Convergence and Stability of Multi-Step Iterative Schemes for
Ciric-Kannan-a- ¢ Contractions in F-Metric Spaces

Abstract

In order to ascertain strong convergence and stability of the sequence {i,}, the goal of this work is to
investigate convergence and stability analysis of a fixed point in entire F-metric space by utilizing a few
multi-step iterative techniques and Ciric-Kannan -a-¢-contraction. Our findings enhance some established
findings in the literature.
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1. Introduction

Researchers studying fixed-point theory have made considerable use of two distance-controlled functions
to determine the fixed points of mappings, such as expansive or contractive mappings found in nature.
There are numerous uses for metric fixed point theory in functional analysis. In order to solve metric fixed
point problems, the contractive conditions with underlying functions are crucial. Many mathematicians have
expanded the Banach contraction principle over the years. [l] established a number of fixed point theorems
for such mappings in complete metric spaces and introduced the notions of a-1 contraction and a-admissible
mapping. [2], which are generalizations of the findings in [}, later modified his work.

The idea of sequential F-metric spaces, a generalization of the normal metric spaces, b-metric spaces, JS-
metric spaces, and primarily F-metric spaces, was examined by [8]. A few topological characteristics of these
spaces were examined. They demonstrated fixed-point theorems for certain classes of contractive mappings
by taking this idea into account. Examples were provided to support their fixed-point theorems and to
investigate the validity of the underlying space. They solved a system of linear algebraic equations by using
the fixed-point theorem.

Strong convergence and stability findings for Picard-Mann hybrid iterative schemes evaluated in a real

normed linear space were demonstrated by [d] using the general class of contractive-like operators proposed




by [5]. As a result, they demonstrated the Picard iterative scheme’s great convergence and stability. A novel
idea of Ciric-Kannan-a-1-contractions in the context of F-metric space is presented in
[6]. Some fixed point theorems for such mappings in F-complete metric space were established using this
concept, supported by appropriate hypotheses. Novel existence conditions for a solution of nonlinear neutral
differential equations were examined as an application to demonstrate the applicability of the findings.
A method for approximating the fixed point of generalized Suzuki nonexpansive mappings on hyperbolic
spaces was described by [@]. The Noor iterative procedure for generalized Suzuki nonexpansive mappings
(GSNM) on uniform convex hyperbolic spaces is used to show the A-convergence and strong convergence
theorems. The results of this work can be used as an extension and generalization of numerous well-known
conclusions in Banach spaces as well as CAT(0) spaces because of the richness of uniform convex hyperbolic
spaces. [8] presented new hybrid iterative schemes, specifically Jungck-Kirk-SP and Jungck-Kirk-CR iterative
schemes, and used certain quasi-contractive operators to demonstrate convergence and stability results for
these iterative schemes. Additionally, numerical examples comparing the convergence rate and applications
of recently released iterative techniques were shown. The outcomes enhance, expand upon, and generalize
Olatinwo’s writings.
[9] expands on the idea of metric space by introducing the concept of a (¢, ¥)-metric space. The symmetry
property is maintained in these regions. They discussed the topological features of such spaces and introduced
a natural topology 7(¢,1). Additionally, they established the Banach contraction principle in the setting of
(¢, ©)-metric spaces and provided examples to highlight the importance of their primary theorem. In the
end, as applications, it was established that there was a single solution to Fredholm-type integral equations
in both one and two dimensions, and an example was shown to support this claim.
Three fixed point theorems for the a-1) class of operators in full metric spaces were established by [l]. Several
findings and well-known fixed point theorems by Banach, Kannan, Chatterjea, Zamfirescu, Berinde, Suzuki,
Ciric, Nieto, Lopez, and numerous others were expanded upon in their findings. They demonstrated that
the Picard iteration can be used to determine the fixed points of a wide class of contractive type operators,
which are unified by a-1 contractions. Lastly, they explore the existence and uniqueness of solutions to a
class of quadratic integral equations using their findings.

In this work, we study the convergence and stability analysis of Ciric-Kannan a- 1 contraction using

some multi-step iterative procedures in F-metric space.

2. Preliminary

This section discussed some concepts that will be needed in the sequel. Throughout this work 2 represents

the family of monotone functions ¢ on [0, 00) satisfying >°72, 97 (t) <oo V 0 <t

Lemma 2.1. [I0]. For every self map ¢ € [0,00), the following holds: if 1 is increasing, 0 < t, 0 =
lim 99 (t) yields t > (t).
J‘)OO



Definition 2.1. [10] Let (G, D) be an F-metric space T : X — X be a map. We call T an az—1)- contraction
ifa: X xX —[0,00) and ¢ € Q with

D(T;, T)a(i, j) < (D(i, 5)) (1)

Definition 2.2. [i0]. Let 7: X — X and o : X x X — [0,00) be maps. We call T an a-admissible if
1 <a(i,j) yields o(T;,T,) >1  Vi,jeX

Example 2.1. [I0] Let G = (0,00). Define T : G — G and o : G x G — [0,00) by
Ty = In(g) Vge G

and
2 if h<g
alg,h) = Then, T is a-admissible.
0 if h>g
Definition 2.3. [i1]. Let J denote the closed unit interval, T" a selfmap of J.

The Ishikawa iterates of T are defined by

Tny1 =(1 — an)in + @ Tjp (2)
Jn =1 = Bn)in + BuTin n>0 (3)
were xg € J and «,,, () satisfy the conditions
(0<a,<B, <1 Vn
(ii) lim 8, = 0 and
(iii) > apfn = 00

Definition 2.4. [12] Let G denote the Banach space, T a selfmap of G forall zy € X

Tnt1 = (1 — an)in + anTin
Jn =1 =bp)in + 0,12,
zn = (1= ¢p)in + ey Tiy Vn > 0.
where {a,}, {b,} and {c,} are sequences in [0, 1]

Definition 2.5. [I3] Let G denote the Banach space, T a selfmap of G forall zyp € X

Tnt1 =T (1 — an)in + anTjn
jn =Tz,

zn = (1 = bp)in + b, Tiy Vn > 0.

where {a,}, and {b,} are sequences in (0,1)



Definition 2.6. F-Metric space

[fd] made use of a certain class of auxiliary functions to coin the idea of F-metric spaces. We begin with
the collection of such functions.

Let f € F and f : (0,+00) — R be such that:
(F1) 0<i<j = f(i) < f(j); and

(F2) for {i,} C R, lim i, =0« lim f{i,} = —o0
n—o0 n—00

Example 2.2. [14] The following are some examples of the previously discussed kind of auziliary functions:
i —1 where k € (0,00);
i —expt for all k € (0,00).

Utilizing such functions, the authors generalized the concept of usual metric spaces and originated the

notion of F -metric spaces as follows:
Definition 2.7.

[(d] Let M be a nonempty set, and let dp : G X G — [0,+00) be a given mapping. Suppose that there
exists (f,«) € F x [0,+00) such that:

D1 (i,j) € M x G,D(i,§) =0 = i = j;
D2 D(i,j) = D(3,7) for all (,5) € G x G; and
D3 for every (i,j) € G x G,N € NN > 2, and (i)} =1 C G with (i1,in) = (4,]), we get

N-1
D(i,j) > 0 implies f(D(i,7)) < f()_ D(ik,jr+1)) + «
k=1
Then D is an F-metric on G, and the pair (G, D) is said to be an F-metric space.

It is observed that any metric on G is an F' -metric, but the converse is not true.

