KIRCHHOFF BIHARMONIC SYSTEM WITH CHOQUARD
NONLINEARITY AND SINGULAR WEIGHTS

ABSTRACT. The aim of this paper is to find the existence of solutions for the following Kirchhoff type
biharmonic system with exponential nonlinearity and singular weights

m (full? + lol2) A% = [1,« HE ] A oo

[ |z

m (lul]? + [[0]?) A% = [1, » )] L2lean) g, g

B []™
u=0, v=0, Vu=0, Vv=0 on 0N,
where Q is a bounded domain in R* containing the origin with smooth boundary, u € (0,4), 0 < a <
£, Iu(z) = IIV%‘“ m is a Kirchhoff type function, ||ul|? = [, |Aul?dz, f; behaves like €505” wwhen

|s| — oo for some By > 0, and there is C' function F : R?> — R such that (E)F(;f’”), aF(;I’}"’”)> =

(fi(z,u,v), fa(z,u,v)). We establish sufficient conditions for the solutions of the above system by using

variational methods with Adams inequality.

1. Introduction

In this paper, we are concerned with the existence of solutions for the following biharmonic
Kirchhoff system with exponential nonlinearity and singular weights

m (ull + ol]?) A% = |1, FEe2 | e 0

] ]
(1.1) m (|[ul|? + [|v]|?) A%v = [Iu N F(lz,‘z,v)} fg(é,‘g,'u) n O
U:O, U:O, Vu:(L Vv=0 on aQ’

where (2 is a bounded domain in R* containing the origin with smooth boundary, u € (0,4),
0<a<¥ and ||u]> = [,|Aul?dz. I, is defined as I,(z) = —i=. m : R+ R+ is a

5 ERC

Kirchhoff type function. F' satisfies suitable growth assumptions and f; = aw fo=
Problems involving biharmonic equations have been studied extensively by many re-

searchers until now. For instance, Rani and Goyal in [27] considered the following bi-

harmonic critical Choquard equation:

T e A O I

u=0, Vu=0, on 0f,
where (2 is a bounded domain in RY (N > 5) with smooth boundary, 1 < ¢ < 2,0 < a < N,
2 = QJJVV__f and f,g: 2 — R are continuous sign-changing weight functions. They proved
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the existence of two nontrivial solutions for the problem (1.2) in a suitable range of A.
Specifically the readers expressing an interest in the above part we refer to [10,16,17,22-24]
and the references therein for the existence and multiplicity of solutions for biharmonic
equations.

Biharmonic equations involving critical exponential nonlinearities have been also inves-
tigated recently. In fact, let 2 be a smooth bounded domain in R", we know the classical
Sobolev space embedding shows that

np
n—p
As for n = p, we say W, "™(Q) < L5(Q) for all 1 < s < oo, however L>(Q) does not hold.
Later, Pohozaev [25] and Trudinger [30] found the function ¢(t) = el!™T 1 such that

1? <1/qu(u)dx < 00.

su
Wl,n Q)=

WyP(Q) < LP(Q) if n > p, where p =

[l
0

Then Moser in [21] further improved the above result and obtained the following inequality

sup / exp <B|u!ﬁ> dr < oo, weW,y™(Q), ifandonlyif 3 < f,,
fully.m <1 /0

1

n—1

where ) C R" is a bounded domain, 3, = nw and w, is the surface area for unit ball of
R™. After that, Adams [1] extended this result to higher order Sobolev spaces. That is, let
2 be a bounded domain in R" and n,m € N satisfying m < n, then for all 0 < ¢ <

and u € Wgn’%(Q), it follows that

sup / exp <C|u\ﬁ> dr < o0,
=

[Vmull n
Lm ()
where (, ,, is sharp and given by
n/2omp(mil e '

L ( — (HQ ) when m is odd,
r(=g=)
Cnm = n

) n (ﬂ,n/22mr‘(7’2ﬂ) nm)

Wn—1 r(ngm)
And the symbol V™u denotes the m!-order gradient of u and is defined as

om VAm=1D/2q if m is odd,
u =
A2y if m is even,

when m is even.

where A and V denote the usual Laplacian and gradient operators respectively. With regard
to the problem (1.1) in this paper, we consider the case m = 2, n = 4, and we will use the
following inequality [1]:

sup / exp (6|u|2) dr < oo, forall 0 < f <3272 Qc R
Q

w€HF (Q), | Aull 20y <1
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Moreover, in the case n = 4,m = 2, we say that f(¢) has critical exponential growth at
infinity if there exists Sy > 0 such that

)

2
[t|—o00 ePt

t
=0, forall 8> pfy;; and lim )

— =o00, forall B <pf.
|t|]—00 ePt
At this point, if © is a smooth bounded domain in R?, in [26], Robert and Struwe considered
the biharmonic equations involving critical exponential growth

2,2 .
A%, = due??™ v in Q;

ugz%:o, on 0,

where A € R. They described the asymptotics of u, as € — 0, supposing that u, — 0 weakly
in a suitable space Hj () when supg ue — co. As for the whole Euclidean space R*, we
refer the reader to [29,32] for the existence results on biharmonic equations with critical
exponential nonlinearities.

Due to the nonlocal term m (||u||* + ||v||*), Kirchhoff problems were firstly mentioned in
1883 by Kirchhoff, see [18], which the typical equation is known as follows

2
0%u
dﬂ?) @ = 9(1"7 U),

where p is the mass density, P, is the inital tension, h is the area of cross-section, F is
the Young modulus of the material and L is the length of the string. Besides this, some
problems concerning the nonlocal term are also applied in various fields, mostly in biological
and physical domains. The readers interested in these aspects we refer to the articles
[2-4,11].  Actually new problems involved with Kirchhoff type emerged from the above
researches and many authors obtained the existence results of solutions for the Kirchhoff type
equations involving critical exponential nonlinearities via variational methods. In relation to
Kirchhoff problems, the existence and multiplicity of solutions for elliptic equations inolving
critical exponential nonlinearity can be found in the literatures [12,31] and a class of elliptic
equations with a small nonhomogeneous term was studied in the articles [13-15] in a bounded
domain of R?. For biharmonic equations we refer to [6,20] in the whole Euclidean space R*.

Another common nonlocal problem is the Choquard nonlinear term. Later, Lii [19] studied
the non-degenerate Choquard equation with Kirchhoff function in R3 and obatined the
ground state solution via the method of Nehari manifold. Meanwhile, Arora et al. in [7]
established the existence of solutions for the Kirchhoff-Choquard type problem involving
critical exponential nonlinearities by using the Mountain-pass theorem and the boundness
of the corresponding Palais-Smale sequence. We recall that the existence solutions for the
nonlinear Choquard N-Laplacian equation in a bounded domain of RY can be found in [7],
and for the polyharmonic problem we refer to [9].

Recently, applications of system involving critical exponential nonlinearity had attracted
many researchers to join in this field. In [8], Arora et al. infered the relevant Adams-Moser

inequality in W," %(Q) x Wy TE(Q) And they established the existence solutions for the

@
ox

d%u P0+E L
oz~ \n " 2L,
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following Kirchhoff system by using the method of Nehari manifold
—m (fo |Vul"dz) Ayu = (fn \xy Z|Z dy) filz,u,0),u>0 in

m (f [Volde) Ao = (fi, T2 dy) fole,uv)0>0 i @
u=0, v=0, on 01,

where Q is a bounded domain, n > 2, 0 < u < n, m : Rt — R* is a continuous function,
Ayu = div(|Vu|""2Vu), F satisfies suitable growth assumptions and f; = g—f, fi = g—f.
Furthermore, in [14], the authors extended to k(€ N) equations for singular Trudinger-Moser
growth in € which is a smooth bounded domain in R? containing the origin with smooth
boundary. And they obtained the multiplicity of solutions of the following elliptic Kirchhoff
system

_m(Zle(fQ |vuj|2d$)> Au = mﬂﬁ—"g’uk) + eh;(z) in Q¢=1... k,
Uy = Uy = ... = uy =0, on 01,

where 8 € [0,2), m is a continuous function, f; behaves like ¢®** when |s| — oo for some

ap > 0, and there is C! function F : Q x R — R such that (au . ,8%) (Fryooos f):

hi € (Hg(2))*, ]| - |l+), € is a small positive parameter. We also refer to [31] for Kirchhoff
type elllptlc system involving critical exponential growth.

Motivated by the above results, in this paper, we consider the existence of solutions for
the Kirchhoff type biharmonic system (1.1). Then the Kirchhoff term is a difficulty which
implies that the equation in problem (1.1) is no longer a pointwise identity. It means that
we need to overcome the lack of compactness due to Choquard nonlinearity involving critical
exponential growth as well as the Kirchhoff term. Especially important, we firstly need to
obtain the improved Adams-Trudinger inequality involving two variables.

In order to treat the system problem (1.1), now we give some definitions as follows. We
introduce HZ({) with the scalar product

(u,v) :/AuAvda:
Q

for each u,v € HZ(Q). Then we denote
H3(Q,R?) :== H3(2) x H3(Q),
endowed with the scalar product
(U, V) = / AugAvydz + / AusAvyde,
Q Q

where U = (up,us) and V = (v, vy), to which corresponds the norm ||U|| = (U,U)/? =
(JJur ||? + ||uzl|?) Y2, then HZ(2,R?) is well defined and also a Hilbert space. That is, for any
(u,v) € HZ(Q,R?),

1
1, )1 = (luallZ ) + luallz@)?
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where [|ull g2y = ([ |Aul?dz) "2 Moreover, for all 1 < p < 0o we define LP(2,R?) as
LP(Q,R?) := LP(Q) x LF(Q),

where LP((2) is the standard LP-space, we can know LP(§),R?) is well defined and for any
(u,v) € LP(Q,R?), we define

1
ol = ( [ o+ [ porae) . and o) = (Juf + 1)’
Q Q

For any 1 < p < oo, by Sobolev embedding theorem, we can know that the embedding
HZ(Q,R?) — LP(Q2,R?) is compact.

Now, let us introduce the precise assumptions under what our problem is studied. For
this, we define M (t fo s)ds, the primitive of m so that M (0) = 0. The hypotheses on
Kirchhoff functlon m: R —> R* are the following:

(mq) There exists my > 0 such that m(t) > my for ¢ > 0 and m(t) is non-decreasing on

[0, +00);
(ms) ”;(_tl) is non-increasing for all ¢ € (0, +00).
Remark 1.1. (1) By m(t) is nondecreasmg for t > 0, we have ft1+t2 s)ds > [1? m(s)ds
for all t;,t, > 0, then it holds that [" m(s)ds + [ m(s)ds > [ m(s)ds + [;>m ds

(2) From (mg), we can see that
(1.3) OM(t) —m(t)t >0, forallt > 0.

Indeed, for any 0 < t; < ty, we deduce that
to

OM(t) —m(t )ty = OM(ty) — 0 [ m(t)dt — t(f )t"

< OM (1) — A2 g gy Tl
¢ 0~
= 0M (t2) — m(t2)ts.
Therefore, O M (t) — m(t)t is nondecreasing for ¢ > 0. In particular,
OM(t) —m(t)t >0 for all ¢t > 0.

(3) From (mg) we obtain
M@t)> M) for 0<t<1; M(t)< M) for t>1.
Then there exist C,Cy > 0 such that
(1.4) M(t) < Cit? + Cy, forall t > 0.
Moreover, by (ms), for t1,t3 > 0 one has

t1+t2 t1 t1+ta
Mty + ) = / m(s)ds = / m(s)ds + / m(s)ds
0 0

t1

2 m(t1) 2 0—1
= M(tl) + m(t1 ‘I— S)dS < M(tl) —f— 759—1 (tl + S) dS
0 1 0



(1.5) M) + am)

(o)

Remark 1.2. A typical example of a function m satisfying the conditions (mq) — (ms) is
given by m(t) = mg + at’~! with > 1 and a > 0.

Throughout this paper, we assume f;: € x R?> — R for i = 1,2 are continuous functions
satisfying the following conditions:
(f1) fi(z,t,s) = 0 when either t < 0 or s < 0 and fi(x,t,s) > 0 when ¢,s > 0 for all
reQandi=1,2.
(f2) Fori = 1,2, f; has critical exponential growth at infinity, that is, there exists 5y > 0

such that
) | fi(z,t,8)]| 0, VB3 > Po;
lim “—l ==
(t5) | too @PIES)] Yoo, VB < Bo.
(f3) There exists [ > 0 such that the maps u s &L 4y 2@ 410 increasing

[t Isl*
functions of ¢ and s respectively.

(f4) There exist ¢ € (0, 1], ag, by, My > 0 such that 0 < [t|9F(x,t,s) < Myfi(z,t,s) for
all |t| > ap and 0 < |s|7F(x,t,s) < Mofg(:v t, s) for all |s| > by uniformly in x € €.

f5) There exists r > 0 such that lim; 400 Ji@ts) ) holds for i = 1,2.
|(t,5)[—(0,0)

TR
(f6) There exists x such that
1
2@+a=20)-8 (42 (442 3
Pt [ e 2 (e ) )
tl,rsn%l& eBo([t]2+[s]?) & 520 di+u—2a
uniformly in x € Q, where C), = 24n and 2d is the radius of the

p(pt1) (p+2) (n43) (u+4)
largest open ball containing the origin contained in

Remark 1.3. By (f3), for any 1 < p < [, it holds that tfi(z,t,s) — pF(z,t,s) > 0,
sfo(z,t,s) — pF(x,t,s) > 0, for all (z,t,s) € 2 x R%

In fact, for any 1 < p < [, from (f3) we have % is increasing functions of ¢t > 0

uniformly of s > 0. Let s > 0 and 0 < t; < t5 be fixed, then it holds that
fl(x t27 )

2

t1fi(z,t1,8) — pF(x,ty,s) < t? — pF(x,ta, s —i—p/ fi(z,t, s)dt.

On the other hand,
to t to t
p/ filw,t, s)dt<p—f1(f;_f’s)/ tpfldt:—f iz ta, )(tp_tp)
t1 2

p—
t1 t2

From the above inequalities, we derive that

tlfl(xvths) _pF(I7t178) < thl('r?tQ?S) _pF(I7t27S)'

Then we obtain tfi(x,t,s) — pF(x,t,s) > 0 for all (z,t,5) € Q x R% Similarly, we also
obtain sfy(z,t,s) — pF(x,t,s) > 0 for all (z,t,s) € Q x R2.
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Remark 1.4. Here in [8], the condition for the estimate on energy level is as follows
(fl(xa tv S)t + fZ(wa ta S)S> F(l‘, ta 8)

(1.6) lim

=00 uniformly in z €,

b explg(f 4 s
for some ¢ > 2. For a single equation, we know if the condition for the estimation method
is
t
liminfM > K >0,

tooo  ePot?
then we obtain

t
d
lim inf tE(a, t) > lim inf Jo 31 (x, s)ds — lim inf f(z,t)

t—00 ePot? t—00 ebPot? t—s00 Qﬂoeﬁotz'
It means that we can derive tF(z,t) > %eﬂog when f(z,t) > (K — €)ef? for t large
enough and € > 0 small enough. In view of the above results, we found that
F K?
lim inf M —.
t—o00 e2Pot 20
Then according to the above analysis, for the system (1.1) we know (fs) is weaker than
(1.6).
Theorem 1.5. Suppose that m satisfies (my) — (m2), f satisfies (f1) — (fs). Then (1.1)
has a ground state solution (u,v) € N such that ®(u,v) = b:=infy ®, where
(1.7) N = {(u,v) € Hy(QR*)\{(0,0)} : ('(u,v), (u,v)) = 0}.

The remainder of this paper is organized as follows. We prove the Adams inequality
and the version of Lion’s Lemma in the Sobolev spaces, namely HZ(€2,R?) in Section 2.
In Section 3, we give the energy functional and prove that the system (1.1) satisfies the
geometric conditions of the Mountain-pass theorem and the corresponding Palais-Smale
sequence is bounded. In this article, we denote that C, C;, ¢; are some positive constants.

2. Preliminaries and auxiliary results

In this section, we introduce some famous inequalities as follows, and inspired by these
we conclude some similar forms of inequalities and give some preliminaries.

Lemma 2.1. ([1]) For each u € H3(Q2), Q C R* is a bounded domain, then for any 8 > 0,

/ exp (Blul?) dz < oo.
Q

Moreover, we have

sup /exp (ﬁ|u!2) dr < oo, provided S < 327°.
Q

[lull<1

Lemma 2.2. For each (u,v) € HZ(Q,R?), Q C R* is a bounded domain, then for any
B >0,

/Qexp (B ([u]* + |v]?)) dz < oo.
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Moreover, we have

sup / exp ([3 (\u|2 + ]v|2)) dr < co, provided B < 3272
[ (wv)l|=1JQ

Proof. From Lemma 2.1 and Young’s inequality, for each (u,v) € HZ(2,R?), and for any
£ > 0, we obtain

/eﬁ(lul2+|v|2)dx:/eﬁﬂl2€6|vl2dx§/62B|u|2dx+/625|”|2dx< 00.
Q Q Q @

Now for any (u,v) € HZ(Q,R?) satisfying [|(u,v)|| = 1, then ||u|? ||v||* < 1. Let r; =

|ul|?, 72 = ||v||?, then we know r; + 75 = 1. Hence by using Holder inequality and Lemma
2.1 we obtain
T1 T2
/eﬁ(|u|2+v2)dx < (/ eﬁUlz/mdx) (/ eﬁvP/mdx) <C,
Q Q 0
thus the proof is completed. O

Lemma 2.3. Let {(u,,v,)} be a sequence in HZ (2, R?) satisfying || (un,v,)|| = 1 such that
(tn, V) = (u,v) # 0 weakly in H2(Q,R2?). Then for any 0 < f < —32=—  we have

I=[l(w,v)[1*7

Sup/ exp (B (|un]? + |vn]?)) dz < o0,
0

neN

Proof. For (uy,v,) — (u,v) # 0 in HZ(, R?) satisfying ||(un,v,)|| = 1, it is easy to see that
(2.1)

3272
: _ N2 — T _ _ 2y _q1_ 2
i o =00 = 0 = T (1= 2t ) = 2 + [ 0) ) = 1= ) < 2
and
(2.2) u? < (u, —u)? + eu’ + Cau?,

for € small enough, where C. is a positive constant related to e. Then by using (2.2) we
have

/65(|“"|2+|“"2)dx§/eﬁ((“”‘“)QJr(”"—“)z)eﬁe(uiwﬁ)eﬁ@(u”*)daz.
Q Q

Now we take r1,75,73 > 1 such that % + % + % = 1, and by using Holder inequality we
obtain

1/m 1/r2
Q Q Q
1/T3
X (/ eﬁcfr3(“2+”2>dx> :
Y,

Using Lemma 2.2, then we can choose € small enough such that

/ eeﬁrQ(ui+”5>dx <C, / eﬁcﬁr3(“2+“2>dx < C.
Q Q
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Moreover, we choose 71 > 1 close to 1 such that 87 ||(u, —u, v, —v)||* < 3272, then according
0 (2.1) and Lemma 2.2 we obtain

/Qexp (57“1 ((un —u)? + (v, — v)2>)dx

= e lﬁ“ ((n(un )+ (e —UZ,v:—wn)Q) (e ‘“’”"‘”)”2] o

< C,

then we obtain [, exp (8 (|un|® + |v,]?)) dz is bounded, and this lemma is proved. O

Lemma 2.4. For any (u,v) € H3(Q,R?), if > 0,5 > 0 satisfying ||(u,v)| < M such that
BM? < 3272, then there exists C = C (B, M,s) > 0 such that

/ [(u, 0)*eP O e < Ol (u, 0)]

Proof. For each (u v) € HZ(Q,R?) satlsfymg ||(u,v)|| < M, we choose r > 1 close to 1 such
that rBM? < 3272 and sq > 1, where g = . By using Holder inequality and Lemma 2.2,

we obtain
1/r
S _oflu,v 2 'S u,v 2 S S
LWMMe““w<(LeWJdQ I, )2, < Cll(w, )12

Since sq > 1, using the continuous embedding HZ(Q,R?) — L%(Q,R?), we finish the
proof. O

Proposition 2.5. ([28]) Let t,r > 1 and 0 < p < N with m,n > 0, ; + 45 4 1 =2,

'
w+m-+n < N. Then there ezists a constant C(m,n,t,pu,r) > 0 which is dependent of

fe LYRY), he L"(RN) such that

C(m, ity 1, )| Fllzeemy |2l oy
géwéskr—MWmmMW (I )

3. The variational framework and the minimax estimate

We now consider the energy functional ®(u,v) given by

(3.1) d(u,v) = %M (Il (u, 0) 1) — %/Q [[u . F(x,u,v)} F(T:;rim)d:z:.

Lemma 3.1. Assume that (f2) and (f3) hold, then we have that ®(u,v) is well defined on
HZ(Q2,R?). Moreover,

(@ (4, ), (6,)) = m (I, 0)]12) ( | susoas+ [ Amwdaa>
_/[h*ﬂ%uw]%wuvw+b®uwwm7
Q

4 ]

(3.2)

for any (¢,v) € HZ(,R?).
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Proof. For (u,v) € H2(Q,R?), we know f; has critical exponential growth, then by (f2) we
choose 8 > By and there exists C'; > 0 such that

(3.3) | fi(z,w,0)| < CLePl @0 for all (z,u,v) € Q x R?,i =1, 2.
Moreover, by (f3), given € > 0 there exist Cy, C3 > 0 and § > 0 such that
(3.4) filz,u,v) < Colul,  falz,u,,v) < Cslv| always that |u|, |v] < 4.
Then combing (3.3) and (3.4), we have

(3.5) |F (2, u,0)| < Ca(u, v) |21 4 Cs| (u, 0) %,

for all (u,v) € H(Q,R?). Now using (3.5) and Proposition 2.5 with N =4, t = r = ;-5

and m = n = «, we obtain

/Q [IN* F(a;,u,v)} Flz,uv)

||

pn—2a

< ) | [ (1) o) ex (81 0)2)) 55 ]

9007 o
4+ p— 2«

44 p—2a
4

A4+p—2a

< Cla) | [ Jou o) de 4 [ (0] 75 e
Q Q

According to Lemma 2.4 and the continuous embedding HZ(Q2, R?) — L*(Q, R?) with s > 1,
we know ®(u,v) is well defined, and we can see ® € C'(HZ(Q2,R?),R). O

From Lemma 3.1, we have that critical points of the functional ® are precisely weak
solutions of problem (1.1). Then we will verify that the functional ® satisfies the conditions
of Mountain-pass theorem.

Lemma 3.2. Under the assumptions (my), (mq) and (f1).

(i) there exists Ry, T > 0 such that ®(u,v) = T for any (u,v) € HZ(Q,R?) satisfying
[(w, v)|| = Ro.

(ii) there exists a (u,v) € HE(Q, R?) with ||(u, )| > Ry such that ®(u,v) < 0.

Proof. Let (u,v) € HZ(2,R?) such that ||(u,v)| = Ry. Similarly, taking Proposition 2.5
with N =4t =r = and m = n = «, by (3.5) and Hélder inequality we obtain

44p—2a
/ |:I/L* F(xali’v)] F(Q?,’l;,’l))dx
Q |z |z

< C(:ua OZ)HF(J,‘, u, U)Hi
44+p—2a
4+p—2a

85 (u, v) " ) dx}

__16 16
< C e’ U, V)| itr—2a dx + / U, v A+p—2a ex <
(u >[/Qr< ) [ J(w) p ($210e)

16 e 7z
g C(/,L,O[) {/ ‘(u7v>|4+u72a dx + |:/ ’(ujfu)’4+u72a d(]f:|
& Q
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4+p—2a

1651 (uw. 0)II* (|, v)] \* 1
X[/Qe"p<4+u—za o) )d] }
165R3
Atp—2a

Now we choose suitable Ry > 0 such that < 3272, then by using Sobolev imbedding

and Lemma 2.2 we have
F F d4p—2a
/ []u* (:E,u,v)] (x,u,v)dx < O, a) (H(u,v)||4+5+2a N H(u,v)||4w176—M>74
Q

kg |

< O, @)|(u, )"

Then for any ||(u,v)|| = Ry < ,/W, by (m1) we know
mo
(I)(U, U) > 7H<U7U)H2 o C(:U’J a)||(u, U)H4‘

So we choose ||(u,v)|| = Ry small enough so that ®(u,v) > T for some T > 0 and hence
(1) follows.

Now we choose ¢ € R such that § < ¢ < [ in Remark 1.3, then we obtain ¢ f;(x,t,s) —
qF(z,t,s) > 0 and sfy(x,t,s) — qF(x,t,s) > 0 for all (z,t,s) € Q x R%. So we obtain

F(z,u,v) > c1|ul? — ca, F(z,u,v) > c3|v]? — cq,
thus we conclude that
(3.6) F(z,u,v) > c1|ul? + c3lv]? — ¢5, for all (z,u,v) € Q x R
Then using (3.6) it follows that

/ {IM . F(x,tu,tv)} F(z,tu,tv) > // (cr|tul® + csltv|? — 04)2dxdy
o aJa ||yl — y|

> CGth — C7tq + csg.
By using (1.4) we have M(t) < 1% + Oy, then using (3.1) we obtain
D (tu, tv) < cot®® — c1pt* + 111 — c1y.

Since ¢ > 0 we obtain ®(tu,tv) — —oo as t — oco. Then there exists (u,v) = (tou, tov) €
HZ(Q,R?) with ¢, large enough such that ||(@, v)|| > Ry and ®(u,v) < 0, hence (i) holds. [

Then according to Lemma 3.2, we know ®(u,v) satisfies the geometric conditions of the
Mountain-pass theorem, let

(3.7) ¢* = inf max ®(y(t)) > 0

~v€l tel0,1]
be the minimax level of ®, where
I = {y € C([0, 1], H3(Q,R?)) : 7(0) = 0, ®(7(1)) < 0}.
Then there exists a Palais-Smale sequence {(u,,v,)} C H3(€, R?) satisfying
(3.8) D (U, v,) = ¢, D' (uy,v,) — 0,

as n — oQ.
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Lemma 3.3. Assume that (f3) and (mq) hold, then every Palais-Smale sequence of ® is
bounded in HZ(), R?).

Proof. Let {(u,,v,)} be a Palais-Smale sequence of ® for ¢* € R in HZ(2,R?), then it
follows that

*

D (Up, vy) — ¢, D(up,v,) -0 as n — oo.

Therefore we have

(3.9) D, v,) = %M(H(un,vn)HZ) —%/ﬂ {]u*

where 9, — 0 as n — oo, and

(@t v0), (6, 16)) = (]|t 00) 1) / (AupAd+ AvyA) da

(310) _/ |:] F(x’umvn):| fl(maumvn)¢+f2<x7un7vn)wdx
al” ] ]
< EHH((baw)Ha

for all (¢,) € HZ(Q,R?). By Remark 1.3, we obtain that
(3.11)  IF(x,t,s8) <ufi(x,t,s), and IF(x,t,s) < vfa(z,t,s) for all (z,t,5) € Q x R2,

Then by (1.3), (3.9), (3.10), (3.11) and (m;), for large n we have

1

c* + enl|(un, vn)l| = P(un,vn) — @@)/(Umvn)a (Un,vn))

= M (1)) = 0 (U0 12) Nt 0P = 5 [ [, L5 2t | EE ) g
+4il /Q [IH* F(x,’;f";’ o) ] f 1(x’“"’””)“"‘Jaf?(x’“mvnwndx

z %M (11 (e, w)I12) — }lm (11 €y w)1%) 11 (20, w)
N 41l/Q [Iu . F(:E’,;'Z, 'Un):| f1(@, i, v )un, + f2($,|2;7|zvn)vn 2F (@, tn,vn)

> o 183 (Wt w)12) — 0 [ 02 )]
* (219 - il) 1 (1|t ) 12) 1|t 00) 2

> (35— 1) mol )17,

thus we know {(u,,v,)} is bounded in HZ(2,R?) with [ > 6. ]

Now we give a precise estimation about the Mountain pass level ¢* defined by (3.7).
Inspired by [?] and [32], we give the definite Adams functions ¢, (x) supported in Byy(0) C Q
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as follows.
nn n2 )
57— s+ ey for 2l <
~ In(d/|z|) 4 _
(312) Qﬁn(x) ={ Vsr2lnn'’ for p < |l‘| < d,
N (), for d < |z| < 2d;
0, for |z| > 2d,

where 1, (2) = —5o=—— (|2 = d)’ + o= (|2 = d)? — 555, (|z| = d) and d was given
in (fs). Moreover, n,(x) is a radial function on annulus By, \ By satisfying the boundary
condition

n\L =Y, = T
o8, ov " 4V/128x2Inn
and
()
M (@)|oB2 = 0, —5 o, = 0.
Then straightforward calculations show that
~ 21
1 WP =1+ ——.
(3.13) 6P =1+ ———
Now we set
On(
Pn(x) = ~( )v
6wl
then it follows that
(3.14) [fnll = 1.

Motivated by [12], we have the following lemma:

Lemma 3.4. Assume that (my), (mg) and (f1) — (fs) hold. Then there exists m € N such
that

(315)  ox <max® (?tgbﬁ(a:), ﬁt%@)) <u (4” (4 ;{’f - 20‘)> |
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Proof. By a straight estimation, we have

/ lady/ %dw = d4+“_2a/ / ﬁdw
Ba/n |y Ba/n 2] |z — y[*r Bl/n Bi/n |2z —y ‘ ’
Wza( ) o / p /
>d T
Bi/m Bi/m |5U—y|4 e
—2a
>d4+“_20‘< ) [ o
Bi/n Bi/m ’Z’4 i

S

S

—2a
2 d4+,u*2a > / de/
Bl/n Bl/n |‘T| |Z‘
A4-p—20r e 47T 3
=d ——r | ridr
n

d 4+p—2a
nlp+ 1)(u+ 2)(u+3)(u+4) (n>
Briefly, we deduce
1 1 d\ e
(316) / _ady/ ﬁdl’ = CH <—) R
Bapa W% 7 Iy, 12107 — gl n
where €, =~ (uf;l;r(: 557 According to the Remark 1.4 and (fs), we know

o D F ()

Iminf =2 ey > foranyz e,

where

471'2(4 - 204)621(4+H872&)78m (47r2(4—glt—2a)) %
0
k> ﬁgcud4+uf2a

in (fs), we choose € > 0 such that

21(4+p—2a)

—e)?  4n?(4 —2a)e s A% (4 -2
(3.17) (k—¢) S A ( —1—2,u a)e” 8 m (4 + p — 20)
(1 _|_€)2 Bocud4+u72ae 50
and
2 —
(3 18) 21(4_'_“_2&) +1 47‘(‘2(1+E)2(4+M—2a)m (4 (4—;(,? 2a)) 3 1_ ¢
. n .
8 (IQ _ 6)2530Md4+u72a 1+¢

Using (fs), we know that there exists ¢. > 0 such that

(319) (’t1| -+ ’t2|)F(I,t1,t2) 2 (H - €)650|(t17t2)|27 VZL’ S Q, ‘t1’7 |t2‘ 2 ts

Ther are four possible cases as follows. From now on, in the sequel, all inequalities hold for
large n € N.
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Casei)t e [ 0, W } Then it follows that

F(, Ytén, Lton) | Fla, Ptén, Yt
L%W% =1M(t2||¢n|2)—1/ [ s 2@ 000 5 00n) | F(@ 5 00n, g t0n) |
2 2 Jo EE EE
S;]\4<27r 4+u—2a>

Clearly, there exists m € N such that (3.15) holds.

Case ii) t € [ \/%2(4;;‘ 2a), 4ﬂ2(4+” 2a) } Then %itqﬁn(x) > t. for x € By, (0) and for

large n € N, from (fs), (3.12), (3.16) and (3.19), it follows that

/ F(z, L2t¢,, 2t6,) | F(z, Lton, 2te,)
Q

R R
. / / P(z, “Ft6n(2), Pton(@) F(y, Fton(y), Ft6nw))
g Bgi/n ¥ Ba/n

dx

I

dxdy

|||z =yt ryl
. (k —€)? eBot? 87 (z)+Bot* 47, (v)

T2 /Bd/n By On(@)Pn(y)|2[* 2 — [t H]y[®

/80 K — 5 6B0t2d)2 ($)+60t2¢2 (y)
8024 ) / gl
T4+ p—20) Jp,, B, Ou(@)n(y)]z]*z —y|* ]yl

4C,Bo|0nl?(k — €)2d* 2 Inn (472113, %) 71 B0t Inm.
(44 p—2a)(4(Inn)? +41lnn + 1) ntte—2a

Then from (3.1), (3.14) and (3.20), it holds that

(ftﬁi)na £ ¢n> = %M (tzHQZ)nHZ) - ;/Q

dxdy

(3.20)

F(z, L, 2td,) | F(x, Ltdn, Ltdy,)

|z [

I,

< lM(tQ) B 2C) 0| |*(k — £)*d* 2 Inn (4721 nl|) =1 Bt Inm
2 (4+p—2a) (4(Inn)? 4+ 41lnn + 1) nttr—2a
(3.21) — ().
Let t, > 0 such that ¢/ (t,) = 0, thus
(3.22)  m(t2) = Cufir — &)*d™ (I’ T Bal) ot

w2 (44 p —2a) (4(Inn)? + 41Inn + 1) pttr—2a
Then by using (3.22) we obtain

4% (4 -2
(3.23) lim 2 = AT F = 20)
Set
2 . 472 (44-p—20)
A% (1 +€)(4 + p — 2a)m (—50 )

CuR (s — eyt

(3.24) A:=1In
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Then (3.17) and (3.18) show that
21(4 + p — 20)
8

(3.25) (1+¢) max{ + A,O} —(1-¢)<0.

From (3.22), (3.23) and (3.24), we have
s AT2(4 + i — 20) ||l In((4 4 p — 20)7®m(t2) (4(nn)2 + 41nn + 1))
2 = 1+
Bo (44 pu—2a)lnn
~In((In n)?) + In (C,Lo(k — €)2d*TH—2)
(44 p—2a)lnn
472 (4 + p — 2a) N 42 A N 21(4 + p — 2a)7? —1—0( 1 )

3.26 <
(3:26) Bo Golnn 200 Inn (Inn)?
and
1 21| [ (12)
2 < @nltn) = =M(t3) — i n > 0.
(3:27) eult) < pultn) = M (E2) - TR ez o

By (1.5) in Remark 1.1, we know

t
Mt +1t) < M(t) + —=

0

0

t

(1+t_2> —1] m(t1)7 th,tg > 0.
1

Then using (m4), (1.5), (3.23), (3.26) and (3.27), we obtain

1 27| Gn | *m(£2)
< — 2 _ n n
en(t) < pnltn) QM(tn> Bolnn
2 _ 2 — 2
glMFW (44 p 2a)+47TA+21(4—|—,u 2a)m —I—O( 1 2)}
2 Bo Bolnn 2BpInn (Inn)
2m2(1 — &)m <_4”2(4;F[/f—2a)>
B ﬁo Inn
1 (4= 20) (1+ &) max { 2072200 4 0} — (1 - )
S3 ( Bo ) " Bylnn
2 _
(3.28) x 21%m <47T 4+ p 2&)) +0 ( ! 2) :
Bo (Inn)

Hence, combining (3.21) with (3.28), one has

@(\/5 V3 %) ) 1M(4ﬂ2(4+u_2a)) . (l—i-E)maX{W—i—A,O}—(l—e)

5 fon 5t 2 Bo Bolnn
9 47r2(4—|—,u—204)> ( 1 >
X 2m°m < Bo + 0 7(1n n)2 .

Clearly, in this case, the above estimate implies that there exists 7 large enough such that
(3.15) holds.
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Case iii) ¢ € [ ez [t (1 4 ) ] Then L2té,(z) > t. for © € By (0)

and for large n € N, from (fg), (3.12), (3.16) and (3.19), the process is similar to case ii, we
delete it.

Case iv) t € <\/47r2(4;+2a)(1 +€),+oo). Then §t¢n($) > t. for € By,(0) and for
large n € N, from (3.1), (3.12), (3.14), (3.16) and (3.19), it follows that

(it

M@l - |

80#7'('2 ||¢n ||2(/€ — 6)2d4+u—206 In ne(47r2||$n||2)_lﬁot2 Inn
(4(Inn)? +41nn + 1) 2pttr—2a
(8elnn—21)(44+p—2a)Inn

v (At 2001+ 0))  2Cu6 Inn||¢||2(k — €)2d*tr—20¢ ST 2T
Bo A4+ p—2a)1+¢)(4(nn)2+4lnn+1)
2 _
< lM (47r 4+ p 2@)) 7
3 Bo
then there exists m € N such that (3.15) holds. In the above derivation process, we use

the fact that the function M (¢%) — S(C‘Z;fll'f’"ﬂ e niji;:; tlnn o (@n?ial?) " Sot* Inn g decreasing

s
F(z, 2th,, 2to,)

]

.
F(x, 2th,, 2tp,)

]

dx

I, *

[\ I

\

M(t?) —

<

N | — [\Dli—

ont € <\/4ﬂ2(42+%‘)(1 + 8),+OO>, since its stagnation points tend to 4”2(4;+2a) as

n — 00. O

4. The proof of Theorem 1.5
In this section, we will give the proof of Theorem 1.5.
Lemma 4.1. Assume that (my) and (f3) hold, then ¢ < b, where b =infy ® in (1.7).

Proof. For each (u,v) € N, then it follows that (®'(u,v), (u,v)) = 0. Now we define the
continuous map g : (0, +00) — R such that g(t) = ®(tu, tv). By using (3.2) we have

/10 =m (1w, 0)?) NP - [ |1 Szt Dt LR,

]

for all ¢ € (0, +00) and
J(t) =g'(t) = 7P (u,v), (u,v))
= m (|| (tu, t0) %) 1| (a, 0) |28 = 827 o ({1 (w, ) 12) (1 (s 0) 2
201 N F(z,u,v)| filz,u,v)u+ fo(z,u,v)v .
+1 /Q [I } d

[

_/ [I F(z, tu, tv)} fi(z, tu, to)u + fo(x, tu, tv)v

]

dx
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(V]
>—‘\-/

Q:

201 (||(tu t”)| m ||(u,v)||2) 2\0
i LW JGK o))

tu, t0) 2" (1w, 0)|2)°
Lo {/ [I“ § F(x,u,v)] fi(z,u,v)u + fg(:)s,u,v)vdx
Q || ||«
1 F(z,tu,tv)] fi(z, tu, tv)tu + folz, tu, t)tv
o J [ ] of i}

From Remark 1.3, we choose p = 0 < [, then we derive that
tfi(x,t,s) — OF (z,t,s) >0, sfs(x,t,s)—0F(x,t,s) >0,
for all (z,t,s) € Q x R?, along with (f3) which shows that
F(z,tu, tv)
10
Then for 0 <t < 1, z € Q from (f;) and (4.1) , we obtain

)
J(6) > 0 ( iy - T )> (1w, 0))°

(4.1) t— is nondecreasing for t > 0.

tu, tv)[|2)’ (II(u, v)[[2)°
e [ [ [0 o)) (Al fiotnioln) oy,
I{*@FETM,U,U) . fg(:lg,v)v _efz(x,tu,tv)iz ! 0y >
>;/g[ 2] K o (t0)? ) }

This shows that ¢/(t) > 0 for 0 < ¢t < 1 and ¢'(t) < 0 for ¢ > 1. So we obtain g(1) =
max;so @ (tu, tv), thus ®(u,v) = max;>o P(tu,tv). Now we define h : [0,1] — HZ(Q,R?) as
h(t) = (tou,tov)t where to > 1 is such that ®(¢yu,tyv) < 0. So, h € I which implies that

* < < =
< f&?fﬁcp(h(t)) < max O (tu, tv) = ®(u,v).

Since (u,v) € N is arbitrary, we get ¢* < b. O

Lemma 4.2. Assume that (f1) holds and let {(u,,v,)} € Hi(Q,R?) be a Palais-Smale
sequence for ®, i.e.

D (U, v,) = Y (Up,v,) >0 as n— oo.

Then there exists (u,v) € HZ(2,R?) such that, up to subaequence, (un,v,) — (u,v) weakly
in H2(Q,R?),

(4.2) /Q {[M § F(a:,un,vn)] fi(z, tp, vy) i _)/ [ F(z,u, v)} fi(z, u, U>gpdx

]

for all p € C§°(2) and i = 1,2, and

/ []M* F(x|,u|n,vn)} F(x, Uy, v,) Ir [I § F(z,u, v)} F(:p,u,v)dx'
Q z|*

kg

Proof. Similar to [8, Lemma 3.3], so we delete the proof. O
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Now we are ready to give the proof of our main result.

Proof of Theorem 1.5. Let {(u,,v,)} be a Palais Smale sequence at the Mountain pass
level ¢*. By using Lemma 3.3, we know {(u,,v,)} is bounded, then there exists u,v € HZ(£2)
such that, up to subsequence, u,, — u,v, — v weakly in HZ()) as n — oco. Next we will
make some claims as follows.

Claim 1: u,v # 0.

If w =0 or v =0, by using Lemma 4.2 we obtain

F ny ¥n F Y ny ¥n
(4.3) / [IM* (&, tn, v )] (@, tn, v )dx—>0 as n — 00.
Q

[

From (3.9) and (4.3) we know lim, o ®(tn,vy) = 2 limyoe M (||(un, vn)[?) = ¢*. Now
from (3.15) and m(t) > 0 for ¢ > 0 which implies M (t) is strictly increasing we obtain
I? < A% (4 4 p — 204)7
Bo
for n large enough, and this shows that sup,, [,,(fi(tn, v,))%d2 < 400 for some ¢ > 4+u+2a’

= 1,2. Besides this, from Lemma 2.2, Proposition 2.5, (3.2) and Vitali’s convergence
theorem we derive that

/ [ F(xaunavn)] fl(xyunyvn)un+f2(x7un7vn)vn
I, *
Q

[

| (tn, )

dr — 0 asn— oo.

Then from (3.8), we know lim,, o0 (D' (wp, ), (tn, v,)) = 0, hence we obtain
im0 (|t 0)]12) [t )2 = 0.

From (f;), we know it is obvious that lim, o ||(tn, v,)]|> = 0. Then (3.9) and (4.3) show
that ¢* = lim,_,o ®(uy,,v,) = 0, which contradicts ¢* > 0. Hence we claim that u,v # 0,
now we assume that ||(u,,v,)||> = 0 as n — co. From Lemma 4.2 we obtain

/ |:I/A* F(:E,un,vn)] fl(x,un,vn)¢+fz(x,un,vn)lﬁdx
Q

kg

F(z,u, v)] fi(z,u,v)p + fox,u,v))

| [

dr, asn — o0,
and

. 2 AuA AvAY)dr = *
14) o?) [ (@udo+ susvyte = [ (1,

for all ¢,1 € H2(2). Indeed, if we take ¢ = u~ and ¢ = 0 in (4.4), we have m (o?) |[u~|| = 0.
By using (m;), we get that v~ = 0 a.e. in Q. Therefore u,v > 0 a.e. in €.

