The well-posedness and exponential stability of
dissipative Bresse-Timoshenko system without a second
spectrum

Abstract

This paper investigates the dissipative Bresse-Timoshenko system without second spectrum.
By using the theory of Cy-semigroup, We give a detailed calculation process of the well-
posedness and we prove that the system is exponential stability for any parameters.
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1 Introduction and main results

In 1921, Tymoshenko [14] optimized the Euler-Bernoulli beam model and the Rayleigh beam

model and proposed the following hyperbolic system of two coupled wave equations

{ prou — k(e + 1), =0, (1.1)

P2¢tt - bd}:px + k(‘px + w> = 07
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which is called Timoshenko beam model, where ¢ and 1) are the deflection of the beam from its
equilibrium position and the rotation of the neutral axis, respectively, p1 = pA, p; = pl,b = EI
and k = k'GA are positive constants with p is the density, A is the cross-sectional area, / is the
second moment of area of the cross-sectional area, £ is the Young modulus of elasticity, G is the
modulus of rigidity, £’ is the transverse shear factor. However, it was later discovered that the

Timoshenko beam model admits two wave speeds

\/ ]C/pl and v b/pg,

which contributes to a physical paradox called the second spectrum (see, for example, [6, 7, 10]).
Based on these reasons, Elishakoff [8] proposed the following truncated version model by com-

bining d’Alembert’s principle for dynamic equilibrium from Timoshenko hypothesis,

- bwmz + k(@z + ¢) = 07

which eliminates the anomaly of the second spectrum since it admits one wave speed

Vb/1p2(1 + p1b/kps)].

The model (1.2) is called Bresse-Timoshenko system without second spectrum and has been exten-

sively in recent years (see [1, 2, 5,9, 13] and references therein).

In this paper, we consider the following dissipative Bresse-Timoshenko system without

second spectrum proposed in [4]

{ P11 — k(e + ) +ppy =0 in (0, L) x (0, 00), 13)

_p2§0ttm - b¢x:c + k(spa: + ¢) = O il’l (07 L) X (07 00)7

where p > 0 represents the damping coefficient acting on displacement function. Moreover, we

consider the boundary conditions of Dirichlet-Neumann type given by

©(0,1) = p(L,t) = 12 (0,1) = ¥o(L,t) =0, t>0. (1.4)

and initial conditions given by

90(1‘70) = ¢0($),(pt($,0) = gpl(fﬂ),@D(ZE,O) = ¢o($)a NS (O7L) (1.5)

When p; = 0, problem (1.3) with boundary conditions of Dirichlet-Neumann type was studied in
[3] and the authors showed the exponential decay of the energy. In [4], the authors studied (1.3)
with boundary conditions of Dirichlet-Dirichlet or Neumann-Dirichlet type, and the exponential

decay of the energy was obtained. However,



1. for boundary conditions of Dirichlet-Neumann type only the case p, = 0 was considered
in [3];

2. the well-posedness results were not considered in [4].

Based on the above reasons, we will consider the problem (1.3)-(1.5). The Cj-semigroup theory
are applied to study the well-posedness and exponential stability, which is different from [3]
and [4], where the multiplying method and energy method were used to study the exponential

stability.

From (1.3),, we get

_Pn B
wx—ksotﬂrksot Paz-

By substituting v, into (1.3),, we have
P1 K o p1 Ho =
P2Pttax b ( k’ Pttxx + kSOta:a: @xwza:) + kj(pa:a: + k: < k‘ Ptt + k@t @xa:) 07
i.e., problem (1.3)-(1.5) can be transformed to

(kplj - (bpl + ka)aa::c) Pt + (k:UJ] - b,ua:v:v) Pt + bk(p:c;rzz = O, in (07 L) X (Oa 00)7

©(0,t) = (L, t) = 022(0,t) = pua(L,t) =0, t >0,
©(,0) = @o(x), @i(x,0) = pi(), z € (0,L).
Let
B:= kpll - (bpl + kpz)&;m;, (17)
C = kul — bulyy. (1.8)

Obviously, A is a positive self-adjoint operator from {¢ € H*(0,L) N H3(0,L) : (. € H3(0,L)}
to L?(0, L), which can be extended as an isomorphism from H2(0, L) to H (0, L); B and C are
positive self-adjoint operators from H?(0, L) N Hj (0, L) to L*(0, L), which can be extended as an
isomorphism from H; (0, L) to H~'(0, L), where

HJ(0,L) := {¢ € H*(0,L) N Hy(0, L) : G € Hy(0, L)} (1.9)
Then, problem (1.3)-(1.5) can be written as the following abstract form in H} (0, L):

+ B 'Cyp, + kB 'Ap = 0, t>0,
{Sott Pt 4 (1.10)

(0) = o € H*(0,L) N Hy(0, L), ¢:(0) = ¢1(x) € Hy(0, L).
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ﬂ::( 0 g ) cp:(‘p> ;:<¢>, @0::(¢°> (1.11)
_bkB-'A —B-'C é o0 1

# = (H*(0,L) N Hy(0,L)) x Hy(0,L). (1.12)

and

It is obvious that # is a Hilbert space with scalar product

*

¥

(O, %), = p1 (D, 0") + p2(ba, ) + (T, 5), VO = (Z) e g, " = <¢*

) cg, (1.13)

where

k
T =——— (pl +bp’°B7 1) 00, 1.14
bp1 + kpo (p2 P ) ° ( )

and (-, -) denotes the standard L?-scalar product.

With the above preparations, one can see A : D(A) C # — #, and problem (1.10) can be

written as p
—o=AdecH, t>D0,
dt (1.15)
®(0) = Dy,

where

D(A) = {CD = (Z) cH:pec H)0,L),¢pc H*(0,L)N H&(O,L)} . (1.16)

Theorem 1.1. A generates a Cy-semigroup of contraction (e"*) _  on #, which is exponential stable,

>0
i.e., there exist two positive constants M and o such that

o] < aree

forany t > 0.

The rest of this paper is devoted to prove the above theorem.

2 Proof of Theorem 1.1

In this section we will prove Theorem 1.1 by using the following two theorems. Let§ € C, A
be an operator, and f, g be two quantities, Ref denotes the real part of 6, § denotes the conjugate
complex of 6, p(A) denotes the resolvent set of A, the notation f < g means there exists a constant
such that f < Cg.



To show A generates a Cy-semigroup of contraction, we need the following theorem][11,

Theoem 1.2.4], which can be seen as a corollary of the Lumer-Phillips theorem.

Theorem 2.1. Let H be a Hilbert space with scalar product (-, -) iy and A be a linear operator with dense
domain D(A) in H. If A is dissipative, i.e.,

forany ¢ € H and 0 € p(A), then A is the infinitesimal generator of a Cy-semigroup (') _ of contrac-

>0
tion on H.

To prove the exponential stability of a C-semigroup we need the following theorem [11,
Theoem 1.3.2].

Theorem 2.2. Let S(t) be a Cy-semigroup of contractions on a Hilbert space with infinitesimal generator
A. Then S(t) is exponentially stable if and only if

p(A) DR :={if : 5 € R}

and
limsup || (i8] — A)7|| < oc.

8|00

Proof of Theorem 1.1. It is obvious that D(A) is dense in #. We first show that A is dissipative.

For any

by (1.11) and (1.6),

7~ (upa o0 ()
—WkB'A —B-'C ) \ ¢

-~ ¢ -~ ¢
N (—Bngb - ka1A¢) - (—BquzS - bk:Blsomm> |
Then it follows from (1.13), (1.14), (1.7), and (1.8) that

L L
Re(®, A®)5% = Re / p1¢ [-B7'C¢ — bkB™'%,,,, ] dx + Re / pa¢e [-B'Ch — bkB™'D,,,, | dx
0 0

Lok —
- Re/ ———— (pod + bp*B ) 0y dr
o bp1+kps <p2 P ) Poazf



L
0

bp1 + kp2
L
~Re [ B [01(CO)0 + a(CE)0] do

L 2 21. 42
_ bk P1P2 b k?pl
/0 P10k pgy + p2bke bor 1 iy P P20k bor + ko ’ Puzdx

~~
=0

L L L
— Re (ukpl/ B '¢pdx + (ubpy + uk;pg)/ B¢, ¢.dx + ubpg/ B_lamd)md:ﬁ)
0 0

0
" 2
= - <M P1 LQ(O,L))

<0, 2.1)

(.

1 2 1
B72¢ + (ubp1 + pkpo2) B 26,

b
L 0.L) + pbp2

B0,

2
L2(0,L)

hence A is dissipative.

Secondly, we prove that 0 € p(A). At first, we show A : D(A) C # — # is surjective, i.e.,

for given G = (91> € #, we need to show there exists ¢ = (i) € D(A) satisfying
92
- AP =G, (2.2)

this means

— ¢ =g, € H*0,L)N Hy(0, L),

C¢ + bkgoxxmz = BQQ € Hfl(O, L),

©(0) = o(L) = 032(0) = @ua(L) = 0.
Then we get

¢=—g1 € H*(0,L) N H(0, L),
and ¢ satisfies
bk’%%mx = Bg? + Cgl S H_l(oa L)a
©(0) = o(L) = ¢22(0) = @ua(L) = 0.

The standard theory of elliptic equations shows that (2.3) admits a unique solution ¢ € H2(0, L)

(2.3)

and

lellmso.0) S IBg2 + Caill 10,0y S G-

So the above analysis shows that (2.2) admits a unique solution ® € D(A) and
HCD“Hg}(o,L)x(HQ(o,L)mHg(o,L)) S Gz (2.4)

6



Following (2.4), we get, A : D(A) — # is injective. So A ™' : # — D(A) exists, and by (2.4)

again A ! is a bounded linear operator on #¢. Therefore, we get 0 € p(A).

So by Theorem 2.1, A generates a Cy-semigroup of contraction (&), on #.

Next we show (") _ is exponentially stable by using Theorem 2.2. We first show

£>0
iR C p(A) (2.5)

by contradiction argument. If (2.5) in not true, since we have shown 0 € p(A), by the proof of [11,
Theoem 2.2.1], there is a constant w € R with || A 7!|| < |w| < oo such that {if : |8| < |w|} C p(A)
and

sup ||(i — A) 7| = .
18] <|e]

Then there exists a sequence {5,}2, C Rwith 8, — w (n — ), |f,] < |w| and a sequence
(@32 = { (*”) } c D(A)
an n=1

12allFe = prlldnllZz0.) + P2l PnsllZo.L) + B{Tns, Ona)
kb

with

2
— 2 2 2 2 _1
= PlH(anB(O,L) + P2H¢nx||L2(o,L) + m (/72 H‘anHH(O,L) + bp1 || B720naa L2(0,L)>
=1 (2.6)
such that
asn — oo, 1i.e.,
iBnpn — ¢ — 0 in H%(0, L) N H(0, L), (2.8)
iBptn + B 1Coy, + bkB 0pazee — 0 in H}(0, L). (2.9)

Similar to the proof of (2.1), we get

Re((iB, I — A) P, P,) 5%

1 2 1 2 1 2
= uk B2 n b k ’B77 nx b B2 nxx )
phor B2 L F (ubp1 + pkp2) | B2 dne|| oy T 12 B0
which, together with (2.6) and (2.7), implies
Tim (|¢nl| 20,y = 0 and lim {|¢ne[|2(0,0) = 0, (2.10)
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where we have used the facts that

