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KIRCHHOFF BIHARMONIC SYSTEM WITH CHOQUARD
NONLINEARITY AND SINGULAR WEIGHTS

ABSTRACT. The aim of this paper is to find the existence of solutions for the following Kirchhoff type
biharmonic system with exponential nonlinearity and singular weights

m (|lu]l2 + ||v]|?) A%u = [Iu « F(ﬂzu,v)] f1(z,u,v) in Q

[l []™

m (lull? 4 ol]2) A% = [« FEED] LiED im0

B []™
u=0, v=0, Vu=0, Vv=0 on 0N,
where Q is a bounded domain in R* containing the origin with smooth boundary, u € (0,4), 0 < a <
£, Iu(z) = IIV%‘“ m is a Kirchhoff type function, ||ul|? = [, |Aul?dz, f; behaves like €505” wwhen

OF (z,u,v) OF(z,u,v)\ __
ou o -

’ v

|s| — oo for some By > 0, and there is C' function F : R?> — R such that (
(fi(z,u,v), fa(z,u,v)). We establish sufficient conditions for the solutions of the above system by using
variational methods with Adams inequality.

1. Introduction

In this paper, we are concerned with the existence of solutions for the following biharmonic
Kirchhoff system with exponential nonlinearity and singular weights

m (ull + ol]?) A% = [, FEp2 | e 0

|| ||
(1.1) m (Jul]? + o]]?) A% = [1,  Heen)] Blewa gy g,
uZO? U:O, V'LLZO, V=0 on aQ’

where € is a bounded domain in R* containing the origin with smooth boundary, u € (0,4),
0<a<¥ and |ul]> = [,|Aul*dz. I, is defined as [,(z) = —i=. m : R - RT is a

27 |x|d—r "
Kirchhoff type function. F satisfies suitable growth assumptions and f; = 3—5, fo= aa—f.
Problems involving biharmonic equations have been studied extensively by many re-
searchers until now. For instance, in [42], Wang studied the following perturbed biharmonic
equation

A0+ V(@)u = P@)ul = + Q@) 2u, @€ RY;

ue H*(RY), and wu(z) — 0 as |z| = oo,

where N > 5, 2" = ]\Q,—JL, p € (2,2*), P(x) and Q(z) are bounded positive functions. Given
suitable conditions on V', the author obtained at least one nontrivial solution provided that

*
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e < ¢ and n* pairs solutions for any n* € N and € < ¢,«, where € and ¢,+ are sufficiently
small positive numbers. Rani and Goyal in [37] considered the following biharmonic critical
Choquard equation:

u(y)|2a *_ .
12) {A?u = Af(@)lult2u+ glw) ( fo LD dy) fufi 2, 0

u=0, Vu=0, on 0,

where € is a bounded domain in RY (N > 5) with smooth boundary, 1 < ¢ < 2, 0 <
a < N, 2! = 2]]\\,7:5‘ and f,g : © — R are continuous sign-changing weight functions.
They proved the existence of two nontrivial solutions for the problem (1.2) in a suitable
range of A. Specifically the readers expressing an interest in the above part we refer to
[11,17,19,21,27-29,32,43,46,47] and the references therein for the existence and multiplicity
of solutions for biharmonic equations.

Biharmonic equations involving critical exponential nonlinearities have been also inves-
tigated recently. In fact, let 2 be a smooth bounded domain in R™, we know the classical

Sobolev space embedding shows that

np
n—op
As for n = p, we say W, (Q) < L*(Q) for all 1 < s < 0o, however L>(Q) does not hold.
Later, Pohozaev [34] and Trudinger [40] found the function ¢(t) = e!™™" — 1 such that

WyP(Q) < LP(Q) if n > p, where p =

d .
1?<1/Q¢(u)$<oo

Su
u
Il 1om <

Then Moser in [26] further improved the above result and obtained the following inequality

sup <1/Qe><p (6Iu|ﬁ) dr < oo, u€ Wy™(Q), if and only if 8 < 3,

u
Il 1m

1

n—1

where ) C R"™ is a bounded domain, 3, = nw and w,, is the surface area for unit ball of
R™. After that, Adams [1] extended this result to higher order Sobolev spaces. That is, let
2 be a bounded domain in R" and n,m € N satisfying m < n, then for all 0 < ¢ < (.,

and u € W™ (), it follows that

sup / exp ((|u|ﬁ> dr < oo,
jvmul n <t/o

n

m(Q)T

where ¢, is sharp and given by

ﬂ.n/QQmF m+1 niLm .
L ( (25%) when m is odd,

=)

gn,m - . (ﬂn/22mr(72n) nnm)

when m is even.
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And the symbol V™u denotes the m!-order gradient of u and is defined as

Ty — {VA(mIWU; if m is odd,

A/ 2 if m is even,

where A and V denote the usual Laplacian and gradient operators respectively. With regard
to the problem (1.1) in this paper, we consider the case m = 2, n = 4, and we will use the
following inequality [1]:

sup / exp (ﬁ\u!z) dr < oo, forall 0 < f <3272 QcCRL
weHZ ()1 Aul 20y <1 /9

Moreover, in the case n = 4,m = 2, we say that f(¢) has critical exponential growth at
infinity if there exists Sy > 0 such that

)

2
[t|—oo €Bt

t
=0, forall g>pfy; and lim ()

2
t|—oo €Pt

=o00, forall B < fp.

At this point, if © is a smooth bounded domain in R*, in [36], Robert and Struwe considered
the biharmonic equations involving critical exponential growth
A%y, = du ™ in Q;

uez%zo, on 0f),

where A € R. They described the asymptotics of u, as € — 0, supposing that u, — 0 weakly
in a suitable space H3 () when supg u — co. Moreover, Dridi and Jaidane in [17] studied
the following weighted fourth order problem

{ Aw(z)Au) = Au+ V(z)u = f(z,u), i B;

u:g—Z:O, on 0B,

(1.3)

where B is the unitary disk in R*, w(z) = (log ﬁ)ﬁ, B € (0,1), and f(x,t) behaves like

exp{atﬁ} as |[t| — oo for some a > 0. Given proper conditions on V', they obtained
the existence results of solutions for the weighted biharmonic problem (1.3). As for the
whole Euclidean space R*, we refer the reader to [13,32,39,45] for the existence results on
biharmonic equations with critical exponential nonlinearities.

Due to the nonlocal term m (||u||* + ||v]|?), Kirchhoff problems were firstly mentioned in
1883 by Kirchhoff, see [22], which the typical equation is known as follows

Poz ~ \n " 2L, ogz I

Ox
where p is the mass density, P, is the inital tension, h is the area of cross-section, F is
the Young modulus of the material and L is the length of the string. Besides this, some
problems concerning the nonlocal term are also applied in various fields, mostly in biological
and physical domains. The readers interested in these aspects we refer to the articles
[2-4,12]. Actually new problems involved with Kirchhoff type emerged from the above
researches and many authors obtained the existence results of solutions for the Kirchhoff type
equations involving critical exponential nonlinearities via variational methods. In relation to
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Kirchhoff problems, the existence and multiplicity of solutions for elliptic equations inolving
critical exponential nonlinearity can be found in the literatures [14,41] and a class of elliptic
equations with a small nonhomogeneous term was studied in the articles [15, 16, 18] in a
bounded domain of R?. For biharmonic equations we refer to [6,25] in the whole Euclidean
space R*.

Another common nonlocal problem is the Choquard nonlinear term, generally we mention
the following convolution type non-linearity

—Au+ V(z)u= (|| * F(z,v)) f(z,u) n R", pe(0,n),

which attracted many researchers in several physical models. In 1954, Pekar [33] used the
above equation to model the quantum theory of a a polaron and in 1976 Choquard [23]
studied it and proved the existence and uniqueness of minimizing function which describes
the electron trapped in its own hole by using decreasing rearrangement inequalities. In
addition, Bergé and Couairon [10] considered the standing waves of the non-linear nonlocal
Schrodinger equation. For interested readers, we refer to [20,30,31,35,44] and the references
therein for Choquard equations. Later, Lii [24] studied the non-degenerate Choquard equa-
tion with Kirchhoff function in R? and obatined the ground state solution via the method
of Nehari manifold. Meanwhile, Arora et al. in [7] established the existence of solutions for
the Kirchhoff-Choquard type problem involving critical exponential nonlinearities by using
the Mountain-pass theorem and the boundness of the corresponding Palais-Smale sequence.
We recall that the existence solutions for the nonlinear Choquard N-Laplacian equation in
a bounded domain of RY can be found in [7], and for the polyharmonic problem we refer
to [9].

