
KIRCHHOFF BIHARMONIC SYSTEM WITH CHOQUARD
NONLINEARITY AND SINGULAR WEIGHTS

Abstract. The aim of this paper is to find the existence of solutions for the following Kirchhoff type
biharmonic system with exponential nonlinearity and singular weights

m
(
‖u‖2 + ‖v‖2

)
∆2u =

[
Iµ ∗ F (x,u,v)

|x|α

]
f1(x,u,v)
|x|α in Ω;

m
(
‖u‖2 + ‖v‖2

)
∆2v =

[
Iµ ∗ F (x,u,v)

|x|α

]
f2(x,u,v)
|x|α in Ω;

u = 0, v = 0, ∇u = 0, ∇v = 0 on ∂Ω,

where Ω is a bounded domain in R4 containing the origin with smooth boundary, µ ∈ (0, 4), 0 < α <
µ
2

, Iµ(x) = 1
|x|4−µ , m is a Kirchhoff type function, ‖u‖2 =

´
Ω |∆u|

2dx, fi behaves like eβ0s
2

when

|s| → ∞ for some β0 > 0, and there is C1 function F : R2 → R such that
(
∂F (x,u,v)

∂u
,
∂F (x,u,v)

∂v

)
=

(f1(x, u, v), f2(x, u, v)). We establish sufficient conditions for the solutions of the above system by using

variational methods with Adams inequality.

1. Introduction

In this paper, we are concerned with the existence of solutions for the following biharmonic
Kirchhoff system with exponential nonlinearity and singular weights

m (‖u‖2 + ‖v‖2) ∆2u =
[
Iµ ∗ F (x,u,v)

|x|α

]
f1(x,u,v)
|x|α in Ω;

m (‖u‖2 + ‖v‖2) ∆2v =
[
Iµ ∗ F (x,u,v)

|x|α

]
f2(x,u,v)
|x|α in Ω;

u = 0, v = 0, ∇u = 0, ∇v = 0 on ∂Ω,

(1.1)

where Ω is a bounded domain in R4 containing the origin with smooth boundary, µ ∈ (0, 4),
0 < α < µ

2
, and ‖u‖2 =

´
Ω
|∆u|2dx. Iµ is defined as Iµ(x) = 1

|x|4−µ . m : R+ → R+ is a

Kirchhoff type function. F satisfies suitable growth assumptions and f1 = ∂F
∂u

, f2 = ∂F
∂v

.
Problems involving biharmonic equations have been studied extensively by many re-

searchers until now. For instance, in [42], Wang studied the following perturbed biharmonic
equation {

ε4∆2u+ V (x)u = P (x)|u|p−2 +Q(x)|u|2∗∗−2u, x ∈ RN ;

u ∈ H2(RN), and u(x)→ 0 as |x| → ∞,

where N ≥ 5, 2∗∗ = 2N
N−4

, p ∈ (2, 2∗∗), P (x) and Q(x) are bounded positive functions. Given
suitable conditions on V , the author obtained at least one nontrivial solution provided that

∗

exponential growth.
1
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ε ≤ ε and n∗ pairs solutions for any n∗ ∈ N and ε ≤ εn∗ , where ε and εn∗ are sufficiently
small positive numbers. Rani and Goyal in [37] considered the following biharmonic critical
Choquard equation:{

∆2u = λf(x)|u|q−2u+ g(x)
(´

Ω
g(y)|u(y)|2∗α
|x−y|α dy

)
|u|2∗α−2u, in Ω;

u = 0, ∇u = 0, on ∂Ω,
(1.2)

where Ω is a bounded domain in RN (N ≥ 5) with smooth boundary, 1 < q < 2, 0 <
α < N , 2∗α = 2N−α

N−4
and f, g : Ω̄ → R are continuous sign-changing weight functions.

They proved the existence of two nontrivial solutions for the problem (1.2) in a suitable
range of λ. Specifically the readers expressing an interest in the above part we refer to
[11,17,19,21,27–29,32,43,46,47] and the references therein for the existence and multiplicity
of solutions for biharmonic equations.

Biharmonic equations involving critical exponential nonlinearities have been also inves-
tigated recently. In fact, let Ω be a smooth bounded domain in Rn, we know the classical
Sobolev space embedding shows that

W 1,p
0 (Ω) ↪→ Lp̄(Ω) if n > p, where p̄ =

np

n− p
.

As for n = p, we say W 1,n
0 (Ω) ↪→ Ls(Ω) for all 1 ≤ s < ∞, however L∞(Ω) does not hold.

Later, Pohozaev [34] and Trudinger [40] found the function φ(t) = e|t|
n
n−1 − 1 such that

sup
‖u‖

W
1,n
0 (Ω)

≤1

ˆ
Ω

φ(u)dx <∞.

Then Moser in [26] further improved the above result and obtained the following inequality

sup
‖u‖

W
1,n
0 (Ω)

≤1

ˆ
Ω

exp
(
β|u|

n
n−1

)
dx <∞, u ∈ W 1,n

0 (Ω), if and only if β ≤ βn,

where Ω ⊂ Rn is a bounded domain, βn = nω
1

n−1
n and ωn is the surface area for unit ball of

Rn. After that, Adams [1] extended this result to higher order Sobolev spaces. That is, let
Ω be a bounded domain in Rn and n,m ∈ N satisfying m < n, then for all 0 ≤ ζ ≤ ζn,m

and u ∈ Wm, n
m

0 (Ω), it follows that

sup
‖∇mu‖

L
n
m (Ω)

≤1

ˆ
Ω

exp
(
ζ|u|

n
n−m

)
dx <∞,

where ζn,m is sharp and given by

ζn,m =


n

ωn−1

(
πn/22mΓ(m+1

2 )
Γ(n−m+1

2 )

n
n−m
)

when m is odd,

n
ωn−1

(
πn/22mΓ(m2 )

Γ(n−m2 )

n
n−m
)

when m is even.
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And the symbol ∇mu denotes the mth-order gradient of u and is defined as

∇mu =

{
∇∆(m−1)/2u; if m is odd,

∆(m)/2u; if m is even,

where ∆ and∇ denote the usual Laplacian and gradient operators respectively. With regard
to the problem (1.1) in this paper, we consider the case m = 2, n = 4, and we will use the
following inequality [1]:

sup
u∈H2

0 (Ω),‖∆u‖L2(Ω)≤1

ˆ
Ω

exp
(
β|u|2

)
dx <∞, for all 0 < β ≤ 32π2, Ω ⊂ R4.

Moreover, in the case n = 4,m = 2, we say that f(t) has critical exponential growth at
infinity if there exists β0 > 0 such that

lim
|t|→∞

|f(t)|
eβt2

= 0, for all β > β0; and lim
|t|→∞

|f(t)|
eβt2

=∞, for all β < β0.

At this point, if Ω is a smooth bounded domain in R4, in [36], Robert and Struwe considered
the biharmonic equations involving critical exponential growth∆2uε = λuεe

32π2u2
ε , in Ω;

uε = ∂uε
∂n

= 0, on ∂Ω,

where λ ∈ R. They described the asymptotics of uε as ε→ 0, supposing that uε → 0 weakly
in a suitable space H2

2,0(Ω) when supΩ uε →∞. Moreover, Dridi and Jaidane in [17] studied
the following weighted fourth order problem{

∆(ω(x)∆u)−∆u+ V (x)u = f(x, u), in B;

u = ∂u
∂n

= 0, on ∂B,
(1.3)

where B is the unitary disk in R4, ω(x) = (log e
|x|)

β, β ∈ (0, 1), and f(x, t) behaves like

exp{αt
2

1−β } as |t| → ∞ for some α > 0. Given proper conditions on V , they obtained
the existence results of solutions for the weighted biharmonic problem (1.3). As for the
whole Euclidean space R4, we refer the reader to [13, 32, 39, 45] for the existence results on
biharmonic equations with critical exponential nonlinearities.

Due to the nonlocal term m (‖u‖2 + ‖v‖2), Kirchhoff problems were firstly mentioned in
1883 by Kirchhoff, see [22], which the typical equation is known as follows

ρ
∂2u

∂t2
−

(
P0

h
+
E

2L

ˆ L

0

∣∣∣∣∂u∂x
∣∣∣∣2 dx

)
∂2u

∂x2
= g(x, u),

where ρ is the mass density, P0 is the inital tension, h is the area of cross-section, E is
the Young modulus of the material and L is the length of the string. Besides this, some
problems concerning the nonlocal term are also applied in various fields, mostly in biological
and physical domains. The readers interested in these aspects we refer to the articles
[2–4, 12]. Actually new problems involved with Kirchhoff type emerged from the above
researches and many authors obtained the existence results of solutions for the Kirchhoff type
equations involving critical exponential nonlinearities via variational methods. In relation to
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Kirchhoff problems, the existence and multiplicity of solutions for elliptic equations inolving
critical exponential nonlinearity can be found in the literatures [14,41] and a class of elliptic
equations with a small nonhomogeneous term was studied in the articles [15, 16, 18] in a
bounded domain of R2. For biharmonic equations we refer to [6,25] in the whole Euclidean
space R4.

Another common nonlocal problem is the Choquard nonlinear term, generally we mention
the following convolution type non-linearity

−∆u+ V (x)u =
(
|x|−µ ∗ F (x, u)

)
f(x, u) in Rn, µ ∈ (0, n),

which attracted many researchers in several physical models. In 1954, Pekar [33] used the
above equation to model the quantum theory of a a polaron and in 1976 Choquard [23]
studied it and proved the existence and uniqueness of minimizing function which describes
the electron trapped in its own hole by using decreasing rearrangement inequalities. In
addition, Bergé and Couairon [10] considered the standing waves of the non-linear nonlocal
Schrödinger equation. For interested readers, we refer to [20,30,31,35,44] and the references
therein for Choquard equations. Later, Lü [24] studied the non-degenerate Choquard equa-
tion with Kirchhoff function in R3 and obatined the ground state solution via the method
of Nehari manifold. Meanwhile, Arora et al. in [7] established the existence of solutions for
the Kirchhoff-Choquard type problem involving critical exponential nonlinearities by using
the Mountain-pass theorem and the boundness of the corresponding Palais-Smale sequence.
We recall that the existence solutions for the nonlinear Choquard N -Laplacian equation in
a bounded domain of RN can be found in [7], and for the polyharmonic problem we refer
to [9].

Recently, applications of system involving critical exponential nonlinearity had attracted
many researchers to join in this field. In [8], Arora et al. infered the relevant Adams-Moser

inequality in W
m, n

m
0 (Ω)×Wm, n

m
0 (Ω). For any (u, v) ∈ Wm, n

m
0 (Ω)×Wm, n

m
0 (Ω), n,m ∈ N such

that n ≥ 2m and Ω ⊂ Rn is a bounded domain, they deduce that

sup
‖(u,v)‖=1

ˆ
Ω

exp
(
α
(
|u|

n
n−m + |v|

n
n−m

))
dx <∞, provided 0 ≤ α ≤ ζn,m

2n,m
,

where 2n,m = 2
n−2m
n−m and

‖(u, v)‖ =

(
‖u‖

n
m

W
m, nm
0 (Ω)

+ ‖v‖
n
m

W
m, nm
0 (Ω)

)m
n

.

And they established the existence solutions for the following Kirchhoff system by using the
method of Nehari manifold

−m
(´

Ω
|∇u|ndx

)
∆nu =

(´
Ω
F (y,u,v)
|x−y|µ dy

)
f1(x, u, v), u > 0 in Ω;

−m
(´

Ω
|∇v|ndx

)
∆nv =

(´
Ω
F (y,u,v)
|x−y|µ dy

)
f2(x, u, v), v > 0 in Ω;

u = 0, v = 0, on ∂Ω,

where Ω is a bounded domain, n ≥ 2, 0 < µ < n, m : R+ → R+ is a continuous function,
∆nu := div(|∇u|n−2∇u), F satisfies suitable growth assumptions and f1 = ∂F

∂u
, f1 = ∂F

∂v
.

Furthermore, in [16], the authors extended to k(∈ N) equations for singular Trudinger-Moser
growth in Ω which is a smooth bounded domain in R2 containing the origin with smooth
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boundary. And they obtained the multiplicity of solutions of the following elliptic Kirchhoff
system{

−m
(∑k

i=1(
´

Ω
|∇uj|2dx)

)
∆u = fi(x,u1,...,uk)

|x|β + εhi(x) in Ω; i = 1..., k,

u1 = u2 = ... = uk = 0, on ∂Ω,

where β ∈ [0, 2), m is a continuous function, fi behaves like eα0s2 when |s| → ∞ for some

α0 > 0, and there is C1 function F : Ω × Rk → R such that
(
∂F
∂u1
, ..., ∂F

∂uk

)
= (f1, ..., fk),

hi ∈ ((H1
0 (Ω))∗, ‖ · ‖∗), ε is a small positive parameter. We also refer to [41] for Kirchhoff

type elliptic system involving critical exponential growth.
Motivated by the above results, in this paper, we consider the existence of solutions for

the Kirchhoff type biharmonic system (1.1). Then the Kirchhoff term is a difficulty which
implies that the equation in problem (1.1) is no longer a pointwise identity. It means that
we need to overcome the lack of compactness due to Choquard nonlinearity involving critical
exponential growth as well as the Kirchhoff term. Especially important, we firstly need to
obtain the improved Adams-Trudinger inequality involving two variables.

In order to treat the system problem (1.1), now we give some definitions as follows. We
introduce H2

0 (Ω) with the scalar product

〈u, v〉 =

ˆ
Ω

∆u∆vdx

for each u, v ∈ H2
0 (Ω). Then we denote

H2
0 (Ω,R2) := H2

0 (Ω)×H2
0 (Ω),

endowed with the scalar product

〈U, V 〉 =

ˆ
Ω

∆u1∆v1dx+

ˆ
Ω

∆u2∆v2dx,

where U = (u1, u2) and V = (v1, v2), to which corresponds the norm ‖U‖ = 〈U,U〉1/2 =
(‖u1‖2 + ‖u2‖2)1/2, then H2

0 (Ω,R2) is well defined and also a Hilbert space. That is, for any
(u, v) ∈ H2

0 (Ω,R2),

‖(u, v)‖ = (‖u1‖2
H2

0 (Ω) + ‖u2‖2
H2

0 (Ω))
1
2 ,

where ‖u‖H2
0 (Ω) =

(´
Ω
|∆u|2dx

)1/2
. Moreover, for all 1 ≤ p <∞ we define Lp(Ω,R2) as

Lp(Ω,R2) := Lp(Ω)× Lp(Ω),

where Lp(Ω) is the standard Lp-space, we can know Lp(Ω,R2) is well defined and for any
(u, v) ∈ Lp(Ω,R2), we define

‖(u, v)‖p =

(ˆ
Ω

|u|pdx+

ˆ
Ω

|v|pdx
) 1

p

, and |(u, v)| =
(
|u|2 + |v|2

) 1
2 .

For any 1 ≤ p < ∞, by Sobolev embedding theorem, we can know that the embedding
H2

0 (Ω,R2) ↪→ Lp(Ω,R2) is compact.
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Now, let us introduce the precise assumptions under what our problem is studied. For
this, we define M(t) =

´ t
0
m(s)ds, the primitive of m so that M(0) = 0. The hypotheses on

Kirchhoff function m : R+ → R+ are the following:

(m1) There exists m0 > 0 such that m(t) > m0 for t > 0 and m(t) is non-decreasing on
[0,+∞);

(m2) There exists θ > 1 such that m(t)
tθ−1 is non-increasing for all t ∈ (0,+∞).

Remark 1.1. (1) By m(t) is nondecreasing for t ≥ 0, we have
´ t1+t2
t1

m(s)ds ≥
´ t2

0
m(s)ds

for all t1, t2 ≥ 0, then it holds that
´ t1

0
m(s)ds +

´ t1+t2
t1

m(s)ds ≥
´ t1

0
m(s)ds +

´ t2
0
m(s)ds,

i.e. M(t1 + t2) ≥M(t1) +M(t2).
(2) From (m2), we can see that

(1.4) θM(t)−m(t)t ≥ 0, for all t ≥ 0.

Indeed, for any 0 < t1 < t2, we deduce that

θM(t1)−m(t1)t1 = θM(t2)− θ
ˆ t2

t1

m(t)dt− m(t1)

tθ−1
1

tθ1

6 θM(t2)− m(t2)

tθ−1
2

(tθ2 − tθ1)− m(t2)

tθ−1
2

tθ1

= θM(t2)−m(t2)t2.

Therefore, θM(t)−m(t)t is nondecreasing for t ≥ 0. In particular,

θM(t)−m(t)t ≥ 0 for all t ≥ 0.

(3) From (m2) we obtain

M(t) ≥M(1)tθ for 0 ≤ t ≤ 1; M(t) ≤M(1)tθ for t ≥ 1.

Then there exist C1, C2 > 0 such that

(1.5) M(t) ≤ C1t
θ + C2, for all t ≥ 0.

Moreover, by (m2), for t1, t2 > 0 one has

M(t1 + t2) =

ˆ t1+t2

0

m(s)ds =

ˆ t1

0

m(s)ds+

ˆ t1+t2

t1

m(s)ds

= M(t1) +

ˆ t2

0

m(t1 + s)ds ≤M(t1) +
m(t1)

tθ−1
1

ˆ t2

0

(t1 + s)θ−1ds

= M(t1) +
t1m(t1)

θ

[(
1 +

t2
t1

)θ
− 1

]
.(1.6)

Remark 1.2. A typical example of a function m satisfying the conditions (m1) − (m2) is
given by m(t) = m0 + atθ−1 with θ > 1 and a ≥ 0.

Throughout this paper, we assume fi: Ω× R2 → R for i = 1, 2 are continuous functions
satisfying the following conditions:

(f1) fi(x, t, s) = 0 when either t ≤ 0 or s ≤ 0 and fi(x, t, s) > 0 when t, s > 0 for all
x ∈ Ω and i = 1, 2.
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(f2) For i = 1, 2, fi has critical exponential growth at infinity, that is, there exists β0 > 0
such that

lim
|(t,s)|→+∞

|fi(x, t, s)|
eβ|(t,s)|2

=

{
0, ∀β > β0;

+∞, ∀β < β0.

(f3) There exists l > θ such that the maps u 7→ f1(x,t,s)
|t|l , v 7→ f2(x,t,s)

|s|l are increasing

functions of t and s respectively.
(f4) There exist q ∈ (0, 1], a0, b0,M0 > 0 such that 0 < |t|qF (x, t, s) ≤ M0f1(x, t, s) for

all |t| > a0 and 0 < |s|qF (x, t, s) ≤M0f2(x, t, s) for all |s| > b0 uniformly in x ∈ Ω.

(f5) There exists r > 0 such that lim|(t,s)|→(0,0)
fi(x,t,s)
|t|r+|s|r = 0 holds for i = 1, 2.

(f6) There exists κ such that

lim inf
t,s→∞

(|t|+ |s|)F (x, t, s)

eβ0(|t|2+|s|2)
> κ >

4π2(4 + µ− 2α)e
21(4+µ−2α)−8

8 m
(

4π2(4+µ−2α)
β0

)
β2

0Cµd
4+µ−2α


1
2

uniformly in x ∈ Ω, where Cµ = 24π4

µ(µ+1)(µ+2)(µ+3)(µ+4)
, and 2d is the radius of the

largest open ball containing the origin contained in Ω.

Remark 1.3. By (f3), for any 1 < p ≤ l, it holds that tf1(x, t, s) − pF (x, t, s) > 0,
sf2(x, t, s)− pF (x, t, s) > 0, for all (x, t, s) ∈ Ω× R2.

In fact, for any 1 < p ≤ l, from (f3) we have f1(x,t,s)
tp−1 is increasing functions of t > 0

uniformly of s > 0. Let s > 0 and 0 < t1 < t2 be fixed, then it holds that

t1f1(x, t1, s)− pF (x, t1, s) <
f1(x, t2, s)

tp−1
2

tp1 − pF (x, t2, s) + p

ˆ t2

t1

f1(x, t, s)dt.

On the other hand,

p

ˆ t2

t1

f1(x, t, s)dt < p
f1(x, t2, s)

tp−1
2

ˆ t2

t1

tp−1dt =
f1(x, t2, s)

tp−1
2

(tp2 − t
p
1).

From the above inequalities, we derive that

t1f1(x, t1, s)− pF (x, t1, s) < t2f1(x, t2, s)− pF (x, t2, s).

Then we obtain tf1(x, t, s) − pF (x, t, s) > 0 for all (x, t, s) ∈ Ω × R2. Similarly, we also
obtain sf2(x, t, s)− pF (x, t, s) > 0 for all (x, t, s) ∈ Ω× R2.

Remark 1.4. Here in [8], the condition for the estimate on energy level is as follows

(1.7) lim
t,s→∞

(f1(x, t, s)t+ f2(x, t, s)s)F (x, t, s)

exp(q(|t|
n
n−1 + |s|

n
n−1 ))

=∞ uniformly in x ∈ Ω,

for some q > 2. For a single equation, we know if the condition for the estimation method
is

lim inf
t→∞

f(x, t)

eβ0t2
> K > 0,

then we obtain

lim inf
t→∞

tF (x, t)

eβ0t2
≥ lim inf

t→∞

´ t
0
sf(x, s)ds

eβ0t2
= lim inf

t→∞

f(x, t)

2β0eβ0t2
.
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It means that we can derive tF (x, t) ≥ K−ε
2β0

eβ0t2 when f(x, t) ≥ (K − ε)eβ0t2 for t large

enough and ε > 0 small enough. In view of the above results, we found that

lim inf
t→∞

tf(x, t)F (x, t)

e2β0t2
>
K2

2β0

.

Then according to the above analysis, for the system (1.1) we know (f6) is weaker than
(1.7).

Theorem 1.5. Suppose that m satisfies (m1) − (m2), f satisfies (f1) − (f6). Then (1.1)
has a ground state solution (u, v) ∈ N such that Φ(u, v) = b := infN Φ, where

(1.8) N = {(u, v) ∈ H2
0 (Ω,R2)\{(0, 0)} : 〈Φ′(u, v), (u, v)〉 = 0}.

The remainder of this paper is organized as follows. We prove the Adams inequality
and the version of Lion’s Lemma in the Sobolev spaces, namely H2

0 (Ω,R2) in Section 2.
In Section 3, we give the energy functional and prove that the system (1.1) satisfies the
geometric conditions of the Mountain-pass theorem and the corresponding Palais-Smale
sequence is bounded. Finally, we obtain the existence of solutions for the Kirchhoff system
with Choquad type involving critical exponential nonlinearity. In this article, we denote
that C,Ci, ci are some positive constants.

2. Preliminaries and auxiliary results

In this section, we introduce some famous inequalities as follows, and inspired by these
we conclude some similar forms of inequalities and give some preliminaries.

Lemma 2.1. ( [1]) For each u ∈ H2
0 (Ω), Ω ⊂ R4 is a bounded domain, then for any β > 0,ˆ
Ω

exp
(
β|u|2

)
dx <∞.

Moreover, we have

sup
‖u‖61

ˆ
Ω

exp
(
β|u|2

)
dx <∞, provided β ≤ 32π2.

Lemma 2.2. For each (u, v) ∈ H2
0 (Ω,R2), Ω ⊂ R4 is a bounded domain, then for any

β > 0, ˆ
Ω

exp
(
β
(
|u|2 + |v|2

))
dx <∞.

Moreover, we have

sup
‖(u,v)‖=1

ˆ
Ω

exp
(
β
(
|u|2 + |v|2

))
dx <∞, provided β ≤ 32π2.

Proof. From Lemma 2.1 and Young’s inequality, for each (u, v) ∈ H2
0 (Ω,R2), and for any

β > 0, we obtainˆ
Ω

eβ(|u|
2+|v|2)dx =

ˆ
Ω

eβ|u|
2

eβ|v|
2

dx ≤
ˆ

Ω

e2β|u|2dx+

ˆ
Ω

e2β|v|2dx <∞.
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Now for any (u, v) ∈ H2
0 (Ω,R2) satisfying ‖(u, v)‖ = 1, then ‖u‖2, ‖v‖2 6 1. Let r1 =

‖u‖2, r2 = ‖v‖2, then we know r1 + r2 = 1. Hence by using Hölder inequality and Lemma
2.1 we obtain ˆ

Ω

eβ(|u|
2+|v|2)dx 6

(ˆ
Ω

eβ|u|
2/r1dx

)r1 (ˆ
Ω

eβ|v|
2/r2dx

)r2
< C,

thus the proof is completed. �

Lemma 2.3. Let {(un, vn)} be a sequence in H2
0 (Ω,R2) satisfying ‖(un, vn)‖ = 1 such that

(un, vn) ⇀ (u, v) 6= 0 weakly in H2
0 (Ω,R2). Then for any 0 < β < 32π2

1−‖(u,v)‖2 , we have

sup
n∈N

ˆ
Ω

exp
(
β
(
|un|2 + |vn|2

))
dx <∞.

Proof. For (un, vn) ⇀ (u, v) 6= 0 in H2
0 (Ω,R2) satisfying ‖(un, vn)‖ = 1, it is easy to see that

(2.1)

lim
n→∞

‖(un−u, vn− v)‖2 = lim
n→∞

(
1− 2〈un, u〉 − 2〈vn, v〉+ ‖(u, v)‖2

)
= 1−‖(u, v)‖2 <

32π2

β
,

and

(2.2) u2
n ≤ (un − u)2 + εu2

n + Cεu
2,

for ε small enough, where Cε is a positive constant related to ε. Then by using (2.2) we
have ˆ

Ω

eβ(|un|
2+|vn|2)dx ≤

ˆ
Ω

eβ((un−u)2+(vn−v)2)eβε(u
2
n+v2

n)eβCε(u
2+v2)dx.

Now we take r1, r2, r3 > 1 such that 1
r1

+ 1
r2

+ 1
r3

= 1, and by using Hölder inequality we
obtain ˆ

Ω

eβ(|un|
2+|vn|2)dx ≤

(ˆ
Ω

eβr1((un−u)2+(vn−v)2)dx

)1/r1 (ˆ
Ω

eεβr2(u
2
n+v2

n)dx

)1/r2

×
(ˆ

Ω

eβCεr3(u
2+v2)dx

)1/r3

.

Using Lemma 2.2, then we can choose ε small enough such thatˆ
Ω

eεβr2(u
2
n+v2

n)dx ≤ C,

ˆ
Ω

eβCεr3(u
2+v2)dx ≤ C.

Moreover, we choose r1 > 1 close to 1 such that βr1‖(un−u, vn−v)‖2 < 32π2, then according
to (2.1) and Lemma 2.2 we obtainˆ

Ω
exp

(
βr1

(
(un − u)2 + (vn − v)2

))
dx

=

ˆ
Ω

exp

[
βr1

((
un − u

‖(un − u, vn − v)‖

)2

+

(
vn − v

‖(un − u, vn − v)‖

)2
)
‖(un − u, vn − v)‖2

]
dx

< C,

then we obtain
´

Ω
exp (β (|un|2 + |vn|2)) dx is bounded, and this lemma is proved. �
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Lemma 2.4. For any (u, v) ∈ H2
0 (Ω,R2), if β > 0, s > 0 satisfying ‖(u, v)‖ 6M such that

βM2 < 32π2, then there exists C = C(β,M, s) > 0 such thatˆ
Ω

|(u, v)|seβ|(u,v)|2dx 6 C‖(u, v)‖s.

Proof. For each (u, v) ∈ H2
0 (Ω,R2) satisfying ‖(u, v)‖ 6M , we choose r > 1 close to 1 such

that rβM2 6 32π2 and sq > 1, where q = s
s−1

. By using Hölder inequality and Lemma 2.2,
we obtain ˆ

Ω

|(u, v)|seα|(u,v)|2dx 6

(ˆ
Ω

erβ|(u,v)|2dx

)1/r

‖(u, v)‖sqs 6 C‖(u, v)‖sqs.

Since sq > 1, using the continuous embedding H2
0 (Ω,R2) ↪→ Lqs(Ω,R2), we finish the

proof. �

Proposition 2.5. ( [38]) Let t, r > 1 and 0 < µ < N with m,n > 0, 1
t

+ µ+m+n
N

+ 1
r

= 2,
µ + m + n 6 N . Then there exists a constant C(m,n, t, µ, r) > 0 which is dependent of
f ∈ Lt(RN), h ∈ Lr(RN) such thatˆ

RN

ˆ
RN

f(x)h(y)

|x− y|µ|y|m|x|n
dxdy 6 C(m,n, t, µ, r)‖f‖Lt(RN )‖h‖Lr(RN ).

3. The variational framework and the minimax estimate

We now consider the energy functional Φ(u, v) given by

(3.1) Φ(u, v) =
1

2
M
(
‖(u, v)‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx.

Lemma 3.1. Assume that (f2) and (f3) hold, then we have that Φ(u, v) is well defined on
H2

0 (Ω,R2). Moreover,

(3.2)

〈Φ′(u, v), (φ, ψ)〉 = m
(
‖(u, v)‖2

)(ˆ
Ω

∆u∆φdx+

ˆ
Ω

∆v∆ψdx

)
−
ˆ

Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
(f1(x, u, v)φ+ f2(x, u, v)ψ

|x|α
dx,

for any (φ, ψ) ∈ H2
0 (Ω,R2).

Proof. For (u, v) ∈ H2
0 (Ω,R2), we know fi has critical exponential growth, then by (f2) we

choose β > β0 and there exists C1 > 0 such that

(3.3) |fi(x, u, v)| 6 C1e
β|(u,v)|2 , for all (x, u, v) ∈ Ω× R2, i = 1, 2.

Moreover, by (f3), given ε > 0 there exist C2, C3 > 0 and δ > 0 such that

(3.4) f1(x, u, v) ≤ C2|u|, f2(x, u, , v) ≤ C3|v| always that |u|, |v| ≤ δ.

Then combing (3.3) and (3.4), we have

(3.5) |F (x, u, v)| 6 C4|(u, v)|eβ|(u,v)|2 + C5|(u, v)|2,
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for all (u, v) ∈ H2
0 (Ω,R2). Now using (3.5) and Proposition 2.5 with N = 4, t = r = 8

4+µ−2α

and m = n = α, we obtain
ˆ

Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx

6 C(µ, α)‖F (x, u, v)‖2 8
4+µ−2α

6 C(µ, α)

[ˆ
Ω

(
|(u, v)|2 + |(u, v)| exp

(
β|(u, v)|2

)) 8
4+µ−2α dx

] 4+µ−2α
4

6 C(µ, α)

[ˆ
Ω
|(u, v)|

16
4+µ−2αdx+

ˆ
Ω
|(u, v)|

16
4+µ−2α exp

(
8β|(u, v)|2

4 + µ− 2α

)
dx

] 4+µ−2α
4

.

According to Lemma 2.4 and the continuous embedding H2
0 (Ω,R2) ↪→ Ls(Ω,R2) with s ≥ 1,

we know Φ(u, v) is well defined, and we can see Φ ∈ C1(H2
0 (Ω,R2),R). �

From Lemma 3.1, we have that critical points of the functional Φ are precisely weak
solutions of problem (1.1). Then we will verify that the functional Φ satisfies the conditions
of Mountain-pass theorem.

Lemma 3.2. Under the assumptions (m1), (m2) and (f1).
(i) there exists R0,Υ > 0 such that Φ(u, v) > Υ for any (u, v) ∈ H2

0 (Ω,R2) satisfying
‖(u, v)‖ = R0.

(ii) there exists a (ũ, ṽ) ∈ H2
0 (Ω,R2) with ‖(ũ, ṽ)‖ > R0 such that Φ(ũ, ṽ) < 0.

Proof. Let (u, v) ∈ H2
0 (Ω,R2) such that ‖(u, v)‖ = R0. Similarly, taking Proposition 2.5

with N = 4, t = r = 8
4+µ−2α

and m = n = α, by (3.5) and Hölder inequality we obtain

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx

6 C(µ, α)‖F (x, u, v)‖2 8
4+µ−2α

6 C(µ, α)

[ˆ
Ω
|(u, v)|

16
4+µ−2αdx+

ˆ
Ω
|(u, v)|

16
4+µ−2α exp

(
8β|(u, v)|2

4 + µ− 2α

)
dx

] 4+µ−2α
4

6 C(µ, α)

{ˆ
Ω
|(u, v)|

16
4+µ−2αdx+

[ˆ
Ω
|(u, v)|

32
4+µ−2αdx

] 1
2

×

[ˆ
Ω

exp

(
16β‖(u, v)‖2

4 + µ− 2α

(
|(u, v)|
‖(u, v)‖

)2
)
dx

] 1
2


4+µ−2α

4

.

Now we choose suitable R0 > 0 such that
16βR2

0

4+µ−2α
6 32π2, then by using Sobolev imbedding

and Lemma 2.2 we haveˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx 6 C(µ, α)

(
‖(u, v)‖

16
4+µ−2α + ‖(u, v)‖

16
4+µ−2α

) 4+µ−2α
4

6 C(µ, α)‖(u, v)‖4.
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Then for any ‖(u, v)‖ = R0 <
√

2π2(4+µ−2α)
β

, by (m1) we know

Φ(u, v) >
m0

2
‖(u, v)‖2 − C(µ, α)‖(u, v)‖4.

So we choose ‖(u, v)‖ = R0 small enough so that Φ(u, v) > Υ for some Υ > 0 and hence
(i) follows.

Now we choose q ∈ R such that θ < q < l in Remark 1.3, then we obtain tf1(x, t, s) −
qF (x, t, s) > 0 and sf2(x, t, s)− qF (x, t, s) > 0 for all (x, t, s) ∈ Ω× R2. So we obtain

F (x, u, v) ≥ c1|u|q − c2, F (x, u, v) ≥ c3|v|q − c4,

thus we conclude that

(3.6) F (x, u, v) ≥ c1|u|q + c3|v|q − c5, for all (x, u, v) ∈ Ω× R2.

Then using (3.6) it follows thatˆ
Ω

[
Iµ ∗

F (x, tu, tv)

|x|α

]
F (x, tu, tv)

|x|α
dx >

ˆ
Ω

ˆ
Ω

(c1|tu|q + c3|tv|q − c4)2

|x|α|y|α|x− y|µ
dxdy

> c6t
2q − c7t

q + c8.

By using (1.5) we have M(t) ≤ C1t
θ + C2, then using (3.1) we obtain

Φ(tu, tv) 6 c9t
2θ − c10t

2q + c11t
q − c12.

Since q > θ we obtain Φ(tu, tv) → −∞ as t → ∞. Then there exists (ũ, ṽ) = (t0u, t0v) ∈
H2

0 (Ω,R2) with t0 large enough such that ‖(ũ, ṽ)‖ > R0 and Φ(ũ, ṽ) < 0, hence (ii) holds. �

Then according to Lemma 3.2, we know Φ(u, v) satisfies the geometric conditions of the
Mountain-pass theorem, let

(3.7) c∗ = inf
γ∈Γ

max
t∈[0,1]

Φ(γ(t)) > 0

be the minimax level of Φ, where

Γ = {γ ∈ C([0, 1], H2
0 (Ω,R2)) : γ(0) = 0,Φ(γ(1)) < 0}.

Then there exists a Palais-Smale sequence {(un, vn)} ⊂ H2
0 (Ω,R2) satisfying

(3.8) Φ(un, vn)→ c∗, Φ′(un, vn)→ 0,

as n→∞.

Lemma 3.3. Assume that (f3) and (m1) hold, then every Palais-Smale sequence of Φ is
bounded in H2

0 (Ω,R2).

Proof. Let {(un, vn)} be a Palais-Smale sequence of Φ for c∗ ∈ R in H2
0 (Ω,R2), then it

follows that
Φ(un, vn)→ c∗, Φ′(un, vn)→ 0 as n→∞.

Therefore we have

(3.9) Φ(un, vn) =
1

2
M
(
‖(un, vn)‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx = c∗ + δn,
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where δn → 0 as n→∞, and

(3.10)

〈Φ′(un, vn), (φ, ψ)〉 = m
(
‖(un, vn)‖2

) ˆ
Ω

(∆un∆φ+ ∆vn∆ψ) dx

−
ˆ

Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)φ+ f2(x, un, vn)ψ

|x|α
dx

6 εn‖(φ, ψ)‖,

for all (φ, ψ) ∈ H2
0 (Ω,R2). By Remark 1.3, we obtain that

(3.11) lF (x, t, s) 6 uf1(x, t, s), and lF (x, t, s) 6 vf2(x, t, s) for all (x, t, s) ∈ Ω× R2.

Then by (1.4), (3.9), (3.10), (3.11) and (m1), for large n we have

c∗ + εn‖(un, vn)‖ ≥ Φ(un, vn)− 1

4l
〈Φ′(un, vn), (un, vn)〉

=
1

2
M
(
‖(un, vn)‖2

)
− 1

4l
m
(
‖(un, vn)‖2

)
‖(un, vn)‖2 − 1

2

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx

+
1

4l

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)un + f2(x, un, vn)vn

|x|α
dx

>
1

2
M
(
‖(un, vn)‖2

)
− 1

4l
m
(
‖(un, vn)‖2

)
‖(un, vn)‖2

+
1

4l

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)un + f2(x, un, vn)vn − 2lF (x, un, vn)

|x|α
dx

>
1

2θ

[
θM

(
‖(un, vn)‖2

)
−m

(
‖(un, vn)‖2

)
‖(un, vn)‖2

]
+

(
1

2θ
− 1

4l

)
m
(
‖(un, vn)‖2

)
‖(un, vn)‖2

>

(
1

2θ
− 1

4l

)
m0‖(un, vn)‖2,

thus we know {(un, vn)} is bounded in H2
0 (Ω,R2) with l > θ. �

Now we give a precise estimation about the Mountain pass level c∗ defined by (3.7).

Inspired by [13] and [45], we give the definite Adams functions φ̃n(x) supported in B2d(0) ⊂
Ω as follows.

(3.12) φ̃n(x) =



√
lnn
8π2 − n2

δ2
√

32π2 lnn
|x|2 + 1√

32π2 lnn
, for |x| 6 d

n
;

ln(d/|x|)√
8π2 lnn

, for d
n
< |x| 6 d;

ηn(x), for d < |x| ≤ 2d;

0, for |x| > 2d,

where ηn(x) = − 1

2
√

2π2 lnnd3
(|x|−d)3 + 1√

2π2 lnnd2
(|x|−d)2− 1

2
√

2π2 lnnd
(|x|−d) and d was given

in (f6). Moreover, ηn(x) is a radial function on annulus B2d \ Bd satisfying the boundary
condition

ηn(x)|∂Bd = 0,
∂ηn(x)

∂ν
|∂Bd = − 4

d
√

128π2 lnn
,
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and

ηn(x)|∂B2d
= 0,

∂ηn(x)

∂ν
|∂B2d

= 0.

Then straightforward calculations show that

(3.13) ‖φ̃n‖2 = 1 +
21

8 lnn
.

Now we set

φn(x) =
φ̃n(x)

‖φ̃n‖
,

then it follows that

(3.14) ‖φn‖ = 1.

Motivated by [14], we have the following lemma:

Lemma 3.4. Assume that (m1), (m2) and (f1) − (f6) hold. Then there exists n ∈ N such
that

(3.15) c∗ 6 max
t>0

Φ

(√
2

2
tφn(x),

√
2

2
tφn(x)

)
<

1

2
M

(
4π2(4 + µ− 2α)

β0

)
.

Proof. By a straight estimation, we haveˆ
Bd/n

1

|y|α
dy

ˆ
Bd/n

1

|x|α|x− y|4−µ
dx = d4+µ−2α

ˆ
B1/n

1

|y|α
dy

ˆ
B1/n

1

|x|α|x− y|4−µ
dx

> d4+µ−2α

(
1

n

)−2α ˆ
B1/n

dx

ˆ
B1/n

1

|x− y|4−µ
dy

> d4+µ−2α

(
1

n

)−2α ˆ
B1/n

dx

ˆ
B1/n

1

|z|4−µ
dz

> d4+µ−2α

(
1

n

)−2α ˆ
B1/n

dx

ˆ
B1/n−|x|

1

|z|4−µ
dz

= d4+µ−2α

(
1

n

)−2α 4π4

µ

ˆ 1
n

0

(
1

n
− r
)µ

r3dr

=
24π4

µ(µ+ 1)(µ+ 2)(µ+ 3)(µ+ 4)

(
d

n

)4+µ−2α

.

Briefly, we deduce

(3.16)

ˆ
Bd/n

1

|y|α
dy

ˆ
Bd/n

1

|x|α|x− y|4−µ
dx > Cµ

(
d

n

)4+µ−2α

,

where Cµ = 24π4

µ(µ+1)(µ+2)(µ+3)(µ+4)
. According to the Remark 1.4 and (f6), we know

lim inf
t,s→∞

(|t|+ |s|)F (x, t, s)

eβ0(|t|2+|s|2)
> κ, for any x ∈ Ω,
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where

κ >

4π2(4 + µ− 2α)e
21(4+µ−2α)−8

8 m
(

4π2(4+µ−2α)
β0

)
β2

0Cµd
4+µ−2α


1
2

in (f6), we choose ε > 0 such that

(3.17)
(κ− ε)2

(1 + ε)2
>

4π2(4 + µ− 2α)e
21(4+µ−2α)

8

β2
0Cµd

4+µ−2αe
m

(
4π2(4 + µ− 2α)

β0

)
and

(3.18)
21(4 + µ− 2α)

8
+ ln

4π2(1 + ε)2(4 + µ− 2α)m
(

4π2(4+µ−2α)
β0

)
(κ− ε)2β2

0Cµd
4+µ−2α

<
1− ε
1 + ε

.

Using (f6), we know that there exists tε > 0 such that

(3.19) (|t1|+ |t2|)F (x, t1, t2) > (κ− ε)eβ0|(t1,t2)|2 , ∀x ∈ Ω, |t1|, |t2| > tε.

Ther are four possible cases as follows. From now on, in the sequel, all inequalities hold for
large n ∈ N.

Case i) t ∈
[

0,
√

2π2(4+µ−2α)
β0

]
. Then it follows that

Φ

(√
2

2
tφn,

√
2

2
tφn

)
=

1

2
M
(
t2‖φn‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x,
√

2
2 tφn,

√
2

2 tφn)

|x|α

]
F (x,

√
2

2 tφn,
√

2
2 tφn)

|x|α
dx

≤ 1

2
M

(
2π2(4 + µ− 2α)

β0

)
.

Clearly, there exists n ∈ N such that (3.15) holds.

Case ii) t ∈
[ √

2π2(4+µ−2α)
β0

,
√

4π2(4+µ−2α)
β0

]
. Then

√
2

2
tφn(x) > tε for x ∈ Bd/n(0) and for

large n ∈ N, from (f6), (3.12), (3.16) and (3.19), it follows that

ˆ
Ω

[
Iµ ∗

F (x,
√

2
2
tφn,

√
2

2
tφn)

|x|α

]
F (x,

√
2

2
tφn,

√
2

2
tφn)

|x|α
dx

>
ˆ
Bd/n

ˆ
Bd/n

F (x,
√

2
2
tφn(x),

√
2

2
tφn(x))F (y,

√
2

2
tφn(y),

√
2

2
tφn(y))

|x|α|x− y|4−µ|y|α
dxdy

>
(κ− ε)2

2t2

ˆ
Bd/n

ˆ
Bd/n

eβ0t2φ2
n(x)+β0t2φ2

n(y)

φn(x)φn(y)|x|α|x− y|4−µ|y|α
dxdy

>
β0(κ− ε)2

8π2(4 + µ− 2α)

ˆ
Bd/n

ˆ
Bd/n

eβ0t2φ2
n(x)+β0t2φ2

n(y)

φn(x)φn(y)|x|α|x− y|4−µ|y|α
dxdy

>
4Cµβ0‖φ̃n‖2(κ− ε)2d4+µ−2α lnn

(4 + µ− 2α) (4(lnn)2 + 4 lnn+ 1)n4+µ−2α
e(4π2‖φ̃n‖2)−1β0t2 lnn.(3.20)
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Then from (3.1), (3.14) and (3.20), it holds that

Φ

(√
2

2
tφn,

√
2

2
tφn

)
=

1

2
M
(
t2‖φn‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x,
√

2
2 tφn,

√
2

2 tφn)

|x|α

]
F (x,

√
2

2 tφn,
√

2
2 tφn)

|x|α
dx

6
1

2
M(t2)− 2Cµβ0‖φ̃n‖2(κ− ε)2d4+µ−2α lnn

(4 + µ− 2α) (4(lnn)2 + 4 lnn+ 1)n4+µ−2α
e(4π2‖φ̃n‖2)−1β0t2 lnn

=: ϕ(t).(3.21)

Let tn > 0 such that ϕ′n(tn) = 0, thus

(3.22) m(t2n) =
Cµβ

2
0(κ− ε)2d4+µ−2α(lnn)2

π2(4 + µ− 2α) (4(lnn)2 + 4 lnn+ 1)n4+µ−2α
e(4π2‖φ̃n‖2)−1β0t2n lnn.

Then by using (3.22) we obtain

(3.23) lim
n→∞

t2n =
4π2(4 + µ− 2α)

β0

.

Set

(3.24) A := ln
4π2(1 + ε)(4 + µ− 2α)m

(
4π2(4+µ−2α)

β0

)
Cµβ2

0(κ− ε)2d4+µ−2α
.

Then (3.17) and (3.18) show that

(3.25) (1 + ε) max

{
21(4 + µ− 2α)

8
+ A, 0

}
− (1− ε) < 0.

From (3.22), (3.23) and (3.24), we have

t2n =
4π2(4 + µ− 2α)‖φ̃n‖2

β0

[
1 +

ln ((4 + µ− 2α)π2m(t2n) (4(lnn)2 + 4 lnn+ 1))

(4 + µ− 2α) lnn

− ln((lnn)2) + ln (Cµβ0(κ− ε)2d4+µ−2α)

(4 + µ− 2α) lnn

]
6

4π2(4 + µ− 2α)

β0

+
4π2A

β0 lnn
+

21(4 + µ− 2α)π2

2β0 lnn
+O

(
1

(lnn)2

)
(3.26)

and

(3.27) ϕn(t) 6 ϕn(tn) =
1

2
M(t2n)− 2π2‖φ̃n‖2m(t2n)

β0 lnn
, ∀ t ≥ 0.

By (1.6) in Remark 1.1, we know

M(t1 + t2) 6M(t1) +
t1
θ

[(
1 +

t2
t1

)θ
− 1

]
m(t1), ∀ t1, t2 > 0.

Then using (m1), (1.6), (3.23), (3.26) and (3.27), we obtain

ϕn(t) 6 ϕn(tn) =
1

2
M(t2n)− 2π2‖φ̃n‖2m(t2n)

β0 lnn
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6
1

2
M

[
4π2(4 + µ− 2α)

β0

+
4π2A

β0 lnn
+

21(4 + µ− 2α)π2

2β0 lnn
+O

(
1

(lnn)2

)]

−
2π2(1− ε)m

(
4π2(4+µ−2α)

α0

)
β0 lnn

6
1

2
M

(
4π2(4 + µ− 2α)

β0

)
+

(1 + ε) max
{

21(4+µ−2α)
8

+ A, 0
}
− (1− ε)

β0 lnn

× 2π2m

(
4π2(4 + µ− 2α)

β0

)
+O

(
1

(lnn)2

)
.(3.28)

Hence, combining (3.21) with (3.28), one has

Φ

(√
2

2
tφn,

√
2

2
tφn

)
6

1

2
M

(
4π2(4 + µ− 2α)

β0

)
+

(1 + ε) max
{

21(4+µ−2α)
8 +A, 0

}
− (1− ε)

β0 lnn

× 2π2m

(
4π2(4 + µ− 2α)

β0

)
+O

(
1

(lnn)2

)
.

Clearly, in this case, the above estimate implies that there exists n large enough such that
(3.15) holds.

Case iii) t ∈
[ √

4π2(4+µ−2α)
β0

,
√

4π2(4+µ−2α)
β0

(1 + ε)
]
. Then

√
2

2
tφn(x) > tε for x ∈ Bd/n(0)

and for large n ∈ N, from (f6), (3.12), (3.16) and (3.19), it follows that

ˆ
Ω

[
Iµ ∗

F (x,
√

2
2
tφn,

√
2

2
tφn)

|x|α

]
F (x,

√
2

2
tφn,

√
2

2
tφn)

|x|α
dx

>
ˆ
Bd/n

ˆ
Bd/n

F (x,
√

2
2
tφn(x),

√
2

2
tφn(x))F (y,

√
2

2
tφn(y),

√
2

2
tφn(y))

|x|α|x− y|4−µ|y|α
dxdy

>
(κ− ε)2

2t2

ˆ
Bd/n

ˆ
Bd/n

eβ0t2φ2
n(x)+β0t2φ2

n(y)

φn(x)φn(y)|x|α|x− y|4−µ|y|α
dxdy

>
β0(κ− ε)2

8π2(1 + ε)(4 + µ− 2α)

ˆ
Bd/n

ˆ
Bd/n

eβ0t2φ2
n(x)+β0t2φ2

n(y)

φn(x)φn(y)|x|α|x− y|4−µ|y|α
dxdy

>
4Cµβ0‖φ̃n‖2(κ− ε)2d4+µ−2α lnn

(1 + ε)(4 + µ− 2α) (4(lnn)2 + 4 lnn+ 1)n4+µ−2α
e(4π2‖φ̃n‖2)−1β0t2 lnn.(3.29)

Then from (3.1), (3.14) and (3.29) it holds that

Φ

(√
2

2
tφn,

√
2

2
tφn

)

=
1

2
M(t2‖φn‖2)− 1

2

ˆ
Ω

[
Iµ ∗

F (x,
√

2
2
tφn,

√
2

2
tφn)

|x|α

]
F (x,

√
2

2
tφn,

√
2

2
tφn)

|x|α
dx
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6
1

2
M(t2)− 2Cµβ0‖φ̃n‖2(κ− ε)2d4+µ−2α lnn

(1 + ε)(4 + µ− 2α) (4(lnn)2 + 4 lnn+ 1)n4+µ−2α
e(4π2‖φ̃n‖2)−1β0t2 lnn

=: ψ(t).(3.30)

Let t̂n > 0 such that ψ′n(t̂n) = 0, thus

(3.31) m(t̂2n) =
Cµβ

2
0(κ− ε)2d4+µ−2α(lnn)2

π2(1 + ε)(4 + µ− 2α) (4(lnn)2 + 4 lnn+ 1)n4+µ−2α
e(4π2‖φ̃n‖2)−1β0 t̂2n lnn.

Then by using (3.31) we obtain

(3.32) lim
n→∞

t̂2n =
4π2(4 + µ− 2α)

β0

.

Set

(3.33) B := ln
4π2(1 + ε)2(4 + µ− 2α)m

(
4π2(4+µ−2α)

β0

)
Cµβ2

0(κ− ε)2d4+µ−2α
.

Then (3.17) and (3.18) show that

(3.34) (1 + ε) max

{
21(4 + µ− 2α)

8
+B, 0

}
− (1− ε) < 0.

From (3.31), (3.32) and (3.33), we have

t̂2n =
4π2(4 + µ− 2α)‖φ̃n‖2

β0

[
1 +

ln
(
(4 + µ− 2α)π2m(t̂2n) (4(lnn)2 + 4 lnn+ 1)

)
(4 + µ− 2α) lnn

− ln((ln)2) + ln (Cµβ0(κ− ε)2d4+µ−2α)

(4 + µ− 2α) lnn

]
6

4π2(4 + µ− 2α)

β0

+
4π2B

β0 lnn
+

21(4 + µ− 2α)π2

2β0 lnn
+O

(
1

(lnn)2

)
.(3.35)

It follows from (1.6), (3.30), (3.32) and (3.35), we have

ψn(t) 6 ψn(t̂n) =
1

2
M(t̂2n)− 2π2‖φ̃n‖2m(t̂2n)

β0 lnn

6
1

2
M

[
4π2(4 + µ− 2α)

β0

+
4π2B

β0 lnn
+

21(4 + µ− 2α)π2

2β0 lnn
+O

(
1

(lnn)2

)]

−
2π2(1− ε)m

(
4π2(4+µ−2α)

β0

)
β0 lnn

6
1

2
M

(
4π2(4 + µ− 2α)

β0

)
+

(1 + ε) max
{

21(4+µ−2α)
8

+B, 0
}
− (1− ε)

β0 lnn

× 2π2m

(
4π2(4 + µ− 2α)

β0

)
+O

(
1

(lnn)2

)
.(3.36)
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Hence, combining (3.30) with (3.36), one has

Φ

(√
2

2
tφn,

√
2

2
tφn

)

6
1

2
M

(
4π2(4 + µ− 2α)

β0

)
+

(1 + ε) max
{

21(4+µ−2α)
8

+B, 0
}
− (1− ε)

β0 lnn

× 2π2m

(
4π2(4 + µ− 2α)

β0

)
+O

(
1

(lnn)2

)
.

Clearly, in this case, it implies that there exists n large enough such that (3.15) holds.

Case iv) t ∈
(√

4π2(4+µ−2α)
β0

(1 + ε),+∞
)

. Then
√

2
2
tφn(x) > tε for x ∈ Bd/n(0) and for

large n ∈ N, from (3.1), (3.12), (3.14), (3.16) and (3.19), it follows that

Φ

(√
2

2
tφn,

√
2

2
tφn

)

=
1

2
M(t2‖φn‖2)− 1

2

ˆ
Ω

[
Iµ ∗

F (x,
√

2
2
tφn,

√
2

2
tφn)

|x|α

]
F (x,

√
2

2
tφn,

√
2

2
tφn)

|x|α
dx

6
1

2
M(t2)− 8Cµπ

2‖φ̃n‖2(κ− ε)2d4+µ−2α lnn

(4(lnn)2 + 4 lnn+ 1) t2n4+µ−2α
e(4π2‖φ̃n‖2)−1β0t2 lnn

6
1

2
M

(
4π2(4 + µ− 2α)(1 + ε)

β0

)
− 2Cµβ0 lnn‖φ̃n‖2(κ− ε)2d4+µ−2αe

(8ε lnn−21)(4+µ−2α) lnn
8 lnn+21

(4 + µ− 2α)(1 + ε) (4(lnn)2 + 4 lnn+ 1)

6
1

3
M

(
4π2(4 + µ− 2α)

β0

)
,

then there exists n ∈ N such that (3.15) holds. In the above derivation process, we use

the fact that the function 1
2
M(t2)− 8Cµπ2‖φ̃n‖2(κ−ε)2d4+µ−2α lnn

(4(lnn)2+4 lnn+1)t2n4+µ−2α e(4π2‖φ̃n‖2)−1β0t2 lnn is decreasing

on t ∈
(√

4π2(4+µ−2α)
β0

(1 + ε),+∞
)

, since its stagnation points tend to
√

4π2(4+µ−2α)
β0

as

n→∞. �

4. The proof of Theorem 1.5

In this section, we will give the proof of Theorem 1.5.

Lemma 4.1. Assume that (m2) and (f3) hold, then c∗ 6 b, where b = infN Φ in (1.8).

Proof. For each (u, v) ∈ N , then it follows that 〈Φ′(u, v), (u, v)〉 = 0. Now we define the
continuous map g : (0,+∞)→ R such that g(t) = Φ(tu, tv). By using (3.2) we have

g′(t) = m
(
‖(tu, tv)‖2

)
‖(u, v)‖2t−

ˆ
Ω

[
Iµ ∗

F (x, tu, tv)

|x|α

]
f1(x, tu, tv)u+ f2(x, tu, tv)v

|x|α
dx,
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for all t ∈ (0,+∞) and

g′(t) = g′(t)− t2θ−1〈Φ′(u, v), (u, v)〉
= m

(
‖(tu, tv)‖2

)
‖(u, v)‖2t− t2θ−1m

(
‖(u, v)‖2

)
‖(u, v)‖2

+ t2θ−1

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v

|x|α
dx

−
ˆ

Ω

[
Iµ ∗

F (x, tu, tv)

|x|α

]
f1(x, tu, tv)u+ f2(x, tu, tv)v

|x|α
dx

= t2θ−1

[
m (‖(tu, tv)‖2)

(‖(tu, tv)‖2)θ−1
− m (‖(u, v)‖2)

(‖(u, v)‖2)θ−1

] (
‖(u, v)‖2

)θ
+ t2θ−1

{ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v

|x|α
dx

− 1

t2θ

ˆ
Ω

[
Iµ ∗

F (x, tu, tv)

|x|α

]
f1(x, tu, tv)tu+ f2(x, tu, tv)tv

|x|α
dx

}
.

From Remark 1.3, we choose p = θ < l, then we derive that

tf1(x, t, s)− θF (x, t, s) > 0, sf2(x, t, s)− θF (x, t, s) > 0,

for all (x, t, s) ∈ Ω× R2, along with (f3) which shows that

(4.1) t 7→ F (x, tu, tv)

tθ
is nondecreasing for t > 0.

Then for 0 < t 6 1, x ∈ Ω from (f3) and (4.1) , we obtain

g′(t) > t2θ−1

(
m
(
‖(tu, tv)‖2

)
(‖(tu, tv)‖2)θ−1

−
m
(
‖(u, v)‖2

)
(‖(u, v)‖2)θ−1

)(
‖(u, v)‖2

)θ
+ t2θ−1

{ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

](
f1(x, u, v)u

uθ
− f1(x, tu, tv)tu

(tu)θ

)
uθdx

+

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

](
f2(x, u, v)v

vθ
− f2(x, tu, tv)tv

(tv)θ

)
vθdx

}
> 0.

This shows that g′(t) > 0 for 0 < t 6 1 and g′(t) < 0 for t > 1. So we obtain g(1) =
maxt>0 Φ(tu, tv), thus Φ(u, v) = maxt>0 Φ(tu, tv). Now we define h : [0, 1] → H2

0 (Ω,R2) as
h(t) = (t0u, t0v)t where t0 > 1 is such that Φ(t0u, t0v) < 0. So, h ∈ Γ which implies that

c∗ 6 max
t∈[0,1]

Φ(h(t)) 6 max
t>0

Φ(tu, tv) = Φ(u, v).

Since (u, v) ∈ N is arbitrary, we get c∗ 6 b. �

Lemma 4.2. Assume that (f4) holds and let {(un, vn)} ∈ H2
0 (Ω,R2) be a Palais-Smale

sequence for Φ, i.e.

Φ(un, vn)→ c∗,Φ′(un, vn)→ 0 as n→∞.
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Then there exists (u, v) ∈ H2
0 (Ω,R2) such that, up to subaequence, (un, vn) ⇀ (u, v) weakly

in H2
0 (Ω,R2),

(4.2)

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
fi(x, un, vn)

|x|α
ϕdx→

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
fi(x, u, v)

|x|α
ϕdx

for all ϕ ∈ C∞0 (Ω) and i = 1, 2, and

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx→

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx.

Proof. We follow the arguments as those in [9, Lemma 2.4]. Let {(un, vn)} ∈ H2
0 (Ω,R2) be

a Palais-Smale sequence for Φ, then from Lemma 3.3, we know that {(un, vn)} is bounded
in H2

0 (Ω,R2), so there exists (u, v) ∈ H2
0 (Ω,R2) such that up to subaequence,{

un ⇀ u, vn ⇀ v weakly in H2
0 (Ω),

un → u, un → u strongly in Lp(Ω) for all q ≥ 1 and a.e. in Ω,

as n→∞. Now we choose test functions φ, ψ, where 0 6 φ, ψ 6 1 and φ, ψ ≡ 1 in Ω′ ⊂⊂ Ω,
then we have the follwing estimate

ˆ
Ω′

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn) + f2(x, un, vn)

|x|α
dx

6
ˆ

Ω

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn)φ+ f2(x, un, vn)ψ

|x|α
dx

6 m
(
‖(un, vn)‖2

) ˆ
Ω

(∆un∆φ+ ∆vn∆ψ)dx+ εn‖(φ, ψ)‖

6 C(‖un‖‖φ‖+ ‖vn‖‖ψ‖) + εn‖(φ, ψ)‖,

where εn → 0 as n→∞. Thus for i = 1 we obtain the sequence

{ζn} :=

{(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn)

|x|α

}
is bounded in L1

loc(Ω). Now we consider the sequence of measures ρn with density ζn, namely

ρn(E) :=

ˆ
E

ζndx =

ˆ
E

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn)

|x|α
dx,

for any measurable E ⊂ Ω. Since Ω and {ζn} are bounded, the measures ρn have uniformly
bounded total variation. By weak∗-compactness, up to a subsequence, ρn ⇀

∗ ρ, for some
measure ρ,

lim
n→∞

ˆ
Ω

ζnφdx = lim
n→∞

ˆ
Ω

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn)

|x|α
φdx =

ˆ
Ω

φdρ,
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for all φ ∈ C∞c (Ω). Since {(un, vn)} is a Palais-Smale sequence, for any measurable set
E ⊂ Ω and φ ∈ C∞c (Ω) such that suppφ ⊂ E, from (3.2) and (3.8) we get that

ρ(E) =

ˆ
E

φdρ = lim
n→∞

ˆ
E

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn)

|x|α
φdx

= lim
n→∞

ˆ
Ω

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
f1(x, un, vn)

|x|α
φdx

≤ lim
n→∞

M(‖(un,n )‖2)

ˆ
Ω

(∆un∆φ+ ∆vn∆φ)dx

6 C

ˆ
E

(∆un∆φ+ ∆vn∆φ)dx.

This implies that ρ is coninuous with respect to the Lebesgue measure. Then, by the
Radon-Nikodym theorem, there exists a function g ∈ L1

loc(Ω) such that for any φ ∈ C∞c (Ω),´
Ω
ϕdρ =

´
Ω
φgdx. Therefore for any φ ∈ C∞c (Ω) we get

lim
n→∞

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)

|x|α
φdx =

ˆ
Ω

φgdx =

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)

|x|α
φdx.

Similarly, for i = 2, the above equation still holds, then the proof of (4.2) is completed.

Let us now prove that∣∣∣∣ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx−

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx

∣∣∣∣→ 0.

This can be done as in [9, Lemma 2.4]. Since {(un, vn)} is a Palais-Smale sequence at c∗,
then from Lemma 3.3, (3.9) and (3.10) we have that

(4.3)

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx 6 C

and

(4.4)

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)un + f2(x, un, vn)vn

|x|α
dx 6 C.

Consider∣∣∣∣ˆ
Ω

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)

|x|α
dx−

ˆ
Ω

(ˆ
Ω

F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, u, v)

|x|α
dx

∣∣∣∣
≤
∣∣∣∣ˆ

Ω

(ˆ
Ω

F (y, un, vn)− F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)

|x|α
dx

∣∣∣∣
+

∣∣∣∣ˆ
Ω

(ˆ
Ω

F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)− F (x, u, v)

|x|α
dx

∣∣∣∣
:= I1 + I2.

For (u, v) ∈ H2
0 (Ω,R2), indeed we obtain(ˆ

Ω

F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, u, v)

|x|α
∈ L1(Ω),
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using the semigroup propperty of the Riesz potential we also have

I1 ≤
(ˆ

Ω

(ˆ
Ω

F (y, un, vn)− F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)− F (x, u, v)

|x|α
dx

) 1
2

×
(ˆ

Ω

(ˆ
Ω

F (y, un, vn)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)

|x|α
dx

) 1
2

,

and

I2 ≤
(ˆ

Ω

(ˆ
Ω

F (y, un, vn)− F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)− F (x, u, v)

|x|α
dx

) 1
2

×
(ˆ

Ω

(ˆ
Ω

F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, u, v)

|x|α
dx

) 1
2

.

Then from (4.3) we know that

I1 + I2 ≤ 2C

(ˆ
Ω

(ˆ
Ω

F (y, un, vn)− F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)− F (x, u, v)

|x|α
dx

) 1
2

.

Now we only need to prove that

lim
n→∞

ˆ
Ω

(ˆ
Ω

F (y, un, vn)− F (y, u, v)

|y|α|x− y|4−µ
dy

)
F (x, un, vn)− F (x, u, v)

|x|α
dx = 0.

Similar to [8, Lemma 3.3], we consider
ˆ

Ω

(ˆ
Ω

|F (y, un, vn)− F (y, u, v)|
|y|α|x− y|4−µ

dy

)
|F (x, un, vn)− F (x, u, v)|

|x|α
dx

≤
ˆ

Ω

(ˆ
Ω

|F (y, un, vn)χP1(y)− F (y, u, v)χP2(y)|
|y|α|x− y|4−µ

dy

)
|F (x, un, vn)χP1(x)− F (x, u, v)χP2(x)|

|x|α
dx

+ 2

ˆ
Ω

(ˆ
Ω

|F (y, un, vn)χP1(y) + F (y, u, v)χP2(y) + F (y, u, v)χP4(y)|
|y|α|x− y|4−µ

dy

)
|F (x, un, vn)χP3(x)|

|x|α
dx

+ 2

ˆ
Ω

(ˆ
Ω

|F (y, un, vn)χP1(y) + F (y, u, v)χP2(y)|
|y|α|x− y|4−µ

dy

)
|F (x, u, v)χP4(x)|

|x|α
dx

+

ˆ
Ω

(ˆ
Ω

|F (y, un, vn)χP3(y)|
|y|α|x− y|4−µ

dy

)
|F (x, un, vn)χP3(x)|

|x|α
dx

+

ˆ
Ω

(ˆ
Ω

|F (y, u, v)χP4(y)|
|y|α|x− y|4−µ

dy

)
|F (x, u, v)χP4(x)|

|x|α
dx

:= I3 + I4 + I5 + I6 + I7,

where for a fixed S > 0, we define

P1 = {x ∈ Ω : |un(x)| ≤ S and |vn(x)| ≤ S},
P2 = {x ∈ Ω : |u(x)| ≤ S and |v(x)| ≤ S},
P3 = {x ∈ Ω : |un(x)| ≥ S or |vn(x)| ≥ S},
P4 = {x ∈ Ω : |u(x)| ≥ S or |v(x)| ≥ S}.
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Since
(´

Ω
F (y,u,v)

|x|α|x−y|4−µdy
)
F (x,u,v)
|x|α ∈ L1(Ω), we have

lim
S→∞

ˆ
P3

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx = 0.

Then for any δ > 0 we can choose S > max{(CM0

δ
)

1
q+1 , a0, b0} such that

0 ≤
ˆ
P3

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx < δ.

Without loss of generality, we assume that |un(x)| ≥ S in P3. From (f4) we have

0 ≤
ˆ
P3

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx

≤ M0

Sq+1

ˆ
P3

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)un

|x|α
dx ≤ δ,

along with the above inequality, by using semigroup property of the Riesz Potential we
obtain Ij → 0 as S → ∞ for j = 4, ..., 7. Now with respect to I3, this is a consequence of
the Lebesgue’s dominated convergence theorem: indeed,ˆ

P1

(ˆ
P1

|F (y, un, vn)|
|y|α|x− y|4−µ

dy

)
|F (x, un, vn)|
|x|α

dx→
ˆ
P2

(ˆ
P2

|F (y, u, v)|
|y|α|x− y|4−µ

dy

)
|F (x, u, v)|
|x|α

dx

a.e. in Ω as n→∞. And by (f3) we know there exists a constant CS > 0 depending on S
such that ˆ

P1

(ˆ
P1

|F (y, un, vn)|
|y|α|x− y|4−µ

dy

)
|F (x, un, vn)|
|x|α

dx

≤ CS
ˆ
P1

(ˆ
P1

|(un, vn)|2

|y|α|x− y|4−µ
dy

)
|(un, vn)|2

|x|α
dx

→ CS

ˆ
P1

(ˆ
P1

|(u, v)|2

|y|α|x− y|4−µ
dy

)
|(u, v)|2

|x|α
dx,

as n→∞, together with Proposition 2.5, since (un, vn)→ (u, v) in Ls(Ω,R2) for all s ≥ 1.
According to the above estimate I3 → 0 as n→∞, thus the proof is completed. �

Now we are ready to give the proof of our main result.

Proof of Theorem 1.5. Let {(un, vn)} be a Palais Smale sequence at the Mountain pass
level c∗. By using Lemma 3.3, we know {(un, vn)} is bounded, then there exists u, v ∈ H2

0 (Ω)
such that, up to subsequence, un ⇀ u, vn ⇀ v weakly in H2

0 (Ω) as n → ∞. Next we will
make some claims as follows.
Claim 1: u, v 6≡ 0.
If u = 0 or v = 0, by using Lemma 4.2 we obtain

(4.5)

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
F (x, un, vn)

|x|α
dx→ 0 as n→∞.
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From (3.9) and (4.5) we know limn→∞Φ(un, vn) = 1
2

limn→∞M (‖(un, vn)‖2) = c∗. Now
from (3.15) and m(t) > 0 for t ≥ 0 which implies M(t) is strictly increasing we obtain

‖(un, vn)‖2 <
4π2(4 + µ− 2α)

β0

,

for n large enough, and this shows that supn
´

Ω
(fi(un, vn))qdx < +∞ for some q > 8

4+µ−2α
,

i = 1, 2. Besides this, from Lemma 2.2, Proposition 2.5, (3.2) and Vitali’s convergence
theorem we derive thatˆ

Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)un + f2(x, un, vn)vn

|x|α
dx→ 0 as n→∞.

Then from (3.8), we know limn→∞〈Φ′(un, vn), (un, vn)〉 = 0, hence we obtain

lim
n→∞

m
(
‖(un, vn)‖2

)
‖(un, vn)‖2 = 0.

From (f1), we know it is obvious that limn→∞ ‖(un, vn)‖2 = 0. Then (3.9) and (4.5) show
that c∗ = limn→∞Φ(un, vn) = 0, which contradicts c∗ > 0. Hence we claim that u, v 6≡ 0,
now we assume that ‖(un, vn)‖2 → σ2 as n→∞. From Lemma 4.2 we obtainˆ

Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)φ+ f2(x, un, vn)ψ

|x|α
dx

→
ˆ

Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)φ+ f2(x, u, v)ψ

|x|α
dx, as n→∞,

and

(4.6) m(σ2)

ˆ
Ω

(∆u∆φ+ ∆v∆ψ)dx =

ˆ
Ω

(
Iµ ∗

F (x, u, v)

|x|α

)
f1(x, u, v)φ+ f2(x, u, v)ψ

|x|α
dx,

for all φ, ψ ∈ H2
0 (Ω). Indeed, if we take φ = u− and ψ = 0 in (4.6), we have m (σ2) ‖u−‖ = 0.

By using (m1), we get that u− = 0 a.e. in Ω. Therefore u, v ≥ 0 a.e. in Ω.

Claim 2: m (‖(u, v)‖2) ‖(u, v)‖2 >
´

Ω

[
Iµ ∗ F (x,u,v)

|x|α

]
f1(x,u,v)u+f2(x,u,v)v

|x|α dx.

Supposing by contradiction that

(4.7) m
(
‖(u, v)‖2

)
‖(u, v)‖2 <

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v

|x|α
dx,

let h(t) = 〈Φ′(tu, tv), (tu, tv)〉, then from (3.2) and (4.7) we know h(1) = 〈Φ′(u, v), (u, v)〉 <
0. Then for t > 0 small enough, using (f5) and Remark 1.3, we obtain that

〈Φ′(tu, tv), (tu, tv)〉

> m0t
2‖(u, v)‖2 − 1

2

ˆ
Ω

ˆ
Ω

(f1(x, tu, tv)tu+ f2(x, tu, tv)tv) (f1(y, tu, tv)tu+ f2(y, tu, tv)tv)

|x− y|4−µ|x|α|y|α
dxdy

> m0t
2‖(u, v)‖2 − t2r+2

2

ˆ
Ω

(ˆ
Ω

(ur + vr)u+ (ur + vr)v

|x− y|4−µ|y|α
dy

)
(ur + vr)u+ (ur + vr)v

|x|α
dx

> 0.

Since r > 0, then the above inequality shows that h(t) > 0 for t small enough. So there
exists a t∗ ∈ (0, 1) such that h(t∗) = 〈Φ′(t∗u, t∗v), (t∗u, t∗v)〉 = 0, i.e. (t∗u, t∗v) ∈ N .
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So using (3.1), (3.2), Lemma 4.1 and the lower semicontinuity we get

c∗ 6 b 6 Φ(t∗u, t∗v)− 1

2θ
〈Φ′(t∗u, t∗v), (t∗u, t∗v)〉

=
1

2
M
(
‖(t∗u, t∗v)‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x, t∗u, t∗v)

|x|α

]
F (x, t∗u, t∗v)

|x|α
dx

− 1

2θ
m
(
‖(t∗u, t∗v)‖2

)
‖(t∗u, t∗v)‖2

+
1

2θ

ˆ
Ω

[
Iµ ∗

F (x, t∗u, t∗v)

|x|α

]
f1(x, t∗u, t∗v)t∗u+ f2(x, t∗u, t∗v)t∗v

|x|α
dx

<
1

2
M
(
‖(u, v)‖2

)
− 1

2θ
m
(
‖(u, v)‖2

)
‖(u, v)‖2

+
1

2θ

ˆ
Ω

[
Iµ ∗

F (x, t∗u, t∗v)

|x|α

]
f1(x, t∗u, t∗v)t∗u+ f2(x, t∗u, t∗v)t∗v − θF (x, t∗u, t∗v)

|x|α
dx

6
1

2
M
(
‖(u, v)‖2

)
− 1

2θ
m
(
‖(u, v)‖2

)
‖(u, v)‖2

+
1

2θ

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v − θF (x, u, v)

|x|α
dx

6 lim inf
n→∞

{
1

2
M
(
‖(un, vn)‖2

)
− 1

2θ
m
(
‖(un, vn)‖2

)
‖(u, v)‖2

+
1

2θ

ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)u+ f2(x, un, vn)vn − θF (x, un, vn)

|x|α
dx

}
= lim inf

n→∞

(
Φ(un, vn)− 1

2θ
〈Φ′(un, vn), (un, vn)〉

)
= c∗.

This gives a contradiction and completes the proof of Claim 2.
Claim 3: Φ(u, v) = c∗.
By using the weakly lower semicontinuity of norms we know Φ(u, v) 6 limn→+∞Φ(un, vn) =
c∗. If Φ(u, v) < c∗, then from (3.1) and Lemma 4.2 we know M(‖(u, v)‖2) <
limn→+∞M(‖(un, vn)‖2). Since M(t) is increasing and continuous and limn→∞ ‖(un, vn)‖2 =
σ2, we obtain ‖(u, v)‖2 < σ2. Moreover, from (3.1), (3.8) and Lemma 4.2 we derive that

(4.8) M
(
σ2
)

= lim
n→∞

M
(
‖(un, vn)‖2

)
= 2

(
c∗ +

1

2

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx

)
.

Now let

(ũn, ṽn) =

(
un

‖(un, vn)‖
,

vn
‖(un, vn)‖

)
,

obviously we obtain ‖(ũn, ṽn)‖ = 1 and (ũn, ṽn) ⇀ (ũ, ṽ) = (u
σ
, v
σ
) weakly in H2

0 (Ω,R2).
From Lemma 2.3, we have that

sup
n∈N

ˆ
Ω

exp
(
β(|ũn|2 + |ṽn|2)

)
dx < +∞, for 1 < β <

32π2

1− ‖(ũ, ṽ)‖2
.
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Then from (1.4), (3.1) and Claim 2 we obtain

Φ(u, v) =
1

2
M
(
‖(u, v)‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx

≥ 1

2
M
(
‖(u, v)‖2

)
− 1

2

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx− 1

2θ
m
(
‖(u, v)‖2

)
‖(u, v)‖2

+
1

2θ

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v

|x|α
dx

=
1

2θ

(
θM

(
‖(u, v)‖2

)
−m

(
‖(u, v)‖2

)
‖(u, v)‖2

)
+

1

2θ

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v − θF (x, u, v)

|x|α
dx

≥ 0,

and from Remak 1.1, (3.1), Lemma 3.4 and (4.8) we get

M
(
σ2
)

= 2c∗ +

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
F (x, u, v)

|x|α
dx

= 2c∗ − 2Φ(u, v) +M
(
‖(u, v)‖2

)
< M

(
4π2(4 + µ− 2α)

β0

)
+M

(
‖(u, v)‖2

)
6M

(
4π2(4 + µ− 2α)

β0

+ ‖(u, v)‖2

)
.

For the monotonicity of the function M(t) we know

σ2 <
1

1− ‖(ũ, ṽ)‖2

4π2(4 + µ− 2α)

β0

.

Thus for n ∈ N large enough it is possible p > β0 and p close to β0 such that

8

4 + µ− 2α
p‖(un, vn)‖2 6

32π2

1− ‖(ũ, ṽ)‖2
.

From Lemma 2.3, there exists C > 0 such thatˆ
Ω

exp

(
8

4 + µ− 2α
p
(
|un|2 + |vn|2

))
6 C

and ˆ
Ω

[
Iµ ∗

F (x, un, vn)

|x|α

]
f1(x, un, vn)un + f2(x, un, vn)vn

|x|α
dx

→
ˆ

Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)u+ f2(x, u, v)v

|x|α
dx,

as n→∞, which implies (un, vn)→ (u, v) strongly in H2
0 (Ω,R2). Hence Φ(u, v) = c∗ which

gives a contradiction and completes the proof of Claim 3.
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Finalizing the proof of Theorem 1.5: By Claim 3 and (4.8) we deduce that
limn→∞M (‖(un, vn)‖2) = M (‖(u, v)‖2) which indicates (un, vn) → (u, v) in H2

0 (Ω,R2).
Then finally we have

m
(
‖(u, v)‖2

) ˆ
Ω

(∆u∆φ+ ∆v∆ψ)dx =

ˆ
Ω

[
Iµ ∗

F (x, u, v)

|x|α

]
f1(x, u, v)φ+ f2(x, u, v)ψ

|x|α
dx,

for all φ, ψ ∈ H2
0 (Ω). That is, (u, v) is a solution of problem (1.1) satisfying Φ(u, v) = c∗
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