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ABSTRACT

	Aims: This paper introduces and investigates the concept of soft pre g*-connected sets in soft topological spaces. Using soft pre g*-open and soft pre g*-closed sets, we establish criteria for soft pre g*-separation and soft pre g*-disconnectedness. Illustrative examples are provided to demonstrate key properties. We conclude that every soft pre g*-connected space is soft connected, and that the empty and singleton soft sets are always soft pre g*-connected.
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1. INTRODUCTION

Molodsov introduced the soft set in 1999. A parametrised general mathematical tool that works on a set of approximations of things is called a soft set. A predicate and an estimated value set make up an approximate description.
A parametrised family of subsets of a Universal set, where each element is regarded as a set of approximate elements of the soft set, is what Molodsov (1999) characterises as a Soft Set. Measurement theory, probability theory, and the fundamentals of soft set theory were presented. He was informed that the parametrisation insufficiency syndrome of fuzzy set theory, rough set theory, probability theory, etc. does not apply to soft set theory.

Soft set was introduced by Molodsov in the year 1999. Soft set is a parametrized general mathematical tool which deals with a collection of approximate descriptions of objects. Each approximate description has two parts, a predicate and an approximate value set.
	
Connectedness on Soft Multi Topological Spaces is defined by Tokat and Osmanoglu (2013). g*-Pre closed sets were defined by Veerakumar (2002). Connected sets in soft topological spaces and certain features were described by Jackson and Chitra (2023). Soft-Connectedness in Soft Topological Spaces was studied by Rathee et al. (2021). The theory of connectedness, local connectedness, and components on bipolar soft generalised topological spaces was demonstrated by Saleh et al. in 2023. Connectedness and local connectedness on infra soft topological spaces were defined by Tareq et al. in 2021.  In the present study we used examples to demonstrate soft pre g*connected sets. Pre-g*-closed sets in topological spaces were demonstrated by Jafari et al. (2012).

2. Preliminaries

Suppose that there are five characters of a man in the Universe. Let U = {t1,t2,t3,t4,t5}under consideration, and E={p1,p2,p3,p4,p5,p6,p7,p8} is a set of parameters then pi(i=1,2,3,4,5,6,7,8} stands for the parameters “white skin”, “black skin”, ”Long”, ”short”, ”lazy”, ”brilliant”, ”vegetarian”, “Non-vegetarian”, respectively. In this case, to define a soft set means to point out white skin, short and so on.
	Consider the mapping fE given by “characters of a man (.)” where (.) is to be filled in by one of the parameters pi For instance, fE(pi) means “ Man have (White skin)”, and its functional value is the set {tU: t have Short }and so, let A⸦E, the soft set FA that describes the “Best Characters of a Man” in the opinion of the officer  Kumar say, may be defined like,  A={p2,p3,p4,p5,p7}, FA(p2) ={t2,t3,t5}, FA(p3) ={t2,t4}, FA(p4) ={t1}, FA(p5) ={U}and FA(p7) ={t3,t5}.The soft set FA as consisting of the following collection of approximations:    
 FA ={(p2,{t2,t3,t5}),(p3,{t2,t4}),(p4,{t1}),(p5,{U}),(p7,{t3,t5})}.
Let X={a,b}, E={q1,q2} X={(q1,{a,b}),(q2,{a,b})}.Then the soft sets are written by,
(S,A)1 = X
(S,A)2 = 
(S,A)3 ={(q1,{a})}
(S,A)4 ={(q1,{b})}
(S,A)5 ={(q1,{a,b})}
(S,A)6 ={(q2,{a})}
(S,A)7 ={(q2,{b})}
(S,A)8 ={(q2,{a,b})}
(S,A)9 ={(q1,{a}),(q2,{a})}
(S,A)10 ={(q1,{a}),(q2,{b})}
(S,A)11 ={(q1,{a}),(q2,{a,b})}
(S,A)12 ={(q1,{b}),(q2,{a})}
(S,A)13 ={(q1,{b}),(q2,{b})}
(S,A)14 ={(q1,{b}),(q2,{a,b})}
(S,A)15={(q1,{a,b}),(q2,{a})}
(S,A)16={(q1,{a,b}),(q2,{b})}.So │S(X)│= 24=16.
Therefore we get 16 soft sets in the Universal set U.

3. Soft Pre  g* Connected sETS in soft Topological spaceS

Definition 3.1. Let (X,) be the soft topological space. Let (S,A)1, (S,A)2 ϵ S(X) be two nonempty disjoint soft subsets is said to be soft pre g*connected space over X then pcl(S,A)1∩(S,A)2 ≠ ϕ (or) (S,A)1∩pcl(S,A)2 ≠ ϕ. That is, in the soft topological spaces soft pre g*separation does not exists.
Theorem 3.2. Each soft pre g*connected space (X,) is a soft connected space.
Proof: 
Suppose (X,) be a soft pre g*connected space. Then the soft topological space a soft pre g*separation does not exists.
Since every soft pre g* open set is soft open set, there does not exist a soft pre g*separation of X.
Therefore (X,) is a soft pre g* connected space.
Remark 3.3. (i) In a soft topological space empty set is always soft pre g* connected. There does not exist a soft pre g*separation in the empty set.
(ii) In a soft topological space singleton set is a soft pre g*connected set.
(iii) In the indiscrete topological space all soft subsets are soft pre g*connected sets.
Theorem 3.4. Let (X,) be soft topological space and (S,A) ϵ S(X) be a soft pre g*connected set. Let (S,A)1,(S,A)2 ϵ S(X) be a soft pre g*separated sets. If (S,A) ⊆ (S,A)1 (S,A)2 then either (S,A) ⊆ (S,A)1 (or) (S,A) ⊆ (S,A)2. 
Proof:
Let (X,) be the soft topological space and (S,A) ϵ S(X) be a soft pre g*connected set. Let (S,A)1,(S,A)2 ϵ S(X) be a soft pre g*separated sets such that (S,A) ⊆ (S,A)1 (S,A)2.
To prove that either (S,A) ⊆ (S,A)1 (or) (S,A) ⊆ (S,A)2
Suppose not, Then (S,A)∉(S,A)1 and (S,A)∉(S,A)2 Then (T,A) = (S,A)1∩(S,A) ≠ ϕ and
 (T1,A) = (S,A)2∩(S,A) ≠ ϕ and (S,A) = (T,A)(T1,A)
Since (T,A) ⊆ (S,A)1 ⟹ pcl(T,A) ⊆ pcl(S,A)1
By the definition, (S,A)1,(S,A)2 are soft pre g* separated sets, We have pcl(S,A)1∩(S,A)2 = ϕ
Therefore pcl(S,A)1∩(S,A)2 = pcl(T,A)∩(S,A)2
	   			    = pcl(T,A)∩(T1,A)
	  			   = ϕ	
Also, (T1,A) ⊆ (S,A)2 ⟹ pcl(T1,A) ⊆ pcl(S,A)2
Since (S,A)1 and (S,A)2 are soft pre g*separated sets, 
By the definition, (S,A)1∩pcl(S,A)2= ϕ
Therefore (S,A)1∩pcl(S,A)2=(S,A)1∩pcl(T1,A)
				= (T,A)∩pcl(T1,A)
				= ϕ
But (S,A) = (T,A)(T1,A) then there exists a soft pre g* separation of (S,A).
We conclude that (S,A) is not a soft pre g*connected set which is a contradiction to our assumption.
Thus (S,A) ⊆ (S,A)1 (or) (S,A) ⊆ (S,A)2
Theorem 3.5. Suppose (S,A) is soft pre g* connected set then pcl(S,A) is soft pre g*connected set.
Proof:
Let (S,A) ϵ S(X) be a soft pre g*connected set.
To prove that, pcl(S,A) is soft pre g*connected set.
Suppose pcl(S,A) is not soft pre g*connected set then there exist a soft pre g*separation of pcl(S,A)
Therefore there exist a pair of soft pre g*separated sets (S,A)1 and (S,A)2 such that pcl(S,A)=(S,A)1(S,A)2
But (S,A) ⊆ pcl(S,A) = (S,A)1(S,A)2
Since (S,A) is soft pre g* connected set, then by Theorem 3.4.,
 	either (S,A) ⊆ (S,A)1 (or) (S,A) ⊆ (S,A)2
If (S,A) ⊆ (S,A)1 then pcl(S,A) ⊆ pcl(S,A)1
Since (S,A)1 and (S,A)2 are soft pre g* separated sets. By the definition,
pcl(S,A)1∩(S,A)2= ϕ
Therefore pcl(S,A)∩(S,A)2= ϕ
Since (S,A)2 ⊆ pcl(S,A) then (S,A)2= ϕ which is a contradiction to our assumption.
Similarly we can prove that (S,A)1 = ϕ which is a contradiction to our assumption.
Then there does not exist a soft pre g*separation of pcl(S,A).
Hence pcl(S,A) is a soft pre g*connected set.
Theorem 3.6. Suppose (S,A) is soft pre g*connected set and (S,A) ⊆ (T,A) ⊆ pcl(S,A) then (T,A) is soft pre g*connected set.
Proof:
Let (X,) be the soft topological space and (S,A) ϵ S(X) be a soft pre g*connected set such that (S,A) ⊆ (T,A) ⊆ pcl(S,A)
To prove that (T,A) is soft pre g* connected set.
Suppose (T,A) is not a soft pre g* connected set.
Then there exists a pair of soft pre g* separated sets (S,A)1 and (S,A)2 such that (T,A) = (S,A)1(S,A)2
Since (S,A)⊆(T,A), (S,A)⊆(S,A)1(S,A)2
To prove that either (S,A) ⊆ (S,A)1 (or) (S,A) ⊆ (S,A)2
For, (S,A)∩(S,A)1 ≠ ϕ and (S,A)∩(S,A)2 ≠ ϕ
Then (S,A)=((S,A)∩(S,A)1)((S,A)∩(S,A)2)
But (S,A)∩(S,A)1 and  (S,A)∩(S,A)2 are soft pre g* separated sets. Which is a contradiction to the soft pre g*connected set of (S,A).	
Hence (T,A) is soft pre g* connected set.
Suppose (S,A) ⊆ (S,A)1 then pcl(S,A) ⊆ pcl(S,A)1
Since (S,A)1 and (S,A)2 are soft pre g*separated sets, 
pcl(S,A)1∩(S,A)2 = ϕ
Then pcl(S,A)∩(S,A)2= ϕ, Also (S,A)2 ⊆(T,A)
Then by hypothesis (S,A)2 ⊆ (T,A) ⊆ pcl(S,A)
Therefore pcl(S,A)∩(S,A)2=(S,A)2
Thus we have pcl(S,A)∩(S,A)2 = ϕ and pcl(S,A)∩(S.A)2=(S,A)2
Then (S,A)2= ϕ which is a contradiction to our assumption.
Therefore there does not exist a soft pre g* separation of (T,A).
Hence (T,A) is a soft pre g* connected set.
Theorem 3.7. The soft union (S,A) of any family {(S,A)i : iϵ I} of soft pre g* connected sets having a nonempty soft intersection is soft pre g* connected set.
Proof:  
Let (S,A) be a soft union of any family of soft pre g*connected sets having a nonempty soft intersection.
Suppose (S,A) = (S,A)1 (S,A)2 where (S,A)1 and (S,A)2 form a soft pre g*separation of (S,A).
Now we choose a soft point p1ϵ ∩iϵI(S,A)i
Then p1ϵ(S,A)i for all iϵI
If p1ϵ(S,A) then either p1ϵ(S,A)1 or p1ϵ(S,A)2
Since (S,A)1 and (S,A)2 are disjoint. We have (S,A)i ⊆ (S,A)1
Since (S,A)i is soft pre g* disconnected for all iϵI and so (S,A) ⊆ (S,A)1
Then (S,A)2 = ϕ which is a contradiction to our assumption.
Then there does not exist a soft pre separation of (S,A).
Therefore (S,A) is soft pre g* connected set.
Theorem 3.8. Suppose (X,) is the soft topological space. Then the following are equivalent.
(i) ϕ and X are soft pre g* clopen sets in X.
(ii) X is not the union of two soft disjoint non empty soft pre g*open sets.
(iii) X is not the union of two soft disjoint non empty soft pre g*open sets.
(iv) X is not the union of two soft pre g* separated sets.
Proof:
(i)⟹ (ii)
	Assume that ϕ and X are soft pre g* clopen sets in X.
To prove that X is not union of two soft disjoint non empty soft pre g* open sets.
Suppose not, Then X=(S,A)1(S,A)2 where (S,A)1 and (S,A)2 are two disjoint nonempty soft pre g* open sets.
Therefore (S,A)2 = (S,A)1c is soft pre g*closed and nonempty.
Hence (S,A)2 is a nonempty proper soft pre g* clopen set in X which is conclude that (ii) is false.
(ii) ⟹ (iii)
Assume that X is not union of two disjoint nonempty soft pre g* open sets.
To prove that X is not union of two disjoint non empty soft pre g* closed sets.
Suppose not, Then X=(S,A)1(S,A)2 where (S,A)1 and (S,A)2 are complement of (S,A)1 and (S,A)2.
Therefore (S,A)1 and (S,A)2 are soft pre g*open sets. Which is a contradiction to (ii).
(iii) ⟹ (iv) Assume that X is not union of two disjoint non empty soft pre g* closed sets.
To prove that X is not union of two soft pre g* separated sets.
Suppose not, then X = (S,A)1(S,A)2 where (S,A)1 and (S,A)2 are the soft pre g* separated sets.
Then (S,A)1∩pcl(S,A)2 = ϕ
⟹ pcl(S,A)2 ⊆ (S,A)2
But (S,A)2  ⊆ pcl(S,A)2
Therefore pcl(S,A)2=(S,A)2
Therefore (S,A)2 is a soft pre g* closed set.
Similarly we can prove that (S,A)1 is soft pre g*closed set. Which is a contradiction to (iii)
Therefore x is not the soft union of two soft pre g*separated sets.
(v) ⟹ (i)
Assume that X is not the union of two soft pre g*separated sets.
To prove that ϕ and X are soft pre g* clopen set in X.
Suppose not, Then there exists a nonempty proper soft pre g* clopen subset over X.
Then (S,A)2=(S,A)1c is a nonempty and soft pre g* clopen set and X= (S,A)1(S,A)2 where (S,A)1 and (S,A)2 are nonempty disjoint soft pre g* clopen sets.
Since (S,A)1 and (S,A)2 are soft pre g*clopen , pcl(S,A)1=(S,A)1 and pcl(S,A)2=(S,A)2
Therefore pcl(S,A)1∩(S,A)2 = (S,A)1∩(S,A)2 = ϕ
Also (S,A)1∩pcl(S,A)2 = (S,A)1∩(S,A)2 = ϕ
Thus X is a union of pre g*separated sets. Which is a contradiction to (iv)
Therefore X and ϕ are the soft pre g* clopen sets in X.
Theorem 3.9. Suppose (X,) is the soft topological space such that any two soft points p1 and p2 of X are contained in some soft pre g* connected subspace Y of X. Then X is soft pre g* connected space.
Proof: 
Let (Y,) be a soft pre g* connected subspace of the soft topological space (X,).
Let p1,p2 ϵX.
Assume that the soft points p1, p2 ϵX are contained in the soft pre g*connected subspace of Y of X.
To prove that (X,) is a soft pre g* connected space.
Suppose (X,) is not a soft pre g* connected space.
Then there exist a soft pre g* separation in X.
Therefore there exists a pair of nonempty disjoint soft pre g* separated sets (S,A)1 and (S,A)2.
Since (S,A)1 and (S,A)2 are nonempty soft sets, there exists the soft points p1 and p2 such that p1ϵ(S,A)1 and p2ϵ(S,A)2.
Since (Y,) is a soft pre g* connected subspace of (X,) which contains p1 and p2. Then either Y ⊆ (S,A)1 (or) Y ⊆ (S,A)2 
Therefore (X,) is soft pre g* connected space.

4. Examples of Soft pre g*Connected Sets

Example 4.1. Let X={a,b}, E={q1,q2} X={(q1,{a,b}),(q2,{a,b})}.Then the soft sets are written by, (S,A)1 = X, (S,A)2 =  (S,A)3 ={(q1,{a})},(S,A)4 ={(q1,{b})},
(S,A)5 ={(q1,{a,b})},(S,A)6 ={(q2,{a})},(S,A)7 ={(q2,{b})},(S,A)8 ={(q2,{a,b})},
(S,A)9 ={(q1,{a}),(q2,{a})} ,(S,A)10 ={(q1,{a}),(q2,{b})},(S,A)11 ={(q1,{a}),(q2,{a,b})},(S,A)12 ={(q1,{b}),(q2,{a})},(S,A)13 ={(q1,{b}),(q2,{b})},
(S,A)14={(q1,{b}),(q2,{a,b})},(S,A)15={(q1,{a,b}),(q2,{a})},(S,A)16={(q1,{a,b}),
(q2,{b})}.So │S(X)│= 24=16.
Therefore we get 16 soft sets in the Universal set U.
Example 4.2. Consider example 4.1. pcl(S,A)14= X. Let (S,A)3ϵ S(X). Then 
pcl(S,A)14∩(S,A)3 = X ∩{(q1,{a})}
= ((q1,{a,b}),(q2,{a,b}))∩((q1,{a}))
≠ ϕ
Then there does not exist a soft pre g*separation of X.
Hence the both sets are soft pre g*connected sets.
Example 4.3. Consider example 4.1., pcl(S,A)16 = X. Let (S,A)5ϵ S(X). Then 
(S,A)5∩pcl(S,A)16 = (q1,{a,b}) ∩((q1,{a,b}),(q2,{a,b}))
= (q1,{a,b})
≠ ϕ
Then there does not exist a soft pre g*separation of X.
Hence the both sets are soft pre g*connected sets.
Example 4.4. Consider example 4.1., pcl(S,A)7 = X. Let (S,A)13ϵ S(X). Then 
pcl(S,A)7∩(S,A)13 = (q2,{b}) ∩((q1,{b}),(q2,{b}))
= (q2,{b})
≠ ϕ
Then there does not exist a soft pre g*separation of X.
Hence the both sets are soft pre g*connected sets.
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5. CONCLUSION

In this paper we explained about soft pre g*connected sets with examples. We used in this paper soft pre g*open sets, soft pre g*closed sets, soft pre g*separation and soft pre g*disconnected spaces. In this paper we conclude that, the soft topological space is soft pre g* connected space if it is a soft pre connected soft subset of itself. Each soft pre g*connected space is a soft connected space. In soft topological space, empty set and singleton set is always soft pre g*connected set.
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