Lemma 2.2. Let X be a F-metric space

i. Fori,j € G andt€[0,1],3 a unique point z € [i,j] such that

D(i, k) = tD(i, j) and D(j, k) = (1 =) D(i, j)

it. For i,j K € G and t € [0,1], we have

D(1—t)i @ tjk) < (1—t)D(i,k) +tD(j, k)



Lemma 2.3. Let {pn}ol,, {an}nzy, {rn}ns, be sequence of non negative numbers satisfying the following

condition:

Prnt1 < (1_Sn)pn+Qn+Tnv Vz>0

where

[Snlnz, C[0,1]. if Z Sp = w;nlgrrgo Gn =0 and ZT" < oo, Then nl;rrgopn =0.

n=0 n=p
Definition 2.8. Let (G, D) be a F- metric space, T : G — G is a mapping, iy € 7 and assume that the
iteration procedure used is the sequence {i, }>2 ; provided by the iterative procedure, converges to a fixed
point p of T. Let {j,}32; be an arbitrary sequence in G and &, = D(jn41, f(T,4n)), in n=0,1,2,... Then,

the fixed point iteration procedure is T-stable or stable with respect to T if and only if

lim e, =0 < lim j,=0p
n—oo

n—r oo

3. Main Result
Definition 3.1. [15]. Let (G, D) be an F-metric space T : G — G be a map. T is called a Ciric-Kannan

o — ¢ contraction, if there exists I € [0,1), ¥ € Q and a: G X G — [0, 00) such that

(i, j)D(T3, Tj) < (M (i, j) + U[D(i, T;) + D(i, T;)]
where

M(Zvj) = max[D(z,]),D(Z,Tl),D(z,Tj)]

if a fixed point u = T,, = j exists for the contraction, then

M (i,u) = maz[D(i,u), D(i,T;) + D(u,T,)]
= max[D(i,u), D(i,T;)]

= maz[D(i,u), D(i,u) + D(u, T;)]

Hence

M (i,u) = D(i,u) + D(u, T;)
= D(ZﬂTz)



D(T,u) <¢D(i, Ti) + LD, Ty) + D(u, Tu))] (i, w)

)+
<PD(i, Ti) + LID (i, To)) (i, w)
< [¥ + La(i,w)]D(i, T)

(
< [+ La(i, u)l[D(i, u) + D(u, Ti)]

D(T;,u) — [ + La(i, w)|D(Ty,u) < [ + La(i, w)] D (4, u)

[1 - (7/1 + La(ia u)]D((Tla u) < [1/) + LOL(i, u)]D(Za u)

[+ La(i,u)]

PO S T Loty
Let
_ [Y+ La(i,u)]
-Gt LaGa)] <
D(T;,u) < kD(i,u) (4)
similarly,

D(Tin,u) < kD(in,u) (5)
D(Tjn,u) < kD(jn,u) (6)
D(Tzp,u) < kD(zp,u) (7)

Theorem 3.1. Let (G, D) be a complete F-metric space and T : X — X be a Ciric-Kannan a—1 contraction.
Let the sequence {i,} be defined by the Ishikawa iterative scheme. If Y " anfBn = 00, then {i,} converges
strongly to the unique fized point of T.

Proof. Let p be the fixed point of T" using Ciric-Kannan « — v contraction and Ishikawa iteration we have

D(T2p i1, Tin) < D(Tpi1, Tin)a(Tni1,in)

D(jn,p) < D((1 = Bn)in + BnT'in, p)
D((1 = Bp)in,p) + D(BnTin, p)
= (1= Bn)D(in,p) + BnD(Tin,p)
< (1= Bu)D(in,p) + BukD(in,p)

= [(1 - 6n) + ﬂnk]D(Zmp)



D(xn41,p) = D((1 = an)in + anTjn, p)
< (L= an)D(in,p) + anD(Tjn, p)
< (1= an)D(in, p) + ankD(jn,p)
< (1 = an)D(in, p) + ank[(1 = Bn + kBn)]|D(in, p)

IN

since 0 < k < 1 and by the assumption of Y | a,, 3, = 00, it shows that

> gn = 0. Hence, lim D(iy,p) = 0. Thus {i,} converges strongly to a unique fixed point of 7" which
n—oo
is p. O

Theorem 3.2. Let (G, D) be a complete F-metric space, and T : X — X be a Ciric-Kannan a—1 contraction.
Let the sequence {in} be defined by the Noor iterative scheme. If > 07, anf, = oo, then {i,} converges
strongly to the unique fized point of T.

