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Abstract

	This paper studies efficient numerical methods for the eigenvalue problem of the Laplace operator with periodic boundary conditions: . Within the framework of periodic Sobolev spaces, we propose an algorithm combining a two-grid discretization with shifted inverse iteration. This algorithm first solves the eigenvalue problem on a coarse grid to obtain an initial approximation, then performs a single-step shifted inverse iteration correction on a fine grid, significantly reducing computational cost while ensuring accuracy. We establish a complete theoretical framework for convergence analysis, proving that the error of the computed eigenfunction in the energy norm can be controlled by the best approximation error of this eigenfunction in the discrete space, and the error of the eigenvalue is controlled by the square of this best approximation error. Specifically, we rigorously prove that for the  t-th eigenvalue  and its corresponding eigenfunction, the eigenfunction error is  and the eigenvalue error is , where  represents the best approximation error of the eigenfunction in the discrete space.Numerical experiments validate the theoretical results, demonstrating the efficiency and optimal convergence order of the proposed method for periodic eigenvalue problems.
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1 Introduction
Eigenvalue problems with periodic boundary conditions have wide applications in physics, engineering, and materials science, such as computing the band structure of photonic crystals and analyzing eigenstates under periodic potentials in quantum mechanics. These problems typically involve solving the eigenvalues and eigenfunctions of partial differential equations on periodic domains, and their numerical solution faces two major challenges: first, high computational complexity, especially under high accuracy requirements which necessitate extremely fine grids, leading to a sharp increase in computational resources; second, the mathematical treatment and convergence analysis of periodic boundary conditions are relatively complex. Although traditional finite element methods are applicable to such problems, the computational cost is often prohibitive when high precision is pursued.
To improve computational efficiency, multilevel methods, particularly two-grid methods, have received considerable attention in recent years. Xu systematically developed two-grid discretization techniques (Xu, 1996; Xu & Zhou, 1999), providing new ideas for the numerical solution of partial differential equations; Yang et al. (2015) further combined the two-grid strategy with shifted inverse iteration, significantly enhancing the efficiency of solving eigenvalue problems.
Within the mathematical framework of periodic Sobolev spaces, this paper systematically studies a class of shifted inverse iteration algorithms based on two-grid discretization for solving the Laplace operator eigenvalue problem with periodic boundary conditions. Compared to existing work, the main contributions of this paper include :
(1) Establishing a complete mathematical analysis system under periodic boundary conditions, covering the definition of periodic Sobolev spaces, variational forms, and their finite element discretization;
(2) Proposing a two-grid algorithm combining coarse grid initial approximation with fine grid single-step correction, significantly reducing computational cost while ensuring accuracy;
(3) Constructing a systematic error estimation theory, proving the optimal convergence order for eigenfunctions and eigenvalues;
(4) Validating the algorithm's effectiveness and theoretical conclusions through numerical experiments.
The structure of this paper is as follows: Section 2 introduces the mathematical modeling and finite element discretization of the periodic eigenvalue problem; Section 3 describes the two-grid shifted inverse iteration algorithm in detail; Section 4 presents the basic conditions, lemmas, main convergence theorems, and their proofs required for convergence analysis; Section 5 verifies the method's effectiveness and convergence order through numerical examples.

2 Preliminaries
2.1 Periodic Eigenvalue Problem and Boundary Conditions
Consider the Laplace operator eigenvalue problem on domain :

where  is the eigenvalue and  is the corresponding eigenfunction. To ensure smooth connection of the solution at the boundaries, the function  and its first-order normal derivative are required to satisfy the following periodic conditions :
-direction (period ) :

-direction (period ) :  
     2.2 Periodic Sobolev Spaces and Variational Formulation
Let  be an integer. Define the periodic Sobolev space :

Where   is a multi-index, .
In particular: When , only the function itself is required to be periodic; when , all partial derivatives of order  must satisfy the corresponding periodic conditions.
On the space , the variational form of problem (1) is: Find  and  such that :             
           
where the bilinear forms are defined as :
      