_1
||¢n||L2(o,L) N ”B 2Pna

_1
and H¢anL2(O,L) S HB 2¢nx:c

L2(0,L) L2(0,L)
Then, it follows from (2.9) that
lim SupHSOnxxHLQ(O,L) S lim sup HBilngLIIIIHLQ((LL)
n—00 n—0o0
S nh_{{.lo ”Zﬂn¢n + B_lc¢n + ka_lSDn:r:a:xxHLz(oyL) + nh_{go H¢nHL2(O,L) =0, (211)

where we have used the facts that

||<an||L2(o,L) S ||B_190nmmHL2(o,L)’

|80 < w4+ 1 < oo for n large enough since 5, — w (n — o0) and |w| < oo, and

||B_1C¢nHL2(O,L) S ||¢n||L2(O,L)‘

By (2.8) and (2.10) we get

) _1 ) 2 . )

lim sup HB 2 Pnax 5 lim sup HSOanLQ(QL) S — lim sup Hlﬁngpn:ﬁHLz(O,L)

n—00 L2(0,L) n—00 LU| n—00

< X [iBapne — duel + 00 [|Guall 20,0y = 0, (2.12)
where we have used the facts that
1
[B4ens . ) S Nenelzzon

and |3,| > % for n large since 3, — w (n — o0) and |w| > || A > 0.

By (2.10), (2.11) and (2.12), we get lim,,_,, ||®,||% = 0, which contradicts ||®,|# = 1. So
(2.5) holds.

We now prove
lim sup H(zﬁ] — A)_lH < o0 (2.13)

|8l—o00
by a contradiction argument again. Suppose that (2.13) is not true. Then there exists a sequence

{Bn}22, C Rwith |§,| = oo (n — o0), and a sequence

(®,), = { (g) } C D(A)

satisfying (2.6) such that (2.7) holds. Again we also have (2.8), (2.9), (2.10) and (2.12) except for

(2.11) since in this case {3, }22 , is unbounded.



Since

Hiﬂn¢n”L2(0,L) 5 Hzﬁn¢n+B_lC¢n + ka_lSOna:xxm”Lz(O’L)"i_ HB_lc¢n||L2(07L)+ kuB_l@nxx:c:eHLQ(QL)

5 "Zﬁn¢n + Bilcgbn + kailSOmmxxHLQ(O’L) + ‘|¢HHL2(0,L) + Hgomsx”LQ(O,L)

it follows from {ngan Lz(o,L)}oo and {||¢ulr20,r)},., are bounded sequences (see (2.6)), and

k=1
(2.9) that
{liBnnllL20,1) },_, is a bounded sequence. (2.14)

Similar to (2.11), we get
H()OnxxHLQ(O,L) S HBilgonxwxxHLQ(o’L) f, Hzﬁngbn + BilC(bn + kail(pnzx:prLz(QL) =+ ‘|iﬁn¢n|’L2(O,L)~
Then we get from (2.9) and (2.14) that
{1zl 2(0,1) }20:1 is a bounded sequence,

which, together with |3,| — oo as n — oo that

lim ' Pra — 0. (2.15)
n—00 n 1l200,1)
Dividing (2.8) by 3, we get
. . % . 2 1
iPn 3 — 0in H2(0,L) N Hy(0, L).

Then it follows from (2.15) that

lim sup {|@naell22(0,0) < Hm |{|iQpnze — Onza + lim Pz =0,
n—00 n—00 ﬁn L2(0,L) n—o0 n LQ(O,L)
i.e., (2.11) also holds. Then we get lim,,_,, ||®,|/% = 0, which contradicts ||®, || = 1. So (2.13)
holds. The desired result follows from Theorem 2.2, (2.5) and (2.13). O

3 Conclusions

In this article, we have investigated a dissipative Bresse-Timoshenko system without second
spectrum. The Cy-semigroup theory are applied to study the well-posedness and exponential
stability, which is different from others, where the multiplying method and energy method were
used to used to study theexponential stability. This result substantially improves earlier results

in the literature.
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