Proof. Let p be the fixed point of T using Ciric-Kannan « — ¢ contraction and Noor iteration implies that

D(zn,p) = D((1 — an)in + anTin, p)
< D((1 — ap)in,p) + D(a,Tin, p)
(1- O‘n)D(vap) + ap (Timp)
(in,p)

< (1= an)D(in,p) + ankD(in,p)

= [(1 = an) + ank] D(in, p)

=[(1 = (1 = k)an|D(in,p).

D(jn,p) = D((1 = Bn)in + BnT%n, p)
(1= Bn)D(in,p) + BnD(T2n,p)
< (1 = Bn)D(in,p) + BrkD(zy,p)
(1= Bn)D(in,p) + Bnk[(1 — (1 = k)] D(in, p)
= [(1 = Bn) + Buk[(1 — an + ank)]]D(in, p)
= [(1 = Bn) + gn@nfBn|D(in, p)

where

gn = k(1 = (1= k)



D(jn,p) < [(1 = Bn) + gnanfn]D(in, p)
D(#n41,p) = D((1 = an)in + anT'jn, p)
< (1 = an)D(in,p) + anD(Tjn,p)
(1= an)D(in,p) + ank[(1 = Bpn) + gnom, Bnl D(in, p)
(1 = an)D(in,p) + ank[(1 = By) + gnou, Bl D(in, p)
)

= [(1 = an) + ank[(1 = Bn) + gnanBu]]| D(in, p)

IN

IA

Since 0 < k < 1 and by assumption of lemma 2.3 Z —1 Qi Bn = 00, it follows that Z _gn = 00. Hence
lim,, o0 D(in,p) = 0.
Then the sequence {i,,} converges strongly to a fixed point p of T O

Theorem 3.3. Let (G, D) be a complete F-metric space, and T : X — X be a Ciric-Kannan a—1 contraction.

Let the sequence {i, } be defined by the JK iterative scheme. If > | anf3, = 00, then {i,} converges strongly
to the unique fized point of T.

Proof. Let p be the fixed point of T using Ciric-Kannan « — v contraction and JK iteration we have

D(jn,p) = D((1 = bn

< D((1 = bp)in,p) + bnD(Tiyn, p)

+ b, Tip, p)

IN

Jin
)
(1 =bn)D(in, p) + buD(T'in, p)
(1 =bn)D(in,p) + bukD(in,p)

< [(1 - bn) + bnk]D(lnvp)

IN

D(zrup) = D(T]rup)
< kD(jn,p)

< k[(1 = by) + bpk]D(in, p)

D(znt1,p) = D(T((1 = an))Tjn + anTzn, p)
< D(T(1 = an)Tjn,p) + D(anTzp,p)
<kD((1 = an)Tjn,p) + anD(Tzy,p)
< k(1 —an)D(Tjn,p) + anD(T 2y, p)
< k*(1 — an)D(jn,p) + ankD(zn,p)
< [K*(1 = an)(1 = by + kby) + (ank®(1 = by + kby )] D (i, p)

Since 0 < k < 1 and by lemma 2.3, we get that lim,,_, o D(an,p) =0

Hence the sequence converges strongly to a fixed point p at T.



O

Theorem 3.4. Let (G,D) be a F-metric space and T : X — X a mapping satisfying Ciric-Kamma o — 9
contraction. Suppose T has a fized point p. Let iy € i and the sequence {i,} be Ishikawa iteration. Then,

{in} is stable with respect to T.