Recently, applications of system involving critical exponential nonlinearity had attracted
many researchers to join in this field. In [8], Arora et al. infered the relevant Adams-Moser
inequality in Wy "™ (Q) x Wy "™ (Q). For any (u,v) € Wy '™ (Q) x W, "™ (), n,m € N such
that n > 2m and Q C R" is a bounded domain, they deduce that

sup / exp (a (\u!ﬁ + |v\#>> dr < oo, provided 0 < a < g"—’m,
Q

I (u,0)||=1 n,m
w1 = Fto)

And they established the existence solutions for the following Kirchhoff system by using the
method of Nehari manifold

-m (fQ ]Vu|”dx) Au = (fQ ‘xy;ﬁ dy) filz,u,v),u >0 in Q;
i (fy [Vode) Ao = ( fo 252ay) o, 0),0>0 i 0
u=0, v=0, on 09,

where € is a bounded domain, n > 2, 0 < u <n, m: RT - R is a continuous function
Ayu = div(|Vu|""2Vu), F satisfies suitable growth assumptions and f; = 2£, f, = 2£
Furthermore, in [16], the authors extended to k(€ N) equations for singular Trudinger- Moser
growth in € which is a smooth bounded domain in R? containing the origin with smooth

n—2m

where 2, ,,, = 2=m and

m
n

+ [|v]|™

n
m
n
Wy ™ ()
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boundary. And they obtained the multiplicity of solutions of the following elliptic Kirchhoff
system

{_m(Zle(fQ |VUj|2de)> Au = W +ehi(z) in Qi=1..,k,

Uy = Uy = ... = uy = 0, on 012,

where 5 € [0,2), m is a continuous function, f; behaves like 5" when |s| — oo for some
ap > 0, and there is C! function F' : Q x R¥ — R such that <g—£,..., %) = (f1s f2),
hi € (H3(2)*, ]| - ||+), € is a small positive parameter. We also refer to [41] for Kirchhoff
type elliptic system involving critical exponential growth.

Motivated by the above results, in this paper, we consider the existence of solutions for
the Kirchhoff type biharmonic system (1.1). Then the Kirchhoff term is a difficulty which
implies that the equation in problem (1.1) is no longer a pointwise identity. It means that
we need to overcome the lack of compactness due to Choquard nonlinearity involving critical
exponential growth as well as the Kirchhoff term. Especially important, we firstly need to
obtain the improved Adams-Trudinger inequality involving two variables.

In order to treat the system problem (1.1), now we give some definitions as follows. We
introduce HZ(Q2) with the scalar product

(u,v) = / AuAvdx
Q
for each u,v € HZ(Q2). Then we denote
HG(Q,R?) = Hg(Q) x Hj(Q),
endowed with the scalar product
(U, V) = /QAulAvldx + /Q AusAvyde,

where U = (u;,ug) and V = (vy,vy), to which corresponds the norm ||U|| = (U,U)/? =

(Jur || + ||uz]|?) /2, then HZ(2,R?) is well defined and also a Hilbert space. That is, for any
(u,v) € H3(Q,R?),

1ot ) = (s 20y + a2z )2
where [|ul| gz() = ([, [Au|?dz) 2 Moreover, for all 1 < p < co we define LP(Q, R?) as
LP(Q,R?) := LP(Q) x LP(Q),
where LP((Q) is the standard LP-space, we can know LP({),R?) is well defined and for any
(u,v) € LP(Q,R?), we define

1
D 1
ol = ([ st [ foprae)”, and w0 = (Juf + 10P)°
Q Q

For any 1 < p < oo, by Sobolev embedding theorem, we can know that the embedding
HZ(Q,R?) — LP(Q2,R?) is compact.
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Now, let us introduce the precise assumptions under what our problem is studied. For
this, we define M (¢ fo s)ds, the primitive of m so that M(0) = 0. The hypotheses on
Kirchhoff functlon m: R —> R* are the following:

(mq) There exists my > 0 such that m(t) > my for ¢ > 0 and m(t) is non-decreasing on
[0, +00);
(m2)

Remark 1.1. (1) By m(t) is nondecreasmg for t > 0, we have [, m( ds > [ m(s)ds
for all t;,t, > 0, then it holds that [" m(s)ds + [ m(s)ds > [ m(s)ds + [;>m ds
Le. M(ty +ta) > M(t1) + M(t2).

(2) From (ms), we can see that

(1.4) OM(t) —m(t)t >0, forallt > 0.

Indeed, for any 0 < t; < ty, we deduce that

TZ(_tl) is non-increasing for all ¢ € (0, +00).

t1+to

OM () — mlt) = OM (1) — 0 [ mtyat — "o

t1 t?
< 9M(t2> ﬂz@( )(te - t@) T;Lg(fl)tﬁ
= 0M(t2) — m(ta)ts.

Therefore, O M (t) — m(t)t is nondecreasing for ¢ > 0. In particular,
OM(t) —m(t)t >0 forall t > 0.
(3) From (mg) we obtain
M@t)> M) for 0<t<1; M(t)< M)’ for t>1.
Then there exist C,Cy > 0 such that
(1.5) M(t) < Cit? + Cy, forall t > 0.
Moreover, by (ms), for t;,t; > 0 one has

t1+to t1 t1+to
Mt +to) = / m(s)ds = / m(s)ds +/ m(s)ds
0 0

t1

" m(t) [* 01
= M(tl) + m(t1 + S)dS S M(tl) + te—_l (tl + S) ds
0 1 0

(o8) )

Remark 1.2. A typical example of a function m satisfying the conditions (my) — (ms) is
given by m(t) = mg + at’~! with > 1 and a > 0.

tlm(t1>
0

(1.6) = M(t,) +

Throughout this paper, we assume f;:  x R?> — R for i = 1,2 are continuous functions
satisfying the following conditions:

(f1) fi(z,t,s) = 0 when either ¢t < 0 or s < 0 and fi(x,t,s) > 0 when ¢,s > 0 for all
reQandi=1,2.
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(f2) Fori = 1,2, f; has critical exponential growth at infinity, that is, there exists 5y > 0

such that
| fi(z,t,5)] 0, VB > Bo;
lim — =
(t,s) oo €IS Too, VB < B
(f3) There exists [ > 6 such that the maps u %{f’s), v o %ﬁs) are increasing

functions of ¢ and s respectively.
(f4) There exist ¢ € (0,1], ag, by, My > 0 such that 0 < [t|9F(x,t,s) < Myfi(z,t,s) for
all [t| > ap and 0 < |s|9F(x,t,s) < Myfa(z,t,s) for all |s| > by uniformly in z € €.
(fs) There exists 7 > 0 such that limjq s-(0,0) IJ:\SW 0 holds for i = 1, 2.
(fe) There exists k such that

1
2 A(@tp—20)-8 4m2(44+p—20)\ 7 2
o PGy [ 20)e T ()
et ePoltHIsP) N B2C, a2
uniformly in x € Q, where C), 24 and 2d is the radius of the

u(u+1)(u+2)(u+3)(u+4) ’
largest open ball containing the origin contained in 2.

