UNDER PEER REVI EW

Isomorphism classes of a family of elliptic curves over
finite fields

Abstract

In this paper we present a direct method to compute the number of IF‘q-isomorphism classes
(isomorphism over F,) and isomorphism classes of a family of elliptic curves defined over a finite
field IF,. We give the explicit formulae for the number of [_Fq-isomorphism and an estimate formulae
for the number of isomorphism classes. These result can be used in the elliptic curve cryptosystems.
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1 Introduction

Elliptic curve cryptosystems were proposed by Miller (1986) and by Koblitz (1987)
which relies on the difficulty of elliptic curve discrete logarithmic problem. The
basic operation required to implement the system is point multiplication, that is the
computation of kP for a large K and a point P on elliptic curves. To obtain faster
operations, much effort has been done in representing the elliptic curves in special
forms which provide faster addition, doubling and tripling in the last decades. In
2006, Doche, Icart and Kohel introduced the faster tripling in Weierstrass form
curves y? = x3 4+ 3u(x + 1)2.In 2008, study the general curves y? = x3 +

3a(x + t)2. Seeing for comparison analysis of computational cost for all kinds of
curves. It is natural to count the isomorphism classes of these elliptic curves over a
finite field IF, which has cryptographic applications. This has been done for

Weierstrass curves [4-5], Legendre curves [7], Edwards curves|[3].

In this paper we present a direct method to compute the number of IFq-isomorphism
classes(isomorphism over F,) and isomorphism classes of Doche-Icart-Kohel curves
defined over a finite field IF,. We give the explicit formulae for the number of IFq-
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isomorphism and an estimate formulae for the number of isomorphism classes.
These result can be used in the elliptic curve cryptosystems.

The rest of this paper is organized as follows. In section 2 we give some basic
notation about elliptic curves and isomorphism. In section 3 we counting F,-
isomorphism classes of Doche-Icart-Kohel curves defined over a finite field. And
finally, we counting isomorphism classes of Doche-Icart-Kohel curves defined over a
finite field. Throughout the paper, [F, denotes a finite field with characteristic > 3

and denote its algebraic closure by F,,.

2 Background

A curve means a projective variety of dimension 1. An irreducible curve is said to be
elliptic curve if it is birationally equivalent to a plane non-singular cubic curve.

We know every elliptic curve E /K can be written as a Weierstrass equation
E:YZ + alXY+ a3Y = X3 + a2X2 + a4,X+a6

with coefficients a4, a,, as, as, ag € K. The discriminant A (E) and j-invariant are

defined as
and
J(E) = (b7 — 24b4)*/ A (E),
where
bz = a% + 4(12,
b, = 2a4+ aiaz,
b6 = a% + 4'a6,
by = a?ag— ajaza, + 4ayas + a,a’ — ai.

LetE;/K:Y? + a1 XY + azY = X3 + a,X? + a,X + agand E,/K: Y2 + a} XY + a3Y =
X3 + ayX? + a,X + aj be two elliptic curves defined over K, we call them are
isomorphism over K or K-isomorphism if there is an isomorphism which is defined
over K. We call them are isomorphism over K or K-isomorphism if there is an
isomorphism which is defined over K. It is well known that E; and E, are
isomorphism over K if and only if j(E;) = j(E,), where K is the algebraic closure of
K. However, E; and E, are isomorphism over K if and only if there exists u,r,s,t €
K and u # 0 such that the change of variables

X,Y) » (u?X +r,udY +u?sX +1t)

equation E; to equation E,. The relationship of isomorphism is an equivalence
relation. The above change of variables is said to be admissible change of variables.
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Therefore, E; and E, are isomorphism over K if and only if there exists u,r,s,t € K
and u # 0 such that

ua; = a;+2s,
u?a, = a,—sa,+3r—s?
uda, = az+ra;+ 2t
u*a, = a,—sas+2ra,— (t+rs)a; +3r?— 2st,
uay = ag+ra,+ria, +1r3—taz—t? —rta,.

Ifa;, = az; = a; = a5 = 0, then E; and E, are isomorphism over K if and only if there
existsu,r,s,t € K and u # 0 such that

ua, = a,+3r,
u*a, = a,+2ra,+ 37r?
ubay = ag+ra,+ria,+ri.

See for more details.

For two elliptic curves E; and E, which are defined over finite field F, if j(E;) =
j(E), then we call them are F,-isomorphism. Some formulae about counting the
number of the isomorphism classes of general elliptic curves over a finite field can
be found in literatures. In, R. Schoof present the number of isomorphism classes of
elliptic curves over a finite field F, is 2q + 3 + (_74) + 2 (_73), where (g) is Jacobi
Symbol. In, A.]. Menezes present the number of isomorphism classes of elliptic
curves forms y? = x3 + ax + b over a finite field Fqis 2q + 6,2q + 2,2q + 4,2q for
q = 1,5,7,11 (mod 12) respectively. The following definition from [2].