Remark 2.1 The periodic boundary conditions ((2), (3)) adopted in this paper play the following key mathematical roles:Ensure self-adjointness: Ensuring that  is a self-adjoint operator on , so eigenvalues are real and eigenfunctions form an orthogonal basis;Ensure positive definiteness: Boundary terms cancel during integration by parts, making the bilinear form  symmetric and coercive, thus guaranteeing the existence and uniqueness of the solution to the variational problem (4);Define function spaces: Provide the basis for defining (requiring partial derivatives of order  to satisfy periodicity), establishing a rigorous framework for high-order convergence analysis.
2.3 Periodic Finite Element Discretization and Discrete Eigenvalue Problem
Define the standard piecewise -th degree Lagrange finite element space :

        
where  denotes the space of polynomials of degree  on element , and  is the set of triangular mesh partitions.To impose periodic conditions on the discrete space, define the periodic finite element space :

In practical implementation, periodic constraints are enforced by equating the function values (and derivatives if ) at corresponding boundary nodes, thus ensuring .
Consider the approximation of problem (4) in : Find  and  ,such that :
        
Let   be the basis functions of , and let   ( are the unknown coefficients). Substituting into (7) yields the following generalized algebraic eigenvalue problem :
                        
where , and the elements of the stiffness matrix  and mass matrix  are respectively :
Remark 2.2 Since the symmetry and coercivity of  and  are preserved at the discrete level,  is a symmetric positive semi-definite matrix and  is a symmetric positive definite matrix; the eigenvalues are all non-negative real numbers and can be ordered as:.
2.4 Properties of Bilinear Forms and Solution Operator Framework
For the subsequent convergence analysis, we establish the following framework. Let  with norm . The bilinear forms  and  satisfy the following basic properties :
Boundedness and Coercivity of  : There exist constants  such that :


In this paper, we take the energy norm , which is equivalent to .
Define the norm induced by :  

Define the solution operator  such that for any ,   satisfies :


By the Lax-Milgram theorem,  is a positive definite bounded linear operator.
Define the discrete solution operator  such that :

Define the Ritz projection operator  such that :

From (Babuška & Osborn, 1991) it is easy to prove that , and when .
Since  (that is, the energy space is compactly embedded into its dual space), there exists a constant  such that :

By the definition of the negative norm, the above inequality implies :

Furthermore, for the discrete solution operator , for any , there exists  with the following estimates :


The continuous eigenvalue problem (4) is equivalent to the operator eigenvalue problem :

The discrete eigenvalue problem (7) is equivalent to :

Lemma 2.1 (Operator Error on Eigenspace)
Let  be the eigenspace corresponding to the continuous eigenvalue , and . Define the best approximation error of the eigenfunction in the discrete space as :

Then the following estimate holds : 



Proof: For any , from the eigenvalue equation  we obtain :

Considering the discrete solution operator , we have :

On the other hand, from the definition of the Ritz projection (15) :

Therefore :

That is :

Thus :

So :

Taking the supremum over  in the above equation, and noting that  , we obtain :

Proof complete.
2.5 Error Measures
This paper introduces two error measures related to the grid parameter  to quantitatively analyze the convergence of the multigrid algorithm:  is used to characterize the overall approximation capability of the solution operator, while  describes the best approximation error of the eigenfunction. Approximation error :
      
Eigenfunction approximation error :
      

where, and is the eigenspace corresponding to eigenvalue  . When the grid is fine enough, we have :
      
These error measures will play a key role in the subsequent error estimation.
Proof: For any , from the proof process of Lemma 2.1 we know  and . Therefore :

Taking the supremum yields :