Remark 1.3. By (f3), for any 1 < p < [, it holds that tfi(z,t,s) — pF(z,t,s) > 0,
sfo(w,t,s) — pF(x,t,s) >0, for all (z,t,5) € Q x R2.
In fact, for any 1 < p < [, from (f3) we have % is increasing functions of t > 0

uniformly of s > 0. Let s > 0 and 0 < t; < 5 be fixed, then it holds that

fl(.CE,tQ,S) D 2
tlfl(m7t178)_pF(mvtlas) < Ttl_pF<xvt27s)+p fl(x7t78)dt'
2 t1

On the other hand,
t b2 t
/ fi(@,t,s)dt < p —f (=t )/ tpfldt:—f (xp L )(tp—tp)
t2 t1 t2
From the above inequalities, we derive that
Zflfl(x> tla 8) - pF(xa tla 8) < t2f1<.’ll', t2> 5) - pF([IZ’, t?a S)'

Then we obtain tf(z,t,s) — pF(x,t,s) > 0 for all (x,t,s) € Q x R% Similarly, we also
obtain sfy(z,t,s) — pF(x,t,s) > 0 for all (z,t,s) € Q x R2

Remark 1.4. Here in [8], the condition for the estimate on energy level is as follows

(fi(x, t,s)t + falx, t,s)s) F(x,t,s)

(1.7) lim — — =00 uniformly in =z €,

v explg(t]E + Jsl))
for some g > 2. For a single equation, we know if the condition for the estimation method
is

hmme > K >0,

tooo  ePot?
then we obtain

t
d
lim inf M > lim inf M = liminf f($> t)

t—00 ePot? t—00 ePot? t—o0 250650752 .
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It means that we can derive tF(z,t) > %eﬁoﬁ when f(z,t) > (K — €)e’? for t large
enough and € > 0 small enough. In view of the above results, we found that

F K?
lim in¢ L& DF@ D K

Then according to the above analysis, for the system (1.1) we know (fs) is weaker than

(1.7).

Theorem 1.5. Suppose that m satisfies (my) — (m2), [ satisfies (f1) — (fs). Then (1.1)
has a ground state solution (u,v) € N such that ®(u,v) = b:=infy O, where

(1.8) N = {(u,v) € H3(Q,R*)\{(0,0)} : (®'(u,v), (u,v)) = 0}.

The remainder of this paper is organized as follows. We prove the Adams inequality
and the version of Lion’s Lemma in the Sobolev spaces, namely HZ(€,R?) in Section 2.
In Section 3, we give the energy functional and prove that the system (1.1) satisfies the
geometric conditions of the Mountain-pass theorem and the corresponding Palais-Smale
sequence is bounded. Finally, we obtain the existence of solutions for the Kirchhoff system
with Choquad type involving critical exponential nonlinearity. In this article, we denote
that C, C}, ¢; are some positive constants.

2. Preliminaries and auxiliary results

In this section, we introduce some famous inequalities as follows, and inspired by these
we conclude some similar forms of inequalities and give some preliminaries.

Lemma 2.1. ([1]) For each u € HZ(Q2), Q C R* is a bounded domain, then for any 3 > 0,

/ exp (B|ul?) dz < oo.
Q

Moreover, we have

sup /exp (6|u|2) dr < co, provided B < 327°.
Q

[[ull<1

Lemma 2.2. For each (u,v) € HZ(Q,R?), Q C R* is a bounded domain, then for any
8 >0,

/Qexp (B ([u]* + |v]?)) dz < oo.

Moreover, we have

sup / exp (8 (|Ju]”* + |v]?)) dz < 0o, provided f < 3277
Q

[[(u0)[|=1

Proof. From Lemma 2.1 and Young’s inequality, for each (u,v) € HZ(2,R?), and for any
£ > 0, we obtain

/eﬁ<|“|2+|”|2)da;—/65“'265'”'26136§/62ﬁ|“2d:c+/625|”|2dx<oo.
Q Q L @
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Now for any (u,v) € HZ(Q,R?) satisfying [|(u,v)|| = 1, then ||ul? ||v||* < 1. Let r; =

|ul|?, 72 = ||v||?, then we know r; + 75 = 1. Hence by using Holder inequality and Lemma
2.1 we obtain
T1 T2
/65(|“|2+”2)dx < (/ eB"F/”dx) (/ 66U|2/T2dl’> <C,
Q Q Q
thus the proof is completed. O

Lemma 2.3. Let {(u,,v,)} be a sequence in HZ (2, R?) satisfying || (un,vn)|| = 1 such that
(tn, vn) = (u,v) # 0 weakly in HE(Q,R?). Then for any 0 < B < %, we have

sup/ exp (B (|un]? + |vn]?)) dz < 00,
0

neN

Proof. For (u,,v,) — (u,v) # 0 in H2(Q2,R?) satisfying ||(u,,v,)| = 1, it is easy to see that

(2.1)

lim |[(u, —u,v, —v)|* = lim (1 — 2, u) — 2(vp, v) + |[(u,v)|| ) =1—|(u,v)]|* < ,
n—oo n—oo 6
and

(2.2) uZ < (up, —u)?® + eul + Cou?,

for € small enough, where C. is a positive constant related to e. Then by using (2.2) we
have

/eﬂ(|Un2+|vn2)dx < / eﬂ((un—u)2+(vn—v)2)eﬂe(u%-{-v%)eﬂCe(u2+v2)dx'
Q Q
Now we take r1,79,73 > 1 such that ﬁ + % + % = 1, and by using Holder inequality we

obtain
1/r1 1/r2
/€B<|un2+|v7b|2)dm S (/ eﬂrl((un—u)2+(v7b—v)2)dl~) (/ eeﬁrg(u%-l‘vi)dx)
Q Q Q
1/rs3
X (/ eBC€T3<“2+”2>d:U> )
Q

Using Lemma 2.2, then we can choose € small enough such that

/eeBm(u?L—I—vi)dx < C, /eﬂCer3(u2+v2>dx < C.
Q Q

Moreover, we choose 71 > 1 close to 1 such that 8r1||(u, —u, v, —v)||* < 3272, then according

to (2.1) and Lemma 2.2 we obtain

/Qexp (/37“1 ((un —u)® + (v, — v)2)>dx

) /Qexp [ﬁrl <<”(“n o v)H>2 ! (H(un - v)u>2) (e =, 00 - “)”2] d

< C,

then we obtain [, exp (8 (|un|* + |v,]?)) dz is bounded, and this lemma is proved. O
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Lemma 2.4. For any (u,v) € H3(Q,R?), if > 0,5 > 0 satisfying ||(u,v)| < M such that
BM? < 3272, then there exists C = C(B, M, s) > 0 such that

/ [(u, 0)*eP 0 d < Ol (u, 0)]

Proof. For each (u v) € HZ(Q,R?) satlsfymg |(u,v)|| < M, we choose r > 1 close to 1 such
that r8M? < 327% and sq > 1, where ¢ = ;. By using Holder inequality and Lemma 2.2,

we obtain
, ) 1/r
/Ql(u,v)lsea'(“’”)' dr < (/Q er Pl d:z:) [(u, 0)[[5s < C(u,v) |5

Since sq > 1, using the continuous embedding HZ(Q,R?) < L%(Q,R?), we finish the
proof. O

ey - - 1 +m-+n 1 _
Proposition 2.5. ( [38]) Let t,r > 1 and 0 < p < N with m,n > 0, 1 + == + & = 2,

r

w+m+mn < N. Then there exists a constant C(m,n,t,u,r) > 0 which is dependent of
fe L}RY), he L"(RY) such that

C(m,n,t, )| fllemyl| Bl or @y
/RN /RN |x—y|“\y!m!w\” HED I ED

3. The variational framework and the minimax estimate

We now consider the energy functional ®(u,v) given by

(3.1) B(u,v) = =M (|| (w,0)][?) - 1/9 [[u* F@’“’“)] Fla,u)

2 2 ||

Lemma 3.1. Assume that (f2) and (f3) hold, then we have that ®(u,v) is well defined on
HZ(Q,R?). Moreover,

(@ (u,v), (p,1)) =m (H(u, ’U)H2) </ AulA¢dr +/ AvAzﬁdx)
_/ [Iu* F(ﬁu U)] (Sr(z, u,v)¢ + fo(z, u, dea:,
Q z|*

[

(3.2)

for any (¢,4) € Hi (2, R?).