Definition 1. A Doche-Icart-Kohel curves over a finite field [ is defined by
Ea: y? = x% 4+ 3a(x + 1)® where a € Fq witha (a - z) # 0.

The Doche-Icart-Kohel curves is smooth elliptic curves for a (a - z) # 0. The j-

833, _>)3 _
invariant is j(E,) = 2 ala-2) Following, we count the number of [F;-isomorphism
classes and [F,-isomorphism classes. In fact, we can generalise the above family of

curves to a more general situation.

Definition 2. A general Doche-Icart-Kohel curves E, ; over a finite field F is defined
by Eqe: y* = x* + 3a(x + t)? where a,t € F, and ta(4a — 9t) # 0.

The j-invariant is j (£ )_2833‘1(—“‘203
€j-mvanantis j\Lat) = =55, 29p
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3 Counting ]F‘q-isomorphism classes

Let E, and E}, are two Doche-Icart-Kohel curves defined over F, then E, and E,, are
isomorphism over [, if and only if there exists u,r € F, and u # 0 such that

3u’b = 3a+ 3r, u’h = a+r,
{6u4b = 6a+ 6ar + 3r?, or {Zu‘*b = 2a+2ar +71?
3u®h = 3a+ 6ar + 3ar?+1r3. 3u®h = 3a+ 6ar + 3ar?+r3.
Because ub # 0, thus (a + r)(r? + 2ar + 2a)(3a + 6ar + 3ar? +r3) # 0.
Therefore,
J 5 r? + 2ar + 2a
2uc = )
a+r
3u? B r3 + 3ar? + 6ar + 3a
\ 2 r2 4+ 2ar + 2a
Therefore,

r(r3 + 4ar? + 12ar + 12a) = 0.
Ifr = 0 then u?b = u*b = u®b thereforeu? = 1and b = a.

Ifr3+4ar®?+12ar+12a=0anda +7r = 0,thenr = —aand a(a — 2) = 0.
Ifr3 +4ar? + 12ar + 12a = 0 and r? + 2ar + 2a = 0, thenr(r? + 2ar + 2a) +
2ar? + 10ar + 12a = 0, thereforer?2 + 5r + 6 = 0fora # 0. Thusr = —2orr =
—-3.

Ifr3 + 4ar? 4+ 12ar + 12a = 0and r® + 3ar? + 6ar + 3a = 0, then ar? + 6ar +
9a = 0, therefore r? + 6r + 9 = 0, thusr = —3.

Assume 13 + 4ar? + 12ar + 12a = 0 and r # —2,—3, —a, then

b _a+r 20’ +2ar +a?)
w2 r242ar+2a
if b = a,then (a — 2)r? + (2a? — 4a)r = 0, thatisr(a — 2)(r + 2a) = 0,thusr =0
2 2
2(r+2ar+a?) =2 (1 + ), Therefore,

r2+2ar+2a

)

a’-2a

orr = —2aif a # 2. Moreover, b = oo
r<+2ar+2a

from above argument, we have

Lemma 3. Two Doche-Icart-Kohel curves E, and E,( b # a) defined over F, are IFq-
isomorphism if and only if there existsr € I_Fq andr #+ 0,—2,—3,—a, —2a such that
r® + 4ar + 12ar + 12a = 0 and r* + 2ar € F,,.

Let f(a) = %with a€lF,, a+ O,Ethen we have the following lemma:

Lemma 4. Let xq, x,, x3 are the roots of x> — f(a) = 0 in F,, thenr; = ﬁ,i =1,2,3
.

are the roots of r® + 4ar? + 12ar + 12a = 0 in F,,.
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Proof 1. Since

l(xi ?i 1)3 *ia (xi ?i 1)2 t+12a (xl- ?i 1) + 12“] (x; = 1)3

= 27+ 36a(x; — 1) + 36a(x; — 1)? + 12a(x; — 1)3
= 12ax} —12a + 27

4a -9

= 12
a4a

—12a + 27

= 12a—-27-12a+27 =0

The lemma follows. 0O

Let B3 = 42;9, if% = -3, then4Z—;9 =0anda = 2.

3 -1
Ifﬂ— —2,then 8 —?anda— 2.

a-3 (a-3)° _ 4a-9

If%z—a,thenﬁz—,  thusa? —4a+4 =0anda = 2.

a a3 4a

_ —3)3 _ —
Ifi = —2a,then f = 2a 3, (2a-3)" _ 4a 9, thus 2a? — 6a + 3 = 0. Therefore, in F,,,
B-1 2a 8a3 4a q
a= %g ora = # If 2a® — 6a + 3 = 0 is solvable in [F4, then 3 is a square in [Fg,

then g = 1,11 (mod 12).
Now, we present and prove the theorem:

Theorem 5. Let N, be the number of I_Fq-isomorphism classes of Doche-Icart-Kohel
curves which defined over a finite field F, of characteristic > 3, then we have

3g+1
( q4 , ifg=1(mod12),
q— e

T, 1fq=5(mod12),

N, =

3g—1

YR ifg =7 (mod 12),
5 ifg =11 (mod 12).

Proof 2. Forr3 + 4ar + 12ar + 12a = 0, the discriminant is A= —48a?(4a — 9)?,
since a # O,zthus A# 0and r3 + 4ar + 12ar + 12a = 0 has 3 diffident roots

11,1y, 13 in Fy.
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2(r?+2ar+a? a’-
% =2 (1 + 2—)» assume 1 + 2ar; + 2a = 1§ + 2ar, +
r<+2ar+2a r<+2ar+2a

2ainFy, then (p —1)(rp + 15 + 2a) = 0, thenr; + 1, = —2a.Forry + 1, + 13 =
—4q, then 3 = —2a. Thus, we must have r3 + 4ar? + 12ar + 12a = (r + 2a)(r? +
2ar +y), where y = 6 and a satisfy 2a® — 6a + 3 = 0.

Since b =

Assume q = 5( mod 12), then ¢ = 2 ( mod 3), therefore for every element in F, has
just one cubic root in F,. Therefore, x> — % = 0 is solvable and has just one root
in [F; and two roots in some quadratic extensions of [F4. Thus, r3 + 4ar + 12ar +
12a = 0 has just one root in [F; and two other roots r,, 73 are in some quadratic
extensions of F,. We claim rf + 2ar, € F, and r§ + 2ar; € F,. Forifry + 2ar, € F,,
then the minimal polynomial of r, over F, has the form x* 4+ 2ax + d for some d €
F,. Therefore, 3 + 4ar + 12ar + 12a = (r + e)(r? + 2ar + d) for some e € F,,.

Thus, e = 2a and 2a? — 6a + 3 = 0, but this occur justat g = 1,11 (mod 12).
2(rf+2ar;+a?) _ 3-V3 - 2(rf+2ar;+a?) _ 3+V3

Moreover, — 5 when ¢ = 1,11 (mod 12) and
ry+2ary+2a 2 ry+2ary+2a 2
3—V3 _3-3
a=——or—.
2 2

Therefore, for ¢ = 5 (mod 12), N, = q_z_l +1= qT_l. Similarly, for q =
11 ( mod 12), because r = —2a will lead to b = a, therefore N, = q_zzﬁ +§
q-1

P

+1=

Ifg =1 (mod 3) and a € F, notis a cube, then all the roots of x3 — % =0in IFq

are in some cubic extensions of [F;. Thus the roots of r3 + 4ar + 12ar + 12a = 0 are

all in this cubic extensions of Fq and no roots in Fyg. Therefore, for these a and r,

r? 4+ 2ar + 2a not in F,. Assume g = 1,7 (mod 12), then ¢ = 1 ( mod 3). Therefore,

have qT_l elements there exists cubit root, and have 3 diffident cubic roots. Hence, for
q—-1

= _- _ —
q =7 (mod 12), Ny = = +((q—2)—(q71—2)>=3q4—1.F0rqE1(mod12),

N _%1—2—2_'_3_'_ ( _2)_(q_—1_2) _ 3q+1
a = 4 2 q 3 T4

Thus the proof is completed. O

4 Counting IF;-isomorphism classes

Let E, and E}, are two Doche-Icart-Kohel curves defined over [, then E, and E,, are
isomorphism over Fq if and only if there exists u,r € Fq and u # 0 such that

u’bh = a+r,
2u*h = 2a+2ar +71?
3u®h = 3a+ 6ar + 3ar?+1r3.
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From the argument of section 2, we only to consider that u? is or isn’t a square
is the root of

element in F, when u? be represented by a and r, where r =

3 4—a—9_1
4a
r3 4+ 4ar? + 12ar + 12a = 0. For
3u? B r3+3ar2+6ar+3a_ r’+6r+9
2 r2 4+ 2ar + 2a = Y 2ar + 24
B (r+3)2
- YT 2ar+ 24
-2a

We only to see 30Z12ar120)

—-2a _ 4a o . _ _ 2 _ . .
3(r2—r3+4‘"2) l=TrP— itisonlytoseea(4a +r —6) = 4a“ + ar — 6aisorisn'ta
6

is or isn’t a square element in F,. For -——— =
r<+2ar+2a

square element in [F.

3

3l4a—
Mot
(6p3 — 3p% — 3p). Therefore, it is only to see 3(2p3 — p? — p) is or isn’t a square
element in [F,. Summarising the above discussion, we can obtain the following

theorem.

Letr = =ﬁ,thena(4a+r—6) =

9 9 3 9
4(1-p3) (1—p3 T1-p 6) T a(1-p3)2

Theorem 7. Let N, be the number of F;-isomorphism classes of Doche-Icart-Kohel
curves which defined over a finite field IF, of characteristic > 3, then we have N, <

f%, ifg =1 (mod 12),

q—2, ifg=5(mod12),

11q-17

, ifg=7(mod12),

\qg — 3, ifqg =11 (mod 12).
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