Proof complete.
3 Shifted Inverse Iteration Method Based on Two-Grid Discretization
Let  be a family of nested periodic finite element spaces satisfying: , where     … are the grid parameters (e.g., mesh size, smaller  means finer mesh); when , . Typically,  is the coarse grid space, and subsequent spaces are obtained by adaptive or uniform refinement. We propose the following shifted inverse iteration algorithm based on two-grid discretization:
3.1 Two-Grid Shifted Inverse Iteration Method
Step 1. Solve the eigenvalue problem (4) on the coarse grid space  to obtain the initial approximate eigenpair  such that , and

Step 2. Set , , . 
Step 3. On the current grid space  solve the linear system to find  such that :

Set.
Step 4. Compute the Rayleigh quotient :

We first present the following basic conditions and lemmas to prepare for the error analysis.


4 Theoretical Analysis
In the following discussion, let  and  denote the t-th eigenpair of problem (4) and (7) respectively, and let  ,  ,  (the eigenspace for eigenvalue ), (the discrete eigenspace). To show that the constants in the error estimates are independent of the mesh size, we introduce positive constants and conditions as follows:
Condition 4.1 There exists  such that :

where  is an approximate eigenvalue of,  is the approximate eigenfunction obtained by Algorithm 3.1, and  is the separation constant for the eigenvalue  .  
Condition 4.2 (Mesh Convergence Order Condition)
Assume there exists a constant  and sequences such that:

Remark 4.1 This condition indicates that as the mesh is refined (with increasing ), the eigenfunction approximation error  and the approximation error  both decay at a polynomial rate, consistent with the conventional error decay behavior of finite element mesh refinement.
Condition 4.3  For any given , there exists   such that :
.
Lemma 4.1  Let  and  be the  eigenvalues of problem (4) and (7) respectively. Then there exists a positive constant  such that when , the following conclusions hold:
(Discrete approximates continuous) For any eigenfunctioncorresponding to   (satisfying ), there exists a continuous eigenfunction  (satisfying ) such that :


(Continuous can be approximated by discrete) For any continuous eigenfunction , there exists a discrete eigenfunction  such that :
     
where the constants  and  are positive and depend only on the continuous eigenvalue .
Proof: See Babuška and Osborn (1991, p. 699), and Lemma 3.7 with equation (3.29b) in Babuška and Osborn (1989).
  
Lemma 4.2  Let  be an eigenpair of (4) with . Then for any  with , the Rayleigh quotient  satisfies:  
      
Proof: See page 699 of Babuška and Osborn (1991).
Lemma 4.3 (Normalization Error Estimate) For any non-zero  we have:

Proof:



Similarly, the second inequality can be derived.
Lemma 4.4  (Rayleigh Quotient Error Estimate)
Let  ( is the eigenspace for eigenvalue  in (4)), , , and  ( is the embedding constant satisfying  for any ), then the Rayleigh quotient satisfies:

where , and  depends only on   and.
Proof: From Lemma 4.2 (Rayleigh quotient expression) we have :

Using the condition , (17), and Lemma 4.3, we get :

In (4), letting , and after normalizing  , we have , so :



From (17) we know :

Therefore:

Let , then .
Proof complete.
Lemma 4.5 (Single-Step Correction Error Estimate)
Let  be the approximate eigenpair obtained from the -th fine grid correction step in Algorithm 3.1. Assume Lemma 4.1 and Condition 4.1 hold, where we take . Then there exists  such that :


where  is a constant independent of the grid parameter  and the iteration step  .
Proof: See the work of Yang et al. (2015).
Theorem 4.1  (Error Estimate for the Two-Grid Shifted Inverse Iteration Method)
Let  be the approximate eigenpair obtained by Algorithm 3.1 (coarse grid solution and single fine grid correction). Assume Condition 4.2 holds; then there exists  and  such that if , Lemma 4.1 and the following estimates hold:



where are positive constants independent of the grid parameters.
Proof: We use Lemma 4.5 to complete the proof. Consider the single fine grid correction step in Algorithm 3.1, that is, . At this point: the coarse grid solution is ; after fine grid correction, we obtain , which is the  in the theorem. Note ; then there exists a sufficiently small  such that if , Lemma 4.1 and the following inequalities hold :