Proof. For (u,v) € HZ(Q,R?), we know f; has critical exponential growth, then by (fs) we
choose 8 > By and there exists C'; > 0 such that

(3.3) | fi(@,u,v)| < Cefle)P for all (z,u,v) € Q x R*i=1,2.
Moreover, by (f3), given € > 0 there exist Cy, C3 > 0 and § > 0 such that
(3.4) fi(z,u,v) < Colu|,  folz,u,,v) < Cslv| always that |ul, [v] < 4.
Then combing (3.3) and (3.4), we have

(3.5) |F(,u, )| < Cy|(u, v)[e? @1 + 5| (u, v) %,



UNDER PEER REVI EW

for all (u,v) € H2(Q,R?). Now using (3.5) and Proposition 2.5 with N =4, t =r = WL_M
and m = n = «, we obtain
/ [Iu i} F(w,u,v)} F(x,u,v)dx
0 ] ||

< C(:U’ﬂ O[)||F(x7 U, U)”ir#

A4+p—2a
4

< Cna) | [ (1) + ) xp (610 0)) 5 ]

86 (u,v)|?
A4 p— 2a> dx}

4+p—2a
4

<0l | [ Jw ol + [ ()] 75 e
Q Q

According to Lemma 2.4 and the continuous embedding HZ(Q2, R?) — L*(Q, R?) with s > 1,
we know ®(u,v) is well defined, and we can see ® € C'(HZ(Q,R?),R). O

From Lemma 3.1, we have that critical points of the functional ® are precisely weak
solutions of problem (1.1). Then we will verify that the functional ® satisfies the conditions
of Mountain-pass theorem.

Lemma 3.2. Under the assumptions (my), (msa) and (f1).

(i) there exists Ry, T > 0 such that ®(u,v) = T for any (u,v) € HZ(Q,R?) satisfying
lwo)l = Ro. - B

(ii) there exists a (w,v) € HZ(Q, R?) with ||(u,)|| > Ry such that ®(u,v) < 0.

Proof. Let (u,v) € HZ(Q,R?) such that ||(u,v)|| = Rp. Similarly, taking Proposition 2.5

with N =4, t=r = ‘HML—QQ and m = n = «, by (3.5) and Holder inequality we obtain
F F
Q |z|* ||
< C(,LL, OZ)HF(JI,U,U)HZ 8
A4+p—2a
ST e (8lwPY 1T
16 16 u, v
< A+ p—2a 4+p—2a ’
< Cla) [/Q ()T + [ [, o) T exp (4+u— Qa) d:c}

16 e 7z
< Cp, ) {/ |(u, v)|#Fn—2a dz + [/ |(u, v)|7Fn—2a dx]
Q Q

16ﬁ||(u77))||2 |(u7 U)| 2 % r==c
X [/QeXp<4_|_u—2a (’(’U«av)H> >d$] }

165 R2
A4+p—2a

Now we choose suitable Ry > 0 such that < 3272, then by using Sobolev imbedding

and Lemma 2.2 we have

F F ) Atp—2a
/ []H* (x7u7v):| (:Eauyv)dxg (/,L,a) (H(U,”U)H‘lﬂ'l‘igm + ||(U’U)||4+M+20> 4
Q

I.

(1, @) (u, v)
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Then for any ||(u,v)|| = Ry < ,/W, by (m1) we know

D(u,0) > (v = Clas @) (w,0)]"

So we choose ||(u,v)|| = Ry small enough so that ®(u,v) > T for some T > 0 and hence
(1) follows.

Now we choose ¢ € R such that § < ¢ < [ in Remark 1.3, then we obtain tf;(z,t,s) —
qF(z,t,s) >0 and sfs(x,t,s) — qF(z,t,s) > 0 for all (z,t,s) € Q x R%. So we obtain

F(z,u,v) > c1|ul? — o, F(z,u,v) > c3|v]? — cq,
thus we conclude that
(3.6) F(x,u,v) > c1|ul? + c3lv]? — ¢5, for all (z,u,v) € Q x R
Then using (3.6) it follows that
/ {[u § F(x,tu,tv)} F(x,tu,tv)dx 5 / / (c1]tul? 4 csltv|? — C4)2d:1:dy
Q oJa

| ] [z]o [yl =yl

> ct? — ct? + cq.
By using (1.5) we have M(t) < C1t? + Oy, then using (3.1) we obtain
®(tu, tv) < cot®® — c1ot?? 4 c1t! — 1.

Since g > 0 we obtain ®(tu,tv) — —oo as t — oo. Then there exists (u,v) = (tou, tov) €
HZ(Q,R?) with ¢, large enough such that ||(@,?)|| > Ry and ®(u, v) < 0, hence (iz) holds. O

Then according to Lemma 3.2, we know ®(u,v) satisfies the geometric conditions of the
Mountain-pass theorem, let

. * = inf max ®((t)) > 0
(3.7) ¢ = inf max (v(t)) >

be the minimax level of ®, where

= {y € C([0,1], Hy(2,R?*)) : 7(0) = 0, (7(1)) < 0}.
Then there exists a Palais-Smale sequence {(u,,v,)} C H3(Q, R?) satisfying
(3.8) O (up,vy,) = ¢, P (uy,v,) — 0,
as n — o0o.

Lemma 3.3. Assume that (f3) and (my) hold, then every Palais-Smale sequence of ® is
bounded in HZ(, R?).

Proof. Let {(un,v,)} be a Palais-Smale sequence of ® for ¢* € R in HZ(2,R?), then it
follows that

*

D (up,vy) = ¢, P (up,v,) >0 as n— oo.
Therefore we have

(3.9) ®(up,v,) = %M(H(un,vn)HQ) —1/9 {IM*

2
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where 6, — 0 as n — oo, and

(@ (10,0, 66)) =m0 (0] ) | (B + A0, A0) o
(3.10) B § F(z,un,v,) | fi(z, un, v,)0 + fo(x, ty, v,)0
J e ]

ks

dx

< é&ll(o ),
for all (¢,v) € HZ(Q,R?). By Remark 1.3, we obtain that
(3.11)  IF(x,t,s) < ufi(x,t,s), and [F(z,t,s) < vfa(w,t,s) for all (z,t,s) € Q x R?.

Then by (1.4), (3.9), (3.10), (3.11) and (m;), for large n we have

1

¢+ eall ()| 2 Batn,v0) =

(@’(un,vn), (tn, vn))

1 2y L 2 2_1/ F(z,un,vn) | F(z,un, vp)
= M (I 0)I?) = gy (I 0)I) N0 P = 5 [ [1x S5 ) gy
n 1 I« F(z,un,vn) | fi(x, un, vn)un + fo(x, tn, vn) v, dx
4l Ja L [ B
1 1
> 5 M ([ v)l%) = 5 (1 (s vn) %) [ (2, 0) 17
n 1 L+ F(ac,uz, ) | fr(z, un, vp)uy + fg(av,uno1 U ) Uy, — 20F (z, un,vn)dx
4l Jo | |z | |z
1
> o [0M ([1(wn; va) %) = m (1l (s 0) %) 11 (s 00 ]
1 1 9 9
+ (35~ 31) ™ (100 IP) e
11 ,
> (= - —
> (55 31) mollns ) P
thus we know {(u,,v,)} is bounded in HZ(Q2, R?) with [ > 6. O

Now we give a precise estimation about the Mountain pass level ¢* defined by (3.7).
Inspired by [13] and [45], we give the definite Adams functions ¢, (x) supported in Bs;(0) C
2 as follows.

Inn

n? 2 1 f d
Inp ___ n? 1 rlel < 4.
872 62v327r21nn‘x’ + V32r2Inn’ o ‘33" TR

- In(d/|z|) 4 _
(312) () = { Vesn for 2 < || < d
N (), for d < |z| < 2d;

0, for |z| > 2d,

where 1, (z) = —m(m —d)3+m(|x| —d)z—m(m —d) and d was given
in (fg). Moreover, n,(x) is a radial function on annulus By, \ By satisfying the boundary
condition

(@los, =0, 2y L
nn 8Bd - Y 6y 6Bd - d 12871'2 ln n)
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and

a77ﬂ(£)
N (2) |0,y = 0, 5 |60B,9 = 0.

Then straightforward calculations show that

2 21
(3.13) nll? =1+ Son
Now we set B
On(T) =
l|onll

then it follows that
(3.14) [fnll = 1.
Motivated by [14], we have the following lemma:

Lemma 3.4. Assume that (my), (me) and (f1) — (fs) hold. Then there exists m € N such
that

(3.15) cx < max @ (gtgbﬁ(x), ?t%(w)) < 1]\/[ (47T2(4 i 2a)> :

=0 2 Bo

Proof. By a straight estimation, we have

/ 1dy/ ;dxidll—&-u Qa/
Bi/n ’y‘a Ba/n ’x‘a’x - y’4_ﬂ Bl/n |
1 —2a
<> / d:):/ Ty
n Bl/n Bl/n ’Z’ M
1 —2a
s ()
n Bl/n Bl/n |{E| |Z‘
—2a
4
e
n

d 4+p—2a
M(M+1)(M+2)(M+3)(M+4) (n) '

1
/ e i 4_udx
Bi/n |||z — Z/|

y!
—2«
d:c/
/Bl/n Bl/n |$ - |4 'u

Briefly, we deduce

1 1 d\ e
(3.16) / —ady/ ﬁdl} = C,u <_) )
Bayw WI* 7 Iy, ] —yltr n
where C), = u(u+1)(uf3;r(:+3)(u+4)’ According to the Remark 1.4 and (fs), we know

Lt s F(x,t, )
lim inf =2 o)

> K, for any x € €Q,
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where

K >

1
4?4+ p — 204)621(“4“@;2&)78771 (74”2(4;5_26“)) :
6gcud4+uf2a

in (fg), we choose € > 0 such that

21(44+p—2a)

(3.17) (k—¢)? . 424+ p—2a)e” 8 o 472 (4 + p — 20)
' (1+¢)2 B2C,d+Hr—20e Bo
and
Nt p—20) AT +PA+p—20)m (W) L.
(3.18) +1 <

8 " (s — €)232C, d* 20 T+e
Using (fs), we know that there exists ¢. > 0 such that

(3.19) ([t1] + [t2]) F(x, t1,t2) = (k — 5)650|(t1¢2)|2, Ve € Q, |t [ta] = t.
Ther are four possible cases as follows. From now on, in the sequel, all inequalities hold for
large n € N.
Casei)t e [ 0, W } Then it follows that
F(a, Rton, Pton) | Fla, Lton, Pton
& (100 10, ) = Lar (26,02) —1/ R
2 2 Jo |z|* ||
< %M <27r 44+p— )

Clearly, there exists 7 € N such that (3.15) holds.
Case ii) t € [ \/2”2(4;: 2), 4”2(4” 20) } Then %itgbn(x) > t. for & € Byy,(0) and for
large n € N, from (f5), (3.12), (3.16) and (3.19), it follows that

/ F(a, L2t,, 2td,) | Flx, Lte,, Lte,)
Q

FR FR
N / / F(a, F19u(2), *Flon(@) F(y, Fton(y). Ftou(y))
g Bgi/n ¥ Ban

jz[* |z —y[tHy|e

_ Bot? ¢z (x)+Bot> 7, (y)
S (H 5) / e - drdy
Bd/n By 0@ SNl — y[ Ty

_ ePot? 67 () +Bot* 7, ()
> 260 K —e)’ / / y dxdy
8m2(4 4 1 — 2av) Ba/n J Baym bn(z y)lzlor — yl*=+lyl

4C, ol @ *(k — £)2d* 22 Inn o472 3a]2) Bt Inm
T (44 p—2a) (4(Inn)? +4lnn + 1) ntta—2e

I, *

I

dx

dxdy

(3.20)




UNDER PEER REVI EW

Then from (3.1), (3.14) and (3.20), it holds that

F(, Rton, Rton) | Flo, Rion, Lt
P @tgbnaétgﬁn - 1]\4 (tQHQSnHQ) —1/ IN* (x7 2 ¢ > 2 ¢ ) (:I:’ 2 ¢ > 2 ¢ )d$
2 2 2 2 Q |x|a |£L‘|O‘
< lM(tQ) _ 2CH/80||$71H2(K] — 5)2d4+uf20¢ Inn 6(471—2“%"“2)7150752 Inn
T2 (44 p—2a)(4(Inn)2 +4Inn + 1) ndtr—2e
(3.21) =: p(t).
Let t, > 0 such that ¢/ (t,) = 0, thus

w24+ p—2a) (4(Inn)? +41nn + 1) nttr—2a
Then by using (3.22) we obtain
472 (4 + pu — 20)

3.23 lim 2 = :

Set
2 472 (44 p—20)
A% (1 +e)(4 + p — 20)m <—Bo )
Cu (s — 2P an

(3.24) A:=1In

Then (3.17) and (3.18) show that
21(4 + p — 20)
8

(3.25) (1+¢) max{ + A,O} —(1—-¢)<0.

From (3.22), (3.23) and (3.24), we have
9 AT (4 + p— 2a) ||| [ In((4+ p—2a)m*m(t2) (4(Inn)?> + 4lnn + 1))
ty = 1+
" Bo (44 pu—2a)lnn
In((Inn)?) + In (C,Bo(k — £)?d*T+—2%)
a 4+ p—2a)lnn ]

(326) < 42 (4 4 p — 2a) N 4m2A 21(4 + p — 20)7° +o( 1 )
' = Bo Bolnn 260 Inn (Inn)?
and
1 272 P (t3)
. n < enltn) = 2 ) — = - > 0.
(3.27) Pu(t) < pultn) = 5 M(2,) Bolnn Vt>0

By (1.6) in Remark 1.1, we know

0
t t
1
Then using (mq), (1.6), (3.23), (3.26) and (3.27), we obtain
1 21| Gn | *m(£2)

oult) < ult) = 5M(E) — TCm
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1 [4%2(4%—#—2(1) 42 A 214 + p — 2a) 7 L0 ( 1 ﬂ

< ;M + +

2 Bo Golnn 200 Inn (Inn)?

272(1 — &)m (_4w2<425—2a>>

B Bolnn
<1M AT (4 + 1 — 20) (1+6)max{w+z4,0}—(l—e)
S 3 Bo " Bylnn

47r% (4 -2 1
(3.28) ><27T2m< U a))+0( 2).
Bo (Inn)

Hence, combining (3.21) with (3.28), one has

(¢ J(ﬁ)<;M<®9M+M_2®>+}1+@mw{ﬂwy4®+An}—u—@

PR Bo Bolnn

o () (1)

Clearly, in this case, the above estimate implies that there exists 7 large enough such that

(3.15) holds.
C%em)te[¢“%%hmh¢“mg4wa+e”.Tmn%%%u)>gﬂxxefm4m
and for large n € N, from (fs), (3.12), (3.16) and (3.19), it follows that

/ 1, F@ 3100, Pon) | Flz, Fon, Fton)
Q

' x| x|
N / / F(z, 2tn(x), Lton () Fy, S2ton(y), %qsn(y))dxdy
" Iy [lefa =yl eyl

_ Bot?¢7 (x)+Bot> 7, (y)
(/{ 5) / e ’ _drdy
%nmm% on(y)[ele — gl

Bo(k — €)? / Bot20% () +B0t>¢2 (y) dndy
T8 (1+e)(d +pu—20) Jp,,, Jp,,. On(@)0n(y)|z]|z — y[irlyle

40, Bol|nl|* (5 — €)2d* 2 Inn (42 3a][2) " Bot2 Inn
T (146 +p—2a)(4(lnn)2 +4lnn + 1) pttr-2a '

dx

/

(3.29)

Then from (3.1), (3.14) and (3.29) it holds that

" (%n,i )

2

SUGIACEEY

F(z, Lt¢,, L2t6,) | F(z, Ltén, 2t,)
x| |z]*

dx
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< 1 (#2) 20,80l onll* (5 — €)?d* > Inn 472 3al1?) " Bot2 I
2 (14+e)(4+p—2a)(4(Inn)?2 +4Inn + 1) pttr—2
(3.30)  =:9(t).
Let £, > 0 such that v ({,) = 0, thus

C.B5(k — )*d***2*(Inn)? (472§ ]2) "1 Bof2 Inn.
m2(1+¢e)(4+ p—2a) (4(Inn)? +4lnn + 1) nttr-2a
Then by using (3.31) we obtain

(3.31)  m(fy) =

A4+ p— 2
(3.32) lim 2 = AT+ p=20)

Set
2 2 472 (44 p—2a)
4m2(1 + €)2(4 + o — 2a)m (ﬁ—)
Cufls — e

(3.33) B:=In

Then (3.17) and (3.18) show that
21(4 + p — 2a)
8

(3.34) (1+¢) max{ +B,O} —(1-e)<0.