Proof. Let the sequece {a,}22; be arbitrary in G. Define

en = D(ant1, f(T,an))

for every n € N, such that
ant1 = (1 — ap)an, +Thy,
bp = (1 = Br)an + BTay.
Suppose the lim,,_,o £, = 0. We show that lim, ... a, =p

D(ant1,p) < D(ant1, f(T,an) + D(f (T, an), p)
<eéen,+kD((1 - an)an + Thy,p)
<en+ D((1—an)an,p) + D(Thy,p)
<eéen+ (1—an)D(an,p) + kD(by,p)

Recall that, we have prove fixed point of contraction as

D(ijp) < kD(jnap)

<én+ (1 —an)D(an,p) + kD(b,,p) 9)

D(bn,p) S D((l - Bn)an + ﬂnTanap)
S D((l - Bn)anvp) + D(BnTanap)

S (1 - ﬁn)D(anap) + ﬁnD(Tanap)

D(bn,p) < (1= Bn)D(an,p) + kBnD(an,p) (10)

D(an+1,p) < en+ (1 —ag)D(an,p) + k[(1 — pn)D(an,p) + kBnD(an,p)]
< éen+ (1 —an)D(an,p) + k(1 = pp)D(an,p) + k*BnD(an, p)

<e,+ [(1 - Oln) + k(l - ﬁn) + kgﬂn]D(anap)

since o, Bn, k € [0,1], we have [(1 — a,) + k(1 — p,) + k28, < 1



Hence,

D(an+17p) S kD(anap) +5n

by lemma 2.3

we have

lim,, y0 an = p

Assuming the lim, .. a,, = p. Then we prove that lim, ., &, =0

en = D(any1, f(T,an))
< D(ant1,p) + D((1 — ap)ay, + Thy,p)

< D(an+1>p) + D((l - an)anap) + D(Tbnap)

< D(ant1,p) + (1 = an)D(an, p) + kD(bn, p) (11)
< D(an+1,p) + (1 = an)D(an, p) + k[(1 = Bn) D(an, p) + kBnD(an, p)] (12)
€n < D(an+17p) + [(1 - an) + k(l - /Bn) + kﬁn]D(anap) (13)

Taking lim,, ., of equ(93), we obtain lim,, &, =0

Hence, the {i,} is stable with respect to T O

Theorem 3.5. Let (G,D) be a F-metric space and T : X — X a mapping satisfying Ciric-Kamma o — 9
contraction. Suppose T has a fixed point p. Let ig € G and let the sequence {i,} be Noor iteration.

Then, {in} is stable with respect to T.

Proof. Let {a,}°2; be an arbitrary sequence in X. Define
ant1 = (1 — apn)an + @, Thy,

b = (1= Bn)an + BnTey

en =1 —yn)an +mTay

In every n € N,

Suppose that lim,, ,~ &, = 0. We show that lim,, _ ., a, = p:

D(an+1,p) < D(ant1, f(T,an)) + D(f(T,an), p)
<eéen+ D((1—an)an + Tby,p)
<eéen+ D((1—an)an,p) + D(a,Thy,p)

<éen+ (1= an)D(an,p) + anD(Tby, p)

10



<ep+(1- O‘n)D(amp) + ankD(bmp) (14)

D(bn,p) = D((l - Bn)anﬁnTcnap)
S D((l - ﬁn)anvp) + D(BnTanap)

S (1 - ﬁn)D(anap) + ﬁnD(Tcnup)

< (1= Bn)D(an,p) + kpnD(Tcn, p) (15)

D(cn,p) = D((l = Vn)an + Y Tan, p)
< D((l - 'Vn)anap) + D(WnTamp)

< (1= n)D(an,p) + YnD(Tan, p)

D(cn,p) < (1 = n)D(an,p) + ynkD(an, p) (16)

substitute (16) into (15)

en < D(an+17y) =+ (1 - an)D(anap) + ank(l - ﬂn)D(anyp)
+ kzam@n[(l - an)D(an>p) + jnkD(amp)]
< D(an—i-hp) + (1 - an)D(anap) + ank(l - ﬁn)D(anap)

+ k20 (1 = jn) D(an, p) + k*anBrjnD(an, p)

en < D(an,p) +[(1 = an) + ank(l = Bn) + k2 an(1l = jn) + k> Bnjin] D(an, p)
én < D(an,p) + kD(an, p)
En < D(anvp)
limy, o €, = 0.
Hence, thus {i,} is stable with respect to T'. O

Theorem 3.6. Let (G,D) be a F-metric space and T : X — X a mapping satisfying Ciric-Kannan o — 9
contraction. Suppose T has a fixved point p. Let ig € G and {i,} be JK iteration. Then, {i,} is stable with
respect to T.