 

From Lemma 4.1, Lemma 4.4, and (27) we know there exists  such that:

and , that is,  Condition 4.1 holds.
Therefore, from Lemma 4.5 (taking ) we get:

Furthermore, because of Condition 4.2: , , and , we obtain:


Since , we have:

Therefore, from (36) we get:


Next, for , we take:  . Lemma 4.5 provides the negative norm estimate in Equation (31) :

From (24) we know: , so:


From  we can deduce:

Since , we have:

Therefore, combining with (37) yields:

That is, (32) and (33) hold for ; combining (32) and Lemma 4.4 yields:

Proof complete.
Remark 4.2 In Theorem 4.1, when , that is,  and  are of the same order, we have . Indeed, in Lemma 4.2, taking , and , we get:

Note that from (17):

So we can obtain:          

Remark 4.3 In Theorem 4.1, if we replace Condition 4.2 with Condition 4.3 below, then (32) and (34) still hold.
Corollary 4.2 (Two-Grid Convergence)
Under the conditions of Theorem 4.1, when the fine grid parameter :



and the convergence rates achieve the optimal order of .
5 Numerical Experiments  
In this section, to verify the effectiveness of the proposed two-grid shifted inverse iteration method for periodic eigenvalue problems, we conducted numerical experiments on the square domain , using uniform triangular mesh partitions (as shown in Fig. 1).
[image: ]
Fig. 1. Schematic diagram of uniform triangular mesh partition
Let  be the reference exact value,  be the eigenvalue approximation on the coarse grid,  be the eigenvalue corrected by the two-grid method, - be the error of the coarse grid solution relative to the exact value, and - be the error of the two-grid solution relative to the exact value. The first three reference exact solutions are: =1+
=1+2=1+.
Table 1. Numerical results and errors for the first three eigenvalues under different mesh sizes
	
	
	
	
	 
	-
	-

	1
	
	
	10.976038484222540
	10.898719038591249
	0.106434083
	0.029114638

	1
	
	
	10.896074655662666
	10.876873903194625
	0.026470255
	0.007269502

	1
	
	
	10.876213277449990
	10.871421226471762
	0.006608876
	0.001816825

	2
	
	
	21.421501816024687
	20.919390631467344
	0.682293014
	0.180181829

	2
	
	
	20.908712266203668
	20.784158935599294
	0.169503464
	0.044950133

	2
	
	
	20.781511832418705
	20.750440786511739
	0.04230303
	0.011231984

	3
	
	
	42.215834850708134
	40.947456195489167
	1.737417246
	0.469038591

	3
	
	
	40.904153936890161
	40.594870221784305
	0.425736333
	0.116452617

	3
	
	
	40.584298622651083
	40.507495611547469
	0.105881018
	0.029078007



Numerical results are presented in Table 1 From the numerical results, it can be clearly seen that for all tested eigenvalues, the solution  corrected by the two-grid method is significantly better than the coarse grid solution . Taking  = 1 as an example, when , the coarse grid error is , while the two-grid error reduces to , an accuracy improvement of about 3.6 times. Fig.2 shows the convergence trend of eigenvalue error with mesh size and method comparison. As the mesh is progressively refined, the error of the two-grid solution shows a regular decay, and the convergence rate reaches the optimal order of   , which is completely consistent with the theoretical conclusion that the eigenvalue error is .
[image: ]
Fig. 2. Convergence trend of eigenvalue error with mesh size and method comparison
6 Conclusion

Numerical experiments show that the proposed two-grid shifted inverse iteration method effectively improves the computational efficiency and accuracy for periodic eigenvalue problems. The corrected solution maintains the optimal convergence order while significantly reducing computational complexity, making it suitable for periodic eigenvalue problems with high accuracy requirements.
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Two-grid Scheme: Error Convergence
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Method Comparison: Coarse vs Two-grid
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