = = {(z,y, z) € R3, z # 0},
where (x,y, z) are standart coordinates of R3. The vector fields

e1 = 4x36% + 2246% + %,
€a = %,63 = %
Let g be the Riemannian metric defined by
gler,e2) = gler, e3) = g(ez, e3) = 0,

gler,e1) = g(ea, e2) = 1,9(e3,e3) = —1
Let n be the 1-form defined by n(w1) = g(wr,e2) for any wi € x(E). Let ¢ be the
(1,1) tensor field defined by
o(e2) =0, p(e3) = —e1, p(e1) = —es.
Let V be the Levi-Civita connection with respect to the metric tensor g. Then we
get
[e3,e1] =52% [e1,e2] =0,  [e2,e3] = 0.
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Then we have

n(ez) = glez,e2) =1, ¢*wi = wi — n(ws)es,

9(Pwr, pwa) = —g(wi,w2) + n(wi)n(wa),

for any wi,ws € x(E). Hence, (¢,€,m,9) defines a (k, u, v)—paracontact metric
structure on = for e; = €&.
The Levi-Civita connection V of the metric g is given by the Koszul’s formula

29(Vy, wo,w3) = wig(wa,w3) + wag(ws,wi) — wzg(w,ws)

—g(w1, w2, w3]) — g(wa, (w1, ws]) + g(ws, [w1,ws]).

Using the above formula, we obtain

_ _ _5,3 _ 5.3
Ve,e1 =0, Ve,e1 = —352%€3, Vege1 = 327,
Ve, €2 = —32%;5, Ve,ea =0 Vese2 = =323
6162 - 2Z €3, 6262 — Y 6362 - 2Z €1,
Vee3 = —52%s, Ve,es =—32%1, Vees=0
6163 - 22 62; 6263 - 22 617 6363 - .
Comparing the above relations with V,, es = —¢wi + ¢hwi, we get

5 5
hey = —(§z3 +1)ea, hez = —(§z3 +1)es, hey =0.

Using the formula R(w1,w2)ws = Vi, Vi,ws — Vi, Vi, w3 — Vg, w.ws, we calculate
the following:

R(ea,e1)ex = [(22° +1)? — 1] {n(e1)e2 — nlez)er}
+523{n(e1)hez — n(ez)hesr }

+0{n(e1)phes — n(ez)phes }

= %2’661.

R(eg,e3)ez = [(32° +1)* = 1] {n(ez)e2 — n(ez)es}
+523{n(es)hes — n(ez)hes}

+0{n(e3)phes — n(ez)dhes}

= %2663.

R(e1,e3)ea = [(32° + 1) — 1] {n(es)er — nler)es}
+523{n(es)he; — n(e1)hes}

+0{n(es)pher — n(e1)phes}

=0.
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By the above expressions of the curvature tensor and using (3), we conclude that =
is an () P-CMM with

K= {(223—1—1)2—1} 7

=52
and
v=0.
Lemma 1. Let 22" be an () P-CMM. Then the following identities hold.
(1) W= (14 )62, for s £ -1,
§(r) = —2v(1 + k),
Q€ = 2nkg,

(Vend)wa = —g(wi — hwr,wa)€ + n(wa)(wi — hawr),
S(wr,&) = 2nkn(w1),
R(&,wi)wz = k{g(wi,wa)€ — n(wa)wr } + p{g(hwr, wa)€ — nwz)hw: }

+v{g(phwi,w2)§ — n(wa)phws },
N(R(w1,w2)ws) = kg(n(wr)ws — n(wz)wr, ws)

+pg(n(wr) hwe — n(w2)hw, w3)

+vg(n(wi)phws — n(w2)phwr, ws).
for any wvector fields wy,ws € x(Z2), where S and Q denote the Ricci tensor and
Ricci operator defined by S(w1,ws) = g(Quw1,ws).

A Ricci soliton on a Riemannian manifold is defined as a triple (g, &, A) on E* !
satisfying
Leg+2542X0g =0,

where L¢ is the Lie derivative operator along the vector field £ and A is a real
constant. We note that if £ is a Killing vector field, then the Ricci soliton reduces
to an Einstein metric (g, ).

3. RICCI-PSEUDOSYMMETRIC (K, t, ¥)-PARACONTACT MANIFOLDS
Now let (g,&, A) be Ricci soliton on (##*)P-C MM. Then we have
(leg) (w1, w2) = (Vi & wa) + 9(Va, & wi)

= g(—¢w1 + phwy,wa) + g(—Pwa + dhwa,wr)
= —g(dw1,w2) + g(Phwi, wa) — g(Pwa, w1 ) + g(Phwa, w)

= 29(¢hWQ,W1),
for all wy,wy € x(E). Thus, in an F#Y)P-CMM, from (2) and (5), we have
(6) 9(Phws,wy) + S(wr, wa) + Ag(wi,wa) = 0.
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For wy = £, this implies that
(7) S(w1, &) = —An(wr).
Taking into account of (7), we arrive at

A= —2nk.

On a semi-Riemannian manifold (=, g), for a (0, k)-type tensor field T" and a (0, 2)-
type tensor field A, the (0, k + 2)-type tensor field Q(A4,T') is defined as

Q(A7T)(X17X2a ...,Xk;W1,0J2) = _T<(w1 /\A WZ)XlaXQa an)
(8)
—T (X1, (w1 Aa w2)Xo X3,y Xi) — oo = T( X1, Xoy ooy (W1 Ag w2) Xi)

for all X1, Xo, ..., Xk, w1,ws,ws € I'(TE), where
(w1 /\A OJQ)LU3 = A(LUQ,Wg)UJ1 — A(wl,wg)wg.

Definition 1. Let Z2"*! be an (2n + 1) —dimensional “#*)P-CMM. If R-S and

g,S) are linearly dependent, then the = is said to be Ricci pseudosym-
Qg5 li ly d dent, then the Z*"1 id to be Ricct d

metric.
In this case, there exists a function L; on Z2"*! such that
R-S=1:Q(g,S).

In particular, if L; = 0, the manifold Z2"*! is said to be Ricci semisymmetric.
Let us now investigate the Ricci pseudosymmetric case of the (2n 4+ 1) —dimensional

(RH)P_CMM.

Theorem 1. Let 22"t be ¢ HH)P-CMM and (g,€, N) be Ricci soliton on =27+,
If 22"*1 s a Ricci pseudosymmetric #Y)P-CMM, then the function Ly satisfies

L=k, p=%v.

Proof. Let us assume that (“#*)P-CMM be Ricci pseudosymmetric and (g, &, )
is an almost Ricci soliton on the (#:#*)P-CMM. This mean

(R(wi,w2) - 8)(wa, ws) = L1Q(g, ) (w4, ws; w1, w2),

for all wy,ws,wy,ws € x(2), which implies that

(9)

S(R(w1,w2)ws, ws)+S(wa, R(wr, wa)ws) = L1{S((wi1Agw2)ws, ws)+S (w4, (WiAgw2)ws) }-
Substituting ws = £ in (9), we have
S(R(w1, w2)ws, §) + S(wa, R(wr, w2)§)

(10) = L1{S(g(w2,ws)w1 — g(w1,ws)ws,§)

+8 (w4, n(w2)wi — n(wr)ws)}.
Substituting (7) into (10), we obtain
—A(R(w1, w2)ws) + S(wa, k[n(wz)wr — n(wi)ws] + pln(ws)hw:

(11) —n(w1)hws] + vn(w2)phwr — n(wi)phws])

= Li{—Ag(ws, n(w1)wa — n(wa)wi) + S(ws, n(w2)wr — n(wi)ws)}.



Also, taking into account (8) and (11), we arrive at

—Arg(n(wr)we — n(w2)wi,ws) + pg(n(wi)hws — n(ws)hw:, ws)
+vg(n(wr)phws — n(wa)phwi, ws))
= —LiAg(n(w1)wz — n(wa)wi, wa) + L1g(n(w1)wz — n(we)wi, phws)

+ L1 Ag(n(wr)we — n(wa)wi, ws).
From (12), using (6), we infer

_K’g(wh ¢hw4) - Mg(¢hw47 hwl) - Vg(¢hw4a ¢hw1)

+ng(¢hW4, wl) =0.

Consequently, we have

(13) (L1 — k)wy — phwy — vohw, = 0,
which implies that
(L1 — k) =0.
From (13), we get
(14) phwi + vohw, = 0.

By virtue of (1) and (14), we obtain
[1? — v?hw; =0
This completes the proof. (I

Corollary 1. Let 22"t is a Ricci semisymmetric *)P-CMM and (g,&,\) be

a Ricci soliton on Z2" 1. Then, we have

k=0,px+v=0.