From (3.31), (3.32) and (3.33), we have
o ATE(4 4 p— 2@)”(}5””2 In (44 p — 2a)7*m(t2) (4(nn)? + 4lnn + 1))
2 = 14

Bo (44 p—2a)lnn
_In((In)?) + In (Cufo(k — g)?d 4 —2)
(44 p—2a)lnn

474+ p — 2a) N 47?B N 21(4+ p — 2a)7? L0 1 .
Bo Bolnn 26y Inn

It follows from (1.6), (3.30), (3.32) and (3.35), we have

(3.35) <

SN 272 g |Pm(£2)
< n\ln =-M £2) — = &
nlt) < wlln) = 5 M(E) - T
2 _ 2 —_ 2
L rm (+p=20) 4n°B  21(d+p—2a)n +o( 1 2)}
2 Bo Bolnn 200 Inn (Inn)
2 472 (44 p—20)
g ()
Boh’ln
1 47T2(4+/L—2C¥) (1+6)max{w+3,0}—(1—5)
<=M +
2 50 ﬁolnn

(3.36) % 21%m (47T2(4 Jrﬁ[’f - 20‘)) i) ((lnln)2) .



UNDER PEER REVI EW

Hence, combining (3.30) with (3.36), one has

RN

<1]\/[ AT (4 + p — 20) (1+€)max{w+3,0}—(1—5)
S 2 Bo - Bolnn

o (85 0) o (1)

Clearly, in this case, it implies that there exists 7 large enough such that (3.15) holds.
Case iv) t € <\/4W2(4;+%‘)(1—|—5),+oo>. Then gtgbn(as) > t. for v € By/,(0) and for
large n € N, from (3.1), (3.12), (3.14), (3.16) and (3.19), it follows that

e

1 1
=M@l - 5 [

_ 8C,m?||dnl|* (k — )*d*tr2e N 4r2)3,02) 80 Inn
(4(Inn)? +4Inn + 1) 2nitr-2a
L (4720 = 20) (14 €)Y _ 20, B Innl g (s — o) et R
Bo A4+ p—20)(1+¢)(4(Inn)2+4lnn+1)
2 _
< lM <47r 4+ p 204)) ’
3 o
then there exists m € N such that (3.15) holds. In the above derivation process, we use

4 a
the fact that the function $M(¢?) — S(C“(ﬂi!;s”ﬂ 45';”?;%2:; _tlnn o (479nl*) " Bt Inn g decreasing

F(z, 2th,, 2tp,)

]

F(x, 2th,, 2tp,) .

I, * |x|0‘

ont € (\/M(l —|—5),—|—oo>, since its stagnation points tend to Amin=2a) o

Bo Bo
n — 0o. ]

4. The proof of Theorem 1.5
In this section, we will give the proof of Theorem 1.5.
Lemma 4.1. Assume that (ma) and (fs) hold, then ¢* < b, where b =infy ® in (1.8).

Proof. For each (u,v) € N, then it follows that (®'(u,v), (u,v)) = 0. Now we define the
continuous map ¢ : (0,4+00) — R such that ¢(t) = ®(tu, tv). By using (3.2) we have

F(z,tu,tv)] fi(z, tu, tv)u + fox, tu, tv)v

10 = m (1 (e t0) ) w0t = [ [0 2] o da,
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for all ¢t € (0, +00) and
g'(t) = g'(t) = 271 (u,v), (u,v))
= m (|| (b, t0) %) 1| (a, 0) [P = 27 e ({1 (w, ) 12) [1(ut, 0) )12
201 N F(z,u,v)| filz,u,v)u+ folz,u,v)v .
+t /Q {Iu ] d

[ ||
—/Q [IM * F(iﬂla;r: tv)} f1($,tu,tv>u|x—i|—af2(l‘,tu,tv)vdx
ao—1 | M ([(tu, t0)]1?)  m(|[(u,0)]? ) 2\ f
— 20

[(H(tu W (opy| 10

+t29_1 {/ |:[M F(LE,U,’U):| l(x,u,v)u+f2(:c,u,v)vd$
Q ||« ||
1 F(z,tu,tv)] fi(z, tu,tv)tu+ fo(x, tu, tv)to .
tze/ [Iu EE 1 2] d }

From Remark 1.3, we choose p = 0 < [, then we derive that

tfi(xz,t,s) — OF (z,t,s) >0, sfs(x,t,s)—0F(x,t,s) >0,
for all (z,t,s) € Q x R?, along with (f3) which shows that
F(z,tu, tv)

0
Then for 0 <t < 1, z € Q from (f;) and (4.1) , we obtain
_ (tu, tv)]|? |(u,v)|| 9
§(0) > £ ( uA(GEole SRR g TS
(II(tu, tv)2)? (Il (w, 0)11%)
L1 { [I i} F(:c,u,v)] <f1(x,u,v)u B fl(x,tu,tv)tu> Pl
Q

el uf (tu)?

+/Q [Iﬂ* F(z,u, v)} (fz(ac,u,v)v - ﬁ@,w,m)w) U,,dx}

[ v’ (tv)”

(4.1) t— is nondecreasing for ¢ > 0.

= 0.

This shows that ¢'(¢) > 0 for 0 < ¢t < 1 and ¢/'(t) < 0 for t > 1. So we obtain g(1) =
max;>o @ (tu, tv), thus ®(u,v) = maxyo ®(tu,tv). Now we define h : [0,1] — HZ(Q,R?) as
h(t) = (tou,tov)t where tg > 1 is such that ®(tyu,tyv) < 0. So, h € I' which implies that

< < = .
" < %&%q}(h(t)) < max O (tu, tv) = D(u,v)

Since (u,v) € N is arbitrary, we get ¢* < b. O

Lemma 4.2. Assume that (f4) holds and let {(u,,v,)} € H3(Q,R?) be a Palais-Smale
sequence for @, i.e.

D (U, vy) = ¢ P (Up,v,) >0 as n— oo.
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Then there exists (u,v) € HZ(2,R?) such that, up to subaequence, (un,,v,) — (u,v) weakly
in H2(Q,R?),

(4.2) /{I *F(x,un,vn)} fi(x’u"’vn)gpdx—> [I >l<F(:lc,u v)} fi(z, u, U)godx
ol [ “ ol "

]

for all p € C°(2) and i = 1,2, and

/ﬂ{] . F(:z:,un,vn)] F(xl,;':vn " _}/ [ F(z,u, v)} F(x,u,v)dx.