Proof. Let {a,}22, be an arbitrary sequence in G. Defined
en = D(ant1, f(T,an))

an+1 =T((1 — an)Te, + a,Thy,)

b, =Tec,

en = (1= Bn)an + BrTay

11



In every n € N; {an, Bn} € {0,1} and k € [0, 1]

suppose that lim,_,., £, = 0. We show that lim,,_,., a,, = p.

D(a'n-‘rhp) S D(a'n+17 f(T7 a'n)) + D(f(Ta an)ap)
<en+D(T((1—an)Ten + Ty, p)
<eéen+kD((1— a,)Te, + ap,Thy,p)

<e,+ k(]- - an)D(Tcn;p) + kanD(bnvp)

<eéep+ kz(l - an)D(Cmp) =+ kzanD(bmp)

D(bn,p) = D(Tcn,p)
< kD(cn,p)
D(Cnvp) = D((l - ﬁn)an + 5nTanap)

< D((l - Bn)anvp) + D(ﬂnTan’p)

< (1 - /BnD(anvp) =+ ﬂnD(Tanap)

D(Cnvp) < (1 - Bn)D(anap) + kﬂnD(anap)

Substitute (18) into (19) yields

D(bnyp) < k[(l - ﬂn)D(anyp) + kﬂnD(CLn,p)]

< k(1 = Bp)D(an,p) + k*BnD(an, p)

D(an+17p) <ep+ k2(1 - an)[(l - ﬁn)D(a'mp) + k/BnD(anvp)}
+ K an[k(1 = B2)D(an, p) + k*BpD(an, p)]

S e+ HkQ(l —an)[(1 = Bn) + kBn] + [k?)an(l — Bn) + kQﬁnHD(amp)

<en+ k‘D(an,p)

since k € [0,1] and «,, 8, € [0,1], we have

12



E2(1 — an)[(1 = Bn) + kBn] + K2an (1 — B,) + k2B,) < 1 (22)

Hence, D(an+1,p) < kD(an,p) + €p, by lemma 2.3, lim,, o, a,, = p

Assuming the lim,, ., a,, = p. It remains to prove that

lim,, yoo€, =0

en = D(ant1, f(T' an))
< D(ant1,p) + D(f(T' an), p)
< D(any1,p) + D(F(T((1 = an)Tep + anThy, p)
< D(an+1,p) + ED(f(T((1 — o) Ten + anThn, p)
< D(ans1,p) + k(1 — ) D(Tcp, p) + kay, D(Th,,, p)
< D(an+1,p) + k*(1 = an) D(cn, p) + k*a D(by, p) (23)

en < D(ant1,p) + k*(1 — a)[(1 = Bn) D(an, p) + kBnD(an, p)]
+ kK an[k(1 = Bn)D(an, p) + k*BnD(an, p)]
< D(apt1,p) + [k (1 = an)((1 = Bn) + kB,)]D(an, p)
+ [KPan[k(1 = Bn) + k*B)|D(an, p)
< D(ant1,p) + [K*(1 = an)((1 = Bn) + kB,)]
+ [KPan(k(1 = Bn) + k*B0)]1D(an, p)

< D(an_H,p) + kD(anap)

en < D(ant1,p), lim, o £, = 0. Hence, the sequence {i,} is stable with respect to T O

Conclusion

The work established the strong convergence and stability of the sequence with respect to T using Ciric-

Kannan contraction in a complete F-metric space.
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