Remark 1. If the manifold chosen in the above example is Ricci pseudosymmetric,

then we have
5 2
L= (2z3 + 1> — 1.

For a (2n + 1)-dimensional semi-Riemannian manifold Z, the Wy-curvature ten-

sor is defined as
1

(15) Wo (w1, w2) ws = R(wi,ws)ws — on [S (w2, w3)wr — g(wr,ws)Qus] .

For a (2n + 1) —dimensional (#**)P-CMM, if we choose ws = £ in (15), we can
write

Wo(wr, wa)€ = —rn(wi)ws + 5=1(w1)Quws

+u(n(wz)hwr — nwr)hws)

+v(n(we)phwr — n(wr)phws),
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and with the help of (15), we get
N(Wo(wr, wa)ws) = g(rn(w1)ws — 5=1(w1)Qua, ws)

(16) +ug(n(wi)hws — n(w2)hwr, ws) + vg(n(wr)phws

—n(wa)phwr, w3).

Theorem 2. Let Z*"*1 be a WHIPLMM and (g,€,\) be a Ricci soliton on
Z2ndl [F =2t s o Wo— Ricci pseudosymmetric R P-CMM, then the function
L satisfies

Ly = —u(1+ w), p(1 + 1) = 0.

Proof. Let us assume that (::#*)P-C MM be Wy-Ricci pseudosymmetric and (g, £, \)
is an almost Ricci soliton on the (##*)P-CMM. This mean

(Wo(wr,wa) - S)(wa, w3) = L2Q(g, 5)(wa, wz; w1, w2),
for all wy,ws,ws,ws € x(E), which implies that

) S(Wo(wl, WQ)UJ4,(U3) + S(OJ4, Wo(wl, UJQ)W3)
(17
= LQ{S((wl /\g (.OQ)(U4,LU3) + S(w4, (w1 /\g WQ)Wg)}.

Substituting w3 = £ in (17), we observe

S(Wo(wr, w2)ws, §) + S(wa, Wo(wr,w2)§)
(18) = Lo{S(g(wa, wa)w1 — g(w1,ws)wz, )

5 (wa, n(w2)wr — nwr)wz)}
Substituting (7) into (18), we obtain
—An(Wo (w1, wa)ws) + S(ws, —rn(wi)wz + n(wi)Quz

+u(n(w2)hwr — n(wr)hws) + v(n(w2)phwr — n(wr)phws))

= Lo{—Xg(ws, n(w1)wa — n(wa)w1) + S(ws, n(wa)wr — n(wi)wa)}.

Also, taking into account (6) and (16), we can infer

—Ag(wa, kn(wi)wz — 5m(w1)Qwz — Ag(wa, n(wr)hws — n(ws)hw:)

—Avg(ws, n(wr)dhws — n(w2)phws) — g(dhws, —rn(wi)wz + 5.1(w1)Qus)
(19)  —Ag(wa, —rn(wi)wa + 5;1(w1)Qwz) — ug(Shwa, n(wa)hwr — n(wr)hws)

—pAg(wa, n(w2)hewr —n(wi)hws) — vg(Phwa, n(w2)phwr — nlwr)dhws)

—vAg(wa, n(wz)phwr — n(wi)phws) + Lag(n(wz)wr — n(wi)ws, phws) = 0.
In (19), setting we = £ and using (4), we arrive at

—pg(dhwy, hwr) — vg(dhws, phwy) + Lag(wr, phws) = 0.



Here, by using (1) and (4), we obtain
(1 + £)g(Pwa, w1) — v(1 + K)g(Pw1, pws) — Lag(dwr, pws) = 0,
which implies that
w(l 4+ K)wy —v(1 4 K)pw — Lagwy = 0.

Thus, this completes the proof. ([

Corollary 2. Let E***! is a Wy-Ricci semisymmetric ") P-CMM and (g, &, )

be a Ricci soliton on 22" 1. Then, we have

—v(l4+k)=0and p(1+k)=0.

Remark 2. If the manifold chosen in the above example is Wy— Ricci pseudosym-
metric, then we have

2
Ly =0 and 52° [(;,234—1) - 1] =0.

For a (2n + 1)-dimensional semi-Riemannian manifold Z, the Wy-curvature ten-
sor is defined as

(20) Wr (w1, w2) wg = R(wi,ws)ws — % [S (w2, w3)wr — g(wa, w3)Qur] .

For a (2n + 1)-dimensional (*#*")P-CMM, if we choose wz = & in (20), we can
write

o Wr(wr,w2)é = —kn(wr)ws + ﬁW(WQ)le + p(n(wa)howr
21
—n(w1)hws) + v(n(w2)phwr — n(wr)dhws),

and with the help of (21), we get
n(Wr (w1, w2)ws) = g(rn(wi)ws — 5=1(w2)Qur, ws) + g (n(wi)hws

—n(wz)hwr, ws) + v(n(wr)phws — n(wa)phwr, ws).

Theorem 3. Let Z***! be a HHIP-CMM and (9,&,\) be a Ricci soliton on
gZ2ntl [f =204 s o Wr— Ricei pseudosymmetric V) P-CMM, then the function
L3 satisfies

(Lz — k)* + 2(1 +K) = 0.

Proof. Let us assume that (#*)P-CMM be Wr—Ricci pseudosymmetric and
(g,€,\) is an almost Ricci soliton on the (:#*)P-C MM. This mean

(Wr(wi,w2) - S)(ws, ws) = L3Q(g, 5)(wa, ws; wi,wa),
for all wy,ws,wy,ws € x(E), which implies that

(22) Lg{S((wl /\g LUQ)(U4, UJg) + S(W4, (w1 /\g WQ)Wg)}
= S(W7(M1,W2)OJ4,W3) + S(W4, W7(Ld1,(,d2)w3).
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Substituting ws = £ in (22), we observe

S(Wr (w1, w2)ws, §) + S(wa, Wr (w1, w2)§)
(23) = L3{S(g(wa, wa)w1 — g(w1,ws)wz,§)

5 (wa, n(w2)wr — nwi)wz)}
Substituting (6) into (23), we obtain

—An(Wr (w1, wa)ws) + S(wa, —rn(wr)ws — 5=1(ws)Qur
+u(n(wa2)hwr = nwi)hws) + v(n(wz)phwr — n(w:)phws))

= La{—Ag(ws, n(w1)ws — n(wa)wi) + S(ws, n(w2)wr — n(wi)ws)}.

Also, taking into account (6) and (21), we can infer

—Ag(ws, kn(wr)ws — 5=n(w2) Qi) — Arg(wa, n(wr ) hws — 1(ws)hwr)

—Avg(wa, n(wr)phwy — n(w2)phwr) — g(dhws, —kn(wr)ws + 55 7(w2)Quwr)
(24)  —Ag(ws, —rn(wi)ws + 5=1(w2)Qur) — pg(Phws, (w2 )hwr — n(w:)hw,)
—pAg(wa, n(w2)hwr — n(w1)hws) — vg(Phws, n(w2)phwr — n(w1)phws)

—vAg(wa, n(we)phwr — n(wi)phws) + Lag(n(wa)wr — n(wi)ws, phws) = 0.

Here setting wy = & and using (4), we arrive at

(L3 — £)g(hwa, pws) — p(1 + K)g(w2, dws)
(25)

+V(1 + K)g(¢w27 ¢W4) = 07
consequently, we arrive at

—u(1 4+ K)wa + (Lg — K)hwe + v(1 + K)pwe = 0.
which implies that
w(l+ k) =0.
With the help of (24) and (25), we conclude that
(L3 — k)* +2(1 +K) = 0.

Thus, the proof is completed. O
Corollary 3. Let 22"t is a Wy — Ricci semisymmetric #)P-CMM and (g, €, )
be a Ricci soliton on Z*"+1. Then, we have

tk—v(l+£)=0.

Remark 3. If the manifold chosen in the above example is Wy — Ricci pseudosym-

metric, then we have
5 2
L3 =+ (22’3+1> — 1
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For a (2n + 1)-dimensional semi-Riemannian manifold Z, the Wi*-curvature ten-
sor is defined as

1
(26) W (w1,w2) wz = R(wi, we)ws + %{5(6027“3)@1 — S(w1, wsz)wsz }.

For a (2n + 1)-dimensional (*#*")P-CMM, if we choose wz = & in (26), we can
write

(27)  Wi(wi,w2)§ = p(n(wa)hwy — n(wi)hws) + v(n(ws)phwr — n(wr)phws)

and with the help of (27), we get
(28)
N(W7 (w1, wa2)ws) = pg(n(wr)hws —n(w2)hwi, wz) +vg(n(wr) phws —n(ws) dhwr, w3 ).

Theorem 4. Let Z2"t1 be q FH)PCMM and (g,€,\) be a Ricci soliton on
=24l [F 220t s o W — Ricci pseudosymmetric (FHY)P-C MM, then the function
Ly satisfies

(L +v3)(1+x) =0.

Proof. Let us assume that the (##*)P-CMM be Wr-Ricci pseudosymmetric and
(g,€,\) is an almost Ricci soliton on the (:#*)P-C MM . This mean

(Wi (w1,w2) - S)(wa,ws) = LaQ(g, 5)(wa, wz; w1, wa),
for all wy,ws,ws,ws € x(E), which implies that

S(Wi (w1, w2)wa, ws) + S(wa, Wi (w1, w2)ws)
(29)
= L4{S((w1 Ng wa)wy,ws) + S(wa, (w1 Ng wa)ws)},

for wg = & in (29), we observe

S(WT (w1, wa)wa, §) + S(wa, Wi (w1, w2)§)
(30) = L4{S(g(w2, ws)w1 — g(w1,ws)ws, &)

+5(wa, n(w2)wr — n(wr)ws)}
Substituting (7) into (30), we obtain
La{—Ag(wa, n(w1)ws — n(w2)wi) + S(wa, n(w2)wr — n(wi)ws) }

= =AWy (w1, w2)ws) + S (wa, n(w2)hwr — n(wr)hws)

+vS(wyg, n(wa)phwr — n(wr)dhws).
Also, taking into account (6) and (28), we can infer

—pg(n(w2)hwr — n(wi)hws, phws) + A g(n(wr)hws — n(ws2)hwr, wi)
—vg(phws, n(w2)phwy — n(wi)phws) — Avg(ws, n(we)phwr — n(wr)phws)
= —AL4g(n(w1)wz — n(wa)w1, wa) + ALag(n(wr)wa

—n(wa)wi,ws) — Lag(n(wr)wa — n(wz)wi, phws).
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Since, the ambient manifold admits an almost Ricci soliton, by using (4) and
setting wy = £, we obtain

—p(1 + k)g(wa, gwa) + V(1 + K)g(dws, pw2) + Lag(dwa, hwa) = 0,
this implies that
p(l+ k) =0and (v + L3)(1 + &) = 0.

Thus, this completes of the proof. (I
Corollary 4. Let 22"t is a W -Ricci semisymmetric V) P-CMM and (g, €, \)
be a Ricci soliton on 22"t Then, we have

v (1+k) =0 and p(1+ k) = 0.

Remark 4. If the manifold chosen in the above example is W1 — Ricci pseudosym-
metric, then we have

2
Ly =0 and 523 <223 + 1) =0.

4. CONCLUSION

In this paper, we have studied Ricci solitons on (k, u, v)-paracontact manifolds
by means of the Riemann curvature tensor and the Wy, Wi and Wr-curvature
tensors. Our main objective was to analyze how the presence of a Ricci soliton
influences curvature-restricted conditions such as Ricci pseudosymmetry and Ricci
semisymmetry within the framework of paracontact geometry.

We derived several necessary conditions under which a (., u, v)-paracontact man-
ifold admitting a Ricci soliton satisfies Ricci pseudosymmetric or Ricci semisym-
metric properties with respect to the considered curvature tensors. These results
provide new characterizations that clarify the geometric behavior of such manifolds
and reveal strong interconnections between Ricci solitons and curvature restrictions.
In particular, our findings show that the interaction between the soliton structure
and the underlying paracontact geometry imposes significant constraints on the
curvature tensors, leading to rigidity-type results in certain cases.

The obtained conclusions generalize and extend a number of earlier results in the
literature concerning curvature-restricted paracontact manifolds and Ricci solitons.
Moreover, they demonstrate that Ricci solitons play a crucial role in shaping both
the intrinsic curvature properties and the global geometric structure of (k, p,v)-
paracontact manifolds. We expect that the techniques and results presented here
will be useful for further investigations of geometric flows and curvature conditions
on more general classes of paracontact and pseudo-Riemannian manifolds.
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