Claim 2: m (|[(u,v)|[2) [ (w,0)[ > fo |1, P | Alesehetfolnr gy,

F(z,u, v)) filz,u,v)d + folz,u v)v,bdx

| |

|| ||

Supposing by contradiction that
F(x,u,v)| fi(z,u,v)u+ folz,u,v)v
45) m(ol?) lo)l? < [ |1 St Dnn L b,

|| ||
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let h(t) = (P'(tu,tv), (tu,tv)), then from (3.2) and (4.5) we know A(1) = (P'(u,v), (u,v)) <
0. Then for ¢ > 0 small enough, using (f5) and Remark 1.3, we obtain that
(@ (tu, tv), (tu, tv))

motQH (u, ) H2 (f1(z, tu, tv)tu + fo(x, tu, tv)tv) (fi(y, tu, tv)tu + fz(y,tu,tv)tv)dxdy
|z — y[* 2|yl

> mot?|(u,0) 2 — M/Q </Q (u" +v")u +(ur+ur)vdy> (ur+w)u+(ur+w)fudx

2 |z —y|* =+ |yl ||

> 0.

Since r > 0, then the above inequality shows that h(t) > 0 for ¢ small enough. So there
exists a t, € (0,1) such that h(t,) = (D' (teu, t0), (tau, t0)) =0, ie. (tau,tv) € N.
So using (3.1), (3.2), Lemma 4.1 and the lower semicontinuity we get

1
" < b < B(tau, tv) — — (D (tau, tv), (teu, tv))

20
1 1 F(z,tyu,tw)] F(z,tau, to)
= M (||(tsu, txv)||? —/ [I * dx
oM (e L)) =3 Jo (e = e e
1
~ o™ (I (ta, t20)[12) [[(tes, t0)| 2
1 [ F * * 1 5 Uy Uy * 5 Ux'lhy Uy *
L L ]M* (z, teu, tv) fl(;vtutv)tu—i—fg(a:tutv)tvdx
20 L |aj|a | |x|a
1 1
<gM (Il(u,v)IIQ) — g™ (Il (s 0)112) (1, 0) 12
L1 _[u Pl b to)] fiz b o)t + foe, b, tw)to — OF (@, b, tv)
20 Jo | zl* |z|*
1
M (I, 0)1?) = 2™ (Il (s ) 1) N1 (s 0) |2
+ 1 -Iu N F(%Z, U)} fi(z,u,v)u + f2($,’L:U)U - QF(x’U’v)d:p
1 1
< h,?i}ggf{QM (Il Cutry v 1) = 25" (Il s o) 1) (1, 0) 12
+1/ I+ F(2, tn,vn) ] f1(2, U, vp)u + fo, U, vn) v, — QF(x’u"’vn)dx
20 ’[L‘|O‘ ’x‘a
1
= liminf | ®(un, vn) — = (®' (U, vp), (Un, v)) | = ¢*.
minf (D(un 0) = 550 1, 0). (1) ) =

This gives a contradiction and completes the proof of Claim 2.

Claim 3: ®(u,v) = c*.

By using the weakly lower semicontinuity of norms we know ®(u,v) < limy, ;oo @(tp, vy)
. If ®(u,v) < c*, then from (3.1) and Lemma 4.2 we know M(||(u,v)|?)
lim,, 4 oo M (]| (tn, v,)||?). Since M(t) is increasing and continuous and lim,, .. || (tn, v,)]|?
o2, we obtain ||(u,v)|* < 0. Moreover, from (3.1), (3.8) and Lemma 4.2 we derive that

(4.6) M (0%) = Tim M (||(wn, va)[2) =2 (c*+%/ﬂ {IM* F(“”’“’“)} F(x’“’“)dx).

Al
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Now let

(it Tn) = (H(u:,nvn)!\’ H(uznvn>H> ’

obviously we obtain (i, 0,)|| = 1 and (U, 0,) — (4, 0) = (%,2) weakly in Hg(Q,R?).
From Lemma 2.3, we have that
3272

sup/ exp (B(|un|® + [0n?)) dz < +o0, for 1 < B < ——— .
Al ) =@

neN
Then from (1.3), (3.1) and Claim 2 we obtain

o) = M (o)) - 5 [ [ HE )] Hoetl,

> M (o)) = 5 [ 5 D FE a0 Lo (1 o)) w0l

[

/ {I . F(:c,u,v)} fila,uv)ut folw,uv)o
Q

' ||

= o (OM ([[(u, 0)[1?) = m ([, 0)[I*) 11, 0)]17)
1 § F(z,u,v)] filz,u,v)u+ folz,u,v)v — O0F (z,u,v)
39, [I“ } PR
>0

dx

Y

and from Remak 1.1, (3.1), Lemma 3.4 and (4.6) we get
F F

M (o%) = 2¢* +/ {1 « (x’“’”q (z,u, )

Q

— 2¢" — 2 (u, v) + M (||(u,v)]]?)

<M (47r2(4-‘r-/i — 204)) M (||(U,U)||2)

Bo
42 (44 p — 2
<or (I3 )
Bo
For the monotonicity of the function M (t) we know
, 1 47%(d+p—2a)

N T E Bo

Thus for n € N large enough it is possible p > 3y and p close to 3y such that

S e < —2
un?”n ~ o~ .
it p—2a" ST @ o)P

From Lemma 2.3, there exists C' > 0 such that

8 2 2
Lo (g Gl +10))
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and
/ |:I » F(x>umvn):| fl(xaun’vn)un+f2(x>umvn)vndx
kg kg
(z,u,v)] filz,u,v)u+ fo(x,u v)vd
o e S ER "

as n — oo, which implies (u,,v,) — (u,v) strongly in HZ($2, R?). Hence ®(u,v) = ¢* which
gives a contradiction and completes the proof of Claim 3.

Finalizing the proof of Theorem 1.5: By Claim 3 and (4.6) we deduce that
limy, oo M (|| (tn, vn)||?) = M (]|(u,v)||*) which indicates (u,,v,) — (u,v) in HZ(Q,R?).
Then finally we have

o (w)P) [ (Buao+ dosvyas = |

Q

{1 F(x,u, v)] fil@,w,v)¢ + fol@, w v,

EE T ER

for all ¢,¢ € HZ(2). That is, (u,v) is a solution of problem (1.1) satisfying ®(u,v) = ¢
and according to Lemma 4.1, the proof of our main result is completed. ([l
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