' || ]

Proof. We follow the arguments as those in [9, Lemma 2.4]. Let {(u,,v,)} € H3(Q,R?) be
a Palais-Smale sequence for @, then from Lemma 3.3, we know that {(u,,v,)} is bounded
in H2(Q,R?), so there exists (u,v) € H3(Q,R?) such that up to subaequence,

Up — u, v, — v weakly in HZ(),
Uy — U, Uy, — u strongly in LP(Q) for all ¢ > 1 and a.e. in Q,

as n — 00. Now we choose test functions ¢, v, where 0 < ¢, ¢ < land ¢,9p =1in Q' CC Q,
then we have the follwing estimate

/ </ y?“'ruvn d ) fl(xaunavn)+f2<x7uTZ7vn>dx

o \Ja lyl*z —y|*=* ||

g/ < F(y7umvn) d ) fl(xvunvvn)¢+f2(x7Un7vn>¢d$
Q

o Y|z =yl |z[

< m (|| (un, va) ) /Q(AunA¢ + Av, A)dz + 6, [[(9, D)
< C(llunllllolf + lonllllol]) + enll (@, )1,
where €, — 0 as n — o0o. Thus for ¢ = 1 we obtain the sequence

b= { ([ it ay) M)

is bounded in L}

1oe(€2). Now we consider the sequence of measures p, with density (,, namely

F
E):= / Cadar = / < Wt ) dy) St 00) g,
E g \Ja [y[*z —y[*» ||

for any measurable £ C Q. Since 2 and {(,} are bounded, the measures p,, have uniformly
bounded total variation. By weak*-compactness, up to a subsequence, p, —* p, for some
measure p,

liny | Guode = lim / s vn) g N A U 00) / $dp,
lylole —y[* ] o

n—oo n—oo
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for all ¢ € C(Q). Since {(un,v,)} is a Palais-Smale sequence, for any measurable set
E C Qand ¢ € C*(Q) such that suppp C FE, from (3.2) and (3.8) we get that

(bdp— lim ( F(%“nv”n) dy> fl(x7unavn)¢dx

n—c0 o ly|*le =yl

F
— lim ( (yaunavz) d ) f1<x7un7U7L)
o Y|z —y[*»

Tim M () ()12 /Q (AunAd + Av,Ad)dz

n—oo QO

IN

< C/(AunAng + Av,A¢)dx
E

This implies that p is coninuous with respect to the Lebesgue measure. Then, by the
Radon-Nikodym theorem, there exists a function g € L},.(2) such that for any ¢ € C°(Q),
Jo edp = [, dgdz. Therefore for any ¢ € C(Q) we get

()
hm |:]M* F(x,un,vn)} fl(w’un’vn)gbda: :/Qf)gdl‘ :/ |:IM* F(QT,U ’U):| fl(x u, ’U)gbdx
Q Q Q

s ] ] ||

Similarly, for i = 2, the above equation still holds, then the proof of (4.2) is completed.

Let us now prove that

[ [por Elttsd] Pl [ [, Floen)] Ploen),

— 0.
ER ] .

This can be done as in [9, Lemma 2.4]. Since {(u,,v,)} is a Palais-Smale sequence at ¢,
then from Lemma 3.3, (3.9) and (3.10) we have that

(43) / |:Ip,* F(I’7Uz, UTL)‘| F(‘/L‘7u?;7 Un)d(l; g C
Q || ||
and
(4.4) / [Iu . F(:aw;, Un):| J1(, un, vy, +af2(xaunavn)vnd$ <C
Q || |z
Consider

a \Ja [y|*x —y|t* x| o \Ja [y|*lx —y|t* x|

S (/ F(y>unavn) _‘i(y:uav)dy) F(*Taunavn)daj
Q !Z/\ |z — y[*# [
/ ( F(y,u, v4 g > F(m,un,vn);F(x,u,v)da:’
ly|*|z =yl ||
=0+ .

For (u,v) € HZ(Q,R?), indeed we obtain
F
( ‘ ’ y>u U d ) ($,U,U) c Ll(Q),
Y

o =y
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using the semigroup propperty of the Riesz potential we also have

I < (/ (/ F(y, tn, vy) —Z(y,u,v)dy) F(2, tn, vy) —F(x,u,v)dx)
o \Ja y|*|z — y|t=r ||

F F 2
% (/ ( (yaunavz_) dy) (xaunavn)dx) ’
a \Ja lylo|z —y|t=+ ||

F - F F —F
a \Ja y|*|z — y|+—r x|

1
3
y (/( F(y,u,vz_ dy) F(x,u,v)dx) '
o \Ja ly|*z —y|*+# ||«

Then from (4.3) we know that

r - F F _F 3
Q Q

[y|*x —y

D=

and

N

Now we only need to prove that

F ~F F —F
lim (/ (Y, tn, vn) 4(_y,u,v)d ) (@, tn, 0n) = Fla,u,0) -
2 \Jo [yl |z — y[*+

n—oo

Similar to [8, Lemma 3.3], we consider
/ </ ‘F yvunavn — 4(y’u’v)|dy) |F(:L‘,un,vn);F(x,u,v)\dx
lylo|e — y|t=r ||

/ (/ |F Y, Un, Un XP1( ) F(yvua U)XPz(y)|dy> \F(»’Uaunvvn)XPl(@ _F(x7uvv)XP2(x)|dx

ly|*Ja — y|*—# [

+2/ (/ |F (1), tn, vn) x Py (y )+|F|(y|, u,v)ﬁpz}fy)JrF(y,u, U)XP4(y)dy) !F(%un',?J'n)XPg(x)ldx
yl¥|x — y|*- rle

+2/ (/ | (s uns vn)x Py (y )+12(_y,u,v)XP2(y)!dy> |F(z,u,v)xp ()]
Q ly|*z — y|*=*+ ||
+/ ( |F Y, Un, Un X4P3(y)| > ’F(xvunavn)XP3($)|dm
ly|*|z —y|t# ||
[ ([ ) e s el,,
ly|*|z —y[*# ||
Is+ Iy + Is + I + Iy,
where for a fixed S > 0, we define
P ={xeQ:|u,(z)|<S and |v,(z) < S},
Po={zeQ:|ux) <S5 and |v(z) <S5},

<
Pa={x e Q:|u,(x)| >SS or |v,(x)] >S5},
={reQ:|ux)]>S or |v(z)>S5
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Since (fQ ‘w|5|(y’“’”) dy) Flzuv) - LY(2), we have

ey 2l
lim [I « F(x’“’v)] Fla,uv), g
S—o0 Py

Then for any § > 0 we can choose S > max{ (<3 )q%, ao, bo} such that

o< [ {IM* F@’“’“)} Flawo)y, <5
P
Without loss of generality, we assume that |u,(z)| > S in P;. From (f;) we have
Ps

||

MO F(x,un,vn) fl(xuunuvn)un
S IAL | =h

along with the above inequality, by using semigroup property of the Riesz Potential we
obtain /; — 0 as S — oo for j = 4,...,7. Now with respect to I3, this is a consequence of
the Lebesgue’s dominated convergence theorem: indeed,

/( F(y, 4, 00) dy) P vl ( F(y,u,0) dy) [Fle,u0)]
P1 P2

Yl =yt || P [yl*le —y[*" ]

a.e. in  as n — oo. And by (f3) we know there exists a constant C's > 0 depending on S

such that
/ (/ ’F(yvumvf_)‘ dy) ‘F(xvumvn)‘dx
Py Py ’y‘a’x_y’ K |.’L”O‘
2 2
< CS/ (/ |(unavn)|4_ dy> |(un,vn)| de
p \Jp, |y|¥z =yt ||
2 2
o [ ([ ) e,
p \Jp, |y|¥z =yl |z[*

as n — 0o, together with Proposition 2.5, since (u,,v,) — (u,v) in L*(Q,R?) for all s > 1.
According to the above estimate I3 — 0 as n — oo, thus the proof is completed. 0

Now we are ready to give the proof of our main result.

Proof of Theorem 1.5. Let {(u,,v,)} be a Palais Smale sequence at the Mountain pass
level ¢*. By using Lemma 3.3, we know {(u,,v,)} is bounded, then there exists u,v € HZ({2)
such that, up to subsequence, u, — u,v, — v weakly in HZ(Q) as n — oo. Next we will
make some claims as follows.

Claim 1: u,v # 0.

If wu =0 or v =0, by using Lemma 4.2 we obtain

F ns n F J n» n
(4.5) / [IM* (:U’,u‘ Y )] (2, n, v )dx—>0 as n — 00.
Q x|

]
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From (3.9) and (4.5) we know lim, oo ®(tn, v,) = 2 lim,o M (||(un, vn)|[*) = ¢*. Now
from (3.15) and m(t) > 0 for ¢ > 0 which implies M(t) is strictly increasing we obtain
2 < 44+ p— 20z)7

Bo

for n large enough, and this shows that sup,, fﬂ(fi(un7 v,))%dx < 400 for some ¢ >

[(tn, vn)

_8
A+p—2a?
= 1,2. Besides this, from Lemma 2.2, Proposition 2.5, (3.2) and Vitali’s convergence

theorem we derive that

/ [] § F(x,un,vn)} J1(2, Uy v U + [T Uy, Uy ) U
Q

u dr — 0 asn— oo.
|| ||

Then from (3.8), we know lim,,_, o (®'(uy, v,), (Un, v,)) = 0, hence we obtain
im0 ([t 0)]12) [t )2 = 0.

From (f1), we know it is obvious that lim, . ||(tn, v,)[|> = 0. Then (3.9) and (4.5) show
that ¢* = lim, o ®(uy,,v,) = 0, which contradicts ¢* > 0. Hence we claim that u,v # 0,
now we assume that ||(u,,v,)||> = 02 as n — oco. From Lemma 4.2 we obtain

/ [IM* F(x,un,vn)] fl(xyumvn)¢+f2($7un7vn)wdx
Q

kg

F
[ [ R il ity
[¢) X X

and

(4.6) m(o?) /Q (AuAG + AvAd)dz — /Q (IM*

for all ¢,1 € HZ(2). Indeed, if we take ¢ = u~ and ¥ = 0 in (4.6), we have m (o2) [[u~|| = 0.
By using (m;), we get that v~ =0 a.e. in Q Therefore u,v >0 a.e. in Q.

Claim 2: m (||(u,0)|) I(, 0)[[2 > fy [ 1+ ) | flesedus oo g,

Ix\"‘ ||

F(z,u, v)) fi(z,u,v)o + folz, u, v)wdx

[ ||

Supposing by contradiction that

(4.7) m ({1 (u, ) [1%) (1w, )1 < /Q

let h(t) = (®'(tu, tv), (tu, tv)), then from (3.2) and (4.7) we know h(1) = (®'(u,v), (u,v)) <
0. Then for ¢ > 0 small enough, using (f5) and Remark 1.3, we obtain that

(@ (tu, tv), (tu, tv))
> mot2||(u, v)|2 - / / (f1(z, tu, tv)tu + fo(x, tu, tv)tv) (fi(y, tu, tv)tu + fo(y, tu, tv)tv)

|z — [tz y[

2r4-2 T T T T T T
>m0t2\|(u,v)\|2—t /(/ (u" +v")u+ (u +v)vdy> (u" +v")u+ (u +U)de
o \Jao

2 |z — y|4=+ |yl ||

dx,

I F(x,u,v)} filz,u,v)u + folz,u,v)v

Y e |

dxdy

> 0.

Since r > 0, then the above inequality shows that h(t) > 0 for ¢ small enough. So there
exists a t, € (0,1) such that h(t.) = (P (tiu, t,v), (tau, t0)) =0, ie. (tau, tv) € N.



UNDER PEER REVI EW

So using (3.1), (3.2), Lemma 4.1 and the lower semicontinuity we get

1
" <b < O(tyu, ty) — %@)'(t*u,t*v), (teu, tyv))
1 1 F * Wy bk F g Lok Ly bk
:M(||(t*u,t*v)||2)/ |:I/L* (-T,tutv) (LUtutU)dm
2 2 Jo |z|™ ||«
1
~ 5™ (Il (e, £0)[17) (| (e, t) ||
1 _[u i F(z,tiu, tv) ] fi(z, teu, tov)teu + fg(:z,t*u,t*v)t*vdx
20 Jo | !3?|a | ||
1
<M (I (u, 0)]1%) = *m(H( u, 0)|1?) [|(u, 0)|1?
n 1 _I” . F(z, t*ii, tv) | fi(z, teu, tov)tou + fo(z, t*1:, tov)tov — OF (z, tyu, t*v)daz
20 Jo | 2] | 2]
1
Iar (I (u, 0)[I*) = 2™ (Il (s 0)112) Nl (s, 0) 12
N 1 —Iu § F(z,u, U):| f1(z, u,v)u+ folz,u,v)v — GF(x,u,v)dx
20 Jo | 2| ||
1 1
hmmf{zM (1t 0)12) — s ([ )2 )]
/ F(z,un,vn)] fi(z, tn, vp)u+ fo(x, un, vp)v, — 0F<x’u”’v”>dg;
7 || ||«

= lim inf <(I>(un,vn) - %<(I),(unavn)a (umvn)>> =c".

n—o0

This gives a contradiction and completes the proof of Claim 2.

Claim 3: ®(u,v) = ¢*.

By using the weakly lower semicontinuity of norms we know ®(u,v) < lim,, ;oo @ (tp, vy)
. If ®(u,v) < c*, then from (3.1) and Lemma 4.2 we know M(||(u,v)|*)
limy, s oo M (|| (tn, v0)[1?)- Since M (t) is increasing and continuous and lim,, .« ||(ty, v,)||?

o2, we obtain ||(u,v)]]* < a%. Moreover, from (3.1), (3.8) and Lemma 4.2 we derive that

F(:v,u,v)} F(z,u,v) , )

A

(4.8) M (o) = lim M ([(un,va)|*) =2 (c* +%/Q {]M x

Now let

(i, On) = <||(u:,nvn)||’ ||<uﬁ”vn>||> ’

obviously we obtain ||(ty,0,)|| = 1 and (U, 0,) — (4,0) = (%, %) weakly in Hg(Q,R?).
From Lemma 2.3, we have that

3272
L — (@, 0)|*

sup/ exp (B(|un]? + [0a]?)) dz < 400, for 1 < g <
neN JQ
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Then from (1.4), (3.1) and Claim 2 we obtain
1 1 F(z,u,v)| F(z,u,v)
®(u0) = 2 (It )l?) 5 [ [0 } a

2 2 o] e

> M (o)) = 5 [ 5 D EE o Lo (1 o)) w0l
1 § F(z,u,v)]| fi(z,u,v)u+ fa(x,u,v)v .

A e ’

= 25 @M (1w, 0)?) = m (1,0 )]

i/g {IM* F(z,u, U)} i@, wv)u+ fo(w,u,0)0 — OF (z,u,0) |

]

and from Remak 1.1, (3.1), Lemma 3.4 and (4.8) we get
F F
M(U2):2C*+/ [Iu* (I,U,U)] (ZE,U,,?})

Q
— 2" — 2B (u, v) + M (|| (u,v)])?)

<or (A2t (ol

<o (EEEZ2 )

Bo
For the monotonicity of the function M (t) we know
5 1 4 (4 + p — 20)
o” < P NTE .
1 — [|(a, v)]] Bo
Thus for n € N large enough it is possible p > Sy and p close to 5y such that

S e < —2
UTHUTL X ~ o~ .
i+ p—2a 1— [, o)

From Lemma 2.3, there exists C' > 0 such that

<
/e};p (—M 5 p(]un] + |vn| )) <C

and
/ |:I " F(.%‘,'U,n,?)n):| fl(waun7vn)un+f2(x7Un7vn)'Undx
|| ||
_)/[ :qu]fl(xuv)u—i-fg(xuv)vdx’
|| ||

as n — oo, which implies (u,,v,) — (u,v) strongly in H2($2, R?). Hence ®(u,v) = ¢* which
gives a contradiction and completes the proof of Claim 3.
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Finalizing the proof of Theorem 1.5: By Claim 3 and (4.8) we deduce that
limy, oo M (|| (tn,vn)||?) = M (]|(u,v)||*) which indicates (un,v,) — (u,v) in HZ(Q,R?).
Then finally we have

m(H(u,u)w)/Q(AuAmAvAw)dx—/ﬂ {IM*

for all ¢,v € HZ(Q2). That is, (u,v) is a solution of problem (1.1) satisfying ®(u,v) = ¢*
and according to Lemma 4.1, the proof of our main result is completed. 0

F(x,u,v)} filz,u,v)d + fQ((L’,U,U)Q/}dx

] ]
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