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The Solution of Caputo Fractional Partial Differential Equations By
Sumudu Transform

Abstract

In this paper, we obtained an explicit solutions of the fractional diffusion-
wave equations involving partial Caputo fractional derivative by using Sumudu
transform. The solutions of the fractional diffusion-wave equations obtained in
terms of Mittag-Leffler function and generalized Wright function.Some illustra-
tive examples are also given.

AM Sog19SubjectClassification : 44A15,44 A99.
Keywords: Sumudu transform; Wright function; Mittag-Leffler function; Frac-
tional derivatives;Fractional differential equations..

1 INTRODUCTION

In this paper, we apply the Sumudu transform to fractional integrals, derivatives,
and use it to solve initial value fractional differential equations. In[[1],[2],[3],[4],[5],
[6]], the authors studied many properties of the Sumudu transform in light of which
they developed efficient and straightforward methodologies for treating ordinary
[11] and partial differential equations . There is evident interest in further study-
ing this transform, and applying it to various mathematical and physical sciences
problems[13]. The Sumudu transform can be used to solve many types of differ-
ence and differential equations problems without resorting to a new frequency do-
main.The Sumudu transform was first defined by Watugala in 1993, which is used to
solve engineering control problems [16], [17], [18]. The Weerakoon applied Sumudu
transform to solve fractional differential equations [19],[20]. The fundamental prop-
erties of Sumudu transform are also used to solve the fractional differential equations
{[8],[7]- In this paper,we can find an explicit solution of the fractional diffusion-wave
equations with Caputo fractional derivative by using the Sumudu transform method.

The fractional calculus is a generalization of differentiations and integrations to
non-integers orders. There are many problems in physics and engineering formu-
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lated in terms of fractional differential and integral equations, such as diffusion,
signal processing, electrochemistry, viscosity etc. The exact and approximate so-
lutions of fractional differential equations are investigated by many authors using
different methods. The Sumudu transform method is applied to obtain the solution
of ordinary differential equations [9]. The Sumudu transform was first defined by
Watugala in 1993, which is used to solve engineering control problems[16]. The
Weerakoon applied Sumudu transform to solve fractional differential equations [19].
The fundamental properties of Sumudu transform are also used to solve the frac-
tional differential equations [1],[8],[7]. In this paper, we can find an explicit solution
of the fractional diffusion-wave equations with Caputo fractional derivative by using
the Sumudu transform method.

2 Preliminary Results, Notations and Terminology
In this section we give definitions and some basic results which are used in the
paper.

Consider the general linear fractional partial differential equation

Definition 2.1

(Dgy cu)( Za]iju x,t) Zb DB’ (z,t) —G—Zc]sz (x,t) + du(z,t);
j=1 j=1
(2.1)
n—1<a<n2<0;<3,1<p;<2,0<vy<1L,neN
where © = (x1,22,...,2,) € R", a;j,bjcj,d are non-negative real constants, o <t <
T

The fractional diffusion equation is
n
(Dosqu)(x,) = > b DL u(z, 1) (2.2)

n—1<a<nl1<pBj<2,neN

Definition 2.2 [12/The Riemann-Liouville fractional integral of order a,ac > 0 of
a function u(z,t) is denoted by I§, ,u(x,t) and defined as

1 t
I, yu(w,t) = ] /0 (t — 1) tu(z, 7)dr, t>0,a>0 (2.3)

I(a)
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Definition 2.3 [12]/The Caputo fractional derivative of order o, v > 0 of a function
u(z,t) is denoted by “Dg, ,u(z,t) and defined as

1 t anu(az T)
“Dpy gy u(z,t) = T a) /0 (tat— e n+1d (reR,t>0,n—1<a<n,neN)
(2.4)

2.1 Mittag-Leffler Function :

The Mittag-Leffler function was introduced by M. G. Mittag-Leffler and is denoted
by E.(z) [10]. It is one parameter generalization of exponential function and is

defined as,
0 k
z
= P . 2.
z) kgzo Mok 1)’ a € C, Re(a) >0 (2.5)

A two-parameter Mittag-Leffler function introduced by R. P. Agarwal [3], denoted
by Eq, (%), is defined as,

. 2,
kZOFalHB a>0, >0 (2.6)

2.2  Wright Function :

The Wright function introduced by Wright, denoted by ¢(«, 3;2) [12] is a general-
ization of Mittag-Leffler function and is defined as,

o0

z 1 Zk
(8, ) - ,;) T(ak + B) k! (2.7)

The more general Wright function ,V,(2) z,a;,b; € Cand oy, 55 € R (I1=1,2,...,p; j=
1,2, ..., q) is defined by the series

o(a, B; 2) =ow,

(ar, 1)1,p

- L (2.8)
2T, T (b, + Bjk) K

Z:| _ > Hlef(al+alk¢) 2k

p¥q(2) =1V [
(b1, B1)1,4

The Wright function with p = ¢ = 1 of the form
(n+1,n) X T(n4j+1) 2 o\"
_ == E, ) 2.
Z] jz:%f‘(an+ﬁ+aj) 4! (82) 8(2) (2.9)

Consider a set A defined as [16]

1\1’1[

(an+B, o)

A={f)| IM, 1,72 >0,|f(t)] < Me% if t € (—1)7 x [0, 00)}.
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Definition 2.4 For all real t > 0, the Sumudu transform of a function € A, with
respect to t denoted by (Siu)(z,p), is defined as

e 1
(Spu)(x,p) = / u(z, t)pePdt, wu € (—11,72), where (p = _u> (r € R;p>0)
0

(2.10)
and the inverse Sumidu transform with respect to p is
1 y+i00
(Sglu)(x,p) = / ePlu(z, p)dp, (z € R;y =R(p) > ou). (2.11)
27 y—100

[13]The Sumudu transform of the Caputo fractional derivative of order o, > 0 of
a function u(z,p) is denoted by (SyDg, ,u)(x,p) and defined as

-1 ' k’LL -
(SE08 0w) = Su)(e) - Lt (FHEY) )
k=0

withzeRIl—-1<a<landn eN.

Definition 2.5 [12/The Fourier transform with respect to x € R denoted by (Fyu)(o,t)
is defined as

(Fpu)(o,t) = /OO u(z,t)e™dr, (o€ R;t>0) (2.13)

—0o0

and the inverse of the Fourier transform of u(z,t) with respect to o is

(F u)(z,t) = % /OO u(o,t)e " %do, (o € R;t > 0) (2.14)

the relation with respect to z € R
FID*6(0))(z) = (—ia)*(Fg) (k€ ) (2.15)

and the Fourier convolution operator of two functions f and g is defined by the
integral

fro=(fro)w)= [ fla-tgdt, @R (2.16)
3 Solution of Cauchy Type Problems for Fractional Diffusion-
Wave Equations With Caputo derivatie :

In this section we apply the Sumudu transform method to the fractional diffusion-
wave equations with Caputo fractional derivative. we can derive the explicit solution
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to the fractional diffusion-wave equations of the form
In this section we consider a fractional differential equation of the form

(“Dgy u)(z,t) = MAzu)(z,t) (r €R;t>0;0 <a<2;A>0) (3.1)

involving the partial Caputo fractional derivative (°Dg, ,u)(x,t) with respect to
t > 0,and the Sumudu (Azu)(x,t) with respect to x € R™ given by

0u(z,t) 0?u(z,t)

e
o0x1 Oxy,

In definition Caputo fractional derivative (2.4) of order « > 0 and [ — 1 < a <

[(I € N) is defined in terms of the Riemann-Liouville partial fractional derivative
eqrefedrl by

(Bgu)(w,t) = (n€N) (3.2)

-1

(D ) (ot) = (0, Juter) - - PHEOT ety (a9)

k=0

When, for any fixed x € R, u(z,t) € C'(Ry) as a function of ¢ > 0, then (“Dgy yu)(, )
has the representation (2.4). In this section we apply the Fourier and Sumudu
transform to obtain an explicit solution to the equation (3.1) with Cauchy initial

conditions
k
(W:fk(x) (reRk=0 for 0<a<l;k=1 for 1<a<?2).
(3.4)
u(z,0)
Example 3.1 Solve the following partial differential equation of order a,0 < o < 2
O*u(z,t
(°Dg. yu)(x,t) = )Pg(;’) TERt>00<a<2A>0).  (3.6)
k
w:fk(x) L(reRkE=0 for 0<a<l;k=1 for 1<a<?2).
(3.7)

Applying the Sumudu transform (2.10) to equation (3.6) using the initial condition
(3.7) with respect ¢

2

S D (o)) = ¥ (5rzn) (wp) (1 =12 (55)

Using (3.13) with z e Rl —1 < a<landn € N. If ] =1 and | = 2 in respective

cases 0 < @ <1 and 1 < o < 2,and the initial conditions in (3.7), we have

-1 ak
p*(Spu)(z,p) = Zpo‘_k_lfk(x) + A2 <Bxk> (1=1,2) (3.9)

k=0
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Now, applying the Fourier transform (2.13) and using the formula (2.15) with k = 2,

we have e
u(x,t
(RZ5% ) (0.0 = ~lo P00 (3.10)
By applying Fourier transform on equation (3.9) and using equation (3.10), we
obtain

-1
P (FuSiu)(o,p) = Y " "N (Fufi)(0) = Mo *(FuSiu) (0, p)

k=0
1 a—k—1
(FpSiu)(o,p) = gW(Fxfk)(a),, (ceR,t>0,1=1,2). (3.11)

Now, we obtain the explicit solution u(x,t) by using the inverse Fourier transform
(2.14) with respect to o and the inverse Sumudu transform (2.11) with respect to p.

2c

(Fpe™®l(0) = 2ol

(c €R;e>0)

and N
|z] o 2Ap2

Fe llp3)y= 22

From these equations, we have

| S R ] pkt
<Fx[2)\1)2 fe APQ]) :m(a) (k=0,1)

Hence equation (3.11) becomes

(Fa:StU)(O'a p) = (Fac [zl)\pgklem/\’pg]) (0)(mek)(a) (l =1, 2)‘

By using the Fourier transform convolution property, we have

1 oy q |z

(FpSwu)(o,p) = (Fx[%;m e Tp% * :cfd)(a) (1=1,2).

Now applying the inverse Fourier transform (2.14), we obtain

]. [e] (o3
(S = gp3 e Tyt wap a=12) (312)

When 0 < a < 2, then the function p2 ~*~ e~ 2lp3 (k=0,1) are expressed through

o
A
sumudu transform of the Wright function ¢(—%,b; 2) as follows.

<St [tg_’%(—a' k12 —‘x’t_g)} ) (p) =p2Fle” ’w‘p% for(k=0,1) (3.13)
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Applying the inverse Sumudu transform to (2.11) and using (3.13), we can obtain
the solution.

P I S P
U(.’E7t)—ﬁt2 ¢(—§,k+1 5, Tt 2) fOl‘(k—O,l)

Theorem 3.1 If 0 < o < 2 and X\ > 0, then the Cauchy type problem (3.6) and
(3.7) is solvable and its solution is given by

l o
u(z,t) = / G (x — 7,t) fe(T)dr (3.14)
k=177

(Il=1 for 0<a<l;l=2 for 1<a<?2)

where

1 (o7 (o]
Gj(x,t) = 2/\tk_2cz5< - %; E+1-— %; _\i\ﬂt_2> for (k=0,1)

provided that integral in the right-hand side of (3.14) are convergent.
Proof: Applying the Sumudu transform (2.10) to equation (3.6) using the initial
condition (3.7) with respect ¢

2
S[€Dg, )z, p)] = X2 @M) (p) (1=1,2) (3.15)

Using (3.13) with x e Rl —1 <a <landn € N. If [ =1 and [ = 2 in respective
cases 0 < @ <1 and 1 < a < 2, and the initial conditions in (3.7), we have

-1 o
p*(Siu)(x,p) = Zpafkflfk(x) + A2 (W) (1=1,2) (3.16)
k=0

Now, applying the Fourier transform (2.13) and using the formula (2.15) with k£ = 2,

we have o
u(x,t
(RIZ 55 ) 00t) = —lo (P (e, (3.17)
By applying Fourier transform on equation (2.13) and using equation (3.17), we
obtain

-1

P (FuSpu)(o,p) = Y " * T (Fufi) (0) = Mo P (FuSpu) (o, p)
k=0

o~
—

a—k—1

(FySpu) (o, p) = > W(Fifk)(a), (ceRt>0,1=1,2). (3.18)
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Now, we obtain the explicit solution u(z,t) by using the inverse Fourier transform
(2.14) with respect to o and the inverse Sumudu transform (2.11) with respect to p.

2c

(Fee™ ") (o) = 2+ 0P

(c €R;e>0)
and

|| a 2\p2

Fe lpsy= 220
FeXP2) = o xelop

From these equations, we have

Hence, equation (3.18) becomes

(Fso.n) = (Felgppt e K)o mie (=12,

By using the Fourier transform convolution property (2.16) we have

(FuSyu)(0,p) = (Fm il s wfd)(a) (i=1.2).

Now applying the inverse Fourier transform (2.14), we obtain

(Spu)(z,p) = zl)\pgklem/\’pg * T fr, (1=1,2). (3.19)

! o0
w(, ) = Z/ o ( — 7. ) fu(r)dr
k=17

(Il=1 for 0<a<L;l=2 for 1<a<?2)

where G*(z,t) is the green function can be written as

-1
. R <SP I
GY(x,t) = = /_OO kg_o nP? v z fr(x)dp (1=1,2). (3.20)
When 0 < a < 2, then the function p2 %! mp% (k=0,1) are expressed through

o
A
sumudu transform of the Wright function ¢(—$,b; 2) as follows.

(St [tg_kqb(—g; k—{—l—%; —‘x)\’t_g)} ) (p) =p2~Fte~ ’i‘pg for(k=0,1) (3.21)

Applying the inverse Sumudu transform to (3.19) and using (3.21), we can obtain
the solutin.
a |z _a

_ L ek, it _
u(w,t)—ﬁw ¢(—§,k+1—§,—)\t z) for (k=0,1)
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Corollary 3.1 If0 < a <1 and X > 0, then the Cauchy problem

(“Dgy qu)(z,t) = Azﬁz(;(a;t) (x € Ryt > 0)

u(z,0) = f(x)

is solvable, and its solution has the form

ula, 1) /’Ga 0 fi(r)dr

where

N _a a a x| _a
GT(z,t) = 7t 2¢< 71 —2,—|)\|t >

provided that the integral in the right-hand side of (3.23) is convergent.

Corollary 3.2 If 0 < a < 2 and A > 0, then the Cauchy problem

¢ o 0?u(z,t)
( DO+,tu)($at) = )\Zw, (x € R;t > 0)
u(z,0) = fo(x)
ou(z,0
W0 wem
is solvable, and its solution has the form
(1) / GY(z—7t)fo(r dr+/ GS(z — 7, t) fr(7)dT
where . .
o Loggf e _lols
G (1) = oyt z¢>< 51— iyt z)
and

1 a
G3 (2, 1) = t1¢< SR Jx'“)

provided that the integral in the right-hand side of (3.27) is convergent.

Example 3.2 Solve the following Cauchy problem with o = %

Db, )@ty = 24D (0 gt s )

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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is solvable, and its solution has the form
1
u(x,t) = / Gi(x —7,t)fi(r)dr (3.31)

where 3 |l

X 1
— {1 .32
LBl (3:32)

Applying the Sumudu transform (2.10) to equation (3.30) and using the initial
condition with respect ¢

1 2
S D e )] = ¥ 5z (@) (1=1) (3.33)

Using (2.12) with x € Rl — 1 < a < land n € N. If [ = 1 in respective cases
0 < a <1 and the initial conditions in (3.30), we have

1 1 k
p2 (Spu)(z,p) = p~2 fo(z) + A\ ({fﬁ) (l=1) (3.34)

Now, applying the Fourier transform (2.13)to equation (3.30) and using the formula
(2.15) with k& = 2, we have

2'LL i
(Fx{aa(x;”]) (0,1) = —JoP(Fou)(o.1) (3.35)

By applying Fourier transform on equation(3.34) and using equation(3.35), we ob-
tain

p%(FxStu)(U,p) :p_%fo(x)(o) - )\2|U|2(FmStU)(U,p), (J € th > Ovl = 172)

PEOE) p o), (eRES0,1=1). (3.36)

(FuSeu)(0,p) =
P2+ Nof?

The Fourier transform are
(Foe N (0) = 55

and

Hence equation (3.36) becomes

(FuSyu)(0,p) = (Fm[lp-?’e—'i'pi]) @O Ef)0)  (=1)
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By the convolution property of Fourier transform (2.16) we have
1 -3 =l 1
(FzSeu)(o,p) = | Folgyp ge” Apizfol J(0)  (I=1)
Now applying the inverse Fourier transform, we obtain
1 3 _=al 1
(Seu)(o,p) = | [xp~ ge” *piaf] (o)  (1=1) (3.37)
Thus, we get
o1
ul(z, £) = / Gl (x — 7. t) fi(r)dr
—0o0
1
where G (z,t) is the Green function can be written as
1 1 1 1 |z 1
Giat) = [ gt ot vas@ip (339)
1 z
To obtain the solution of G{(z,t), when 0 < a < 1 then the function p‘%ef%lpi
can be expressed through Sumudu transform of the Wright function qﬁ(—i, b; z) as
follows

47 44 N 4 4
Applying the inverse Sumudu transform to (3.37) and using (3.38), we get where

(st[t—lqs( ! 3-—"7C'p—1>]><p>=p—3e—ipi (k=0)  (3.39)

1
Gf(x,t)zlt—igb( 1-3-—mt—i> for (k=1)

2\ 474 )
Example 3.3 Solve the following Cauchy problem with o = %
3 2 t
(°Dg, u)(x,t) = A2ag(:;’) (z €R;t > 0) (3.40)
u(z,0) = fo(z) . (z € R)
Oou(z,0
E‘? ) = fi(z) . (x €R). (3.41)
t
has its solution is given by
o0 3 0 3
u(z,t) = / G3(x —7,t) fo(r)dr + / G5 (x —7,t) fi(r)dr (3.42)
where ) 31 ol
3 3 T 3
2 P S e ey
and

3
G (w,t) = At}ub( - %; %; —‘m’t‘Z) (3.44)
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Applying Sumudu transform (2.10) to (3.40) and using the initial condition (3.41),
with respect to t, we obtain

SO e p)] =2 S ) (o) (1= 1,2 (3.45)

2

Using (2.12) with z e R,l —1 < a <l and n € N. If [ = 1,2 in respective cases
0 < a<1andl < a < 2 the initial conditions in (3.41), we have

3 1 1 2u x
p2 (Sru)(z,p) = p2 fo(x) —p~ 2 fi(z) + X <aa(x£0)> (1=1,2) (3.46)

Now, applying the Fourier transform (2.13) to equation (3.46) and using the formula
(2.15) with k& = 2, we have

(Fm [827;(;’2’“} ) (0,1) = —|o|2(Fyu)(0, 1), (3.47)

By applying Fourier transform on equation (3.46) and using equation(3.47), we
obtain

p2 (FuSu)(o,p) = p? Fy fo(x)(0) + p~2 Fp f1(2)(0) — N0 (FuSiu) (0, p)
pifo(x) | P2 fole)
P>+ X202 p? + A2[o)?

(FypSiu)(o,p) = (Fpfr)(o), (0 €Rt>0,1=1,2).

(3.48)
The Fourier transform are
el 2c _
and s
_lx| s 2Ap1
(Fe |>\|p4) = ;72?
p? + N|o]?
Hence equation (3.48) becomes
1 -3 —lal 1
(s = (Folgpr T e X pl ) @Ff@) (=12
By the convolution property of Fourier transform (2.16) we have
(FeS)(o,p) = ( Fulgsp 3o 3 piaf] ) o)+ Felgzp oo Spten] )o) (1=1,2)
xOtU)\O, D) = m2>\p4 p 0 g ac2>\p4 b 1 g = 1,2).
Now applying the inverse Fourier transform,we obtain
1 1 _J=l 3 1 _5 _l=l 3
(s)en) = (Igzp e Frtanian) + (Igppje Fotonl)  @=1.2

(3.49)
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Thus we get
© 3 © 3
u(z,t) = / Gi(x —7,t) fo(r)dr + / G5 (x —7,t) fi(r)dr
3 3
Where G7 (z,t) and G (x,t) are the Green’s functions can be written as
3 1 (> 1 1 _|z| s
Giat) =1 [~ gorte St waswyip (3:50)
and
Gi(t)—] /m1i“4i* f(@)d (3.51)
x, _W,OOQ)\pe)\p zf(x)dp .

3 3
To obtain the solution of G} (z,t) and G5 (z,t) when 0 < a <land 1 < a <2

. _l=l 3 _l=l 3
then the function p*ie X pi and p*%e X pi can be expressed through Sumudu

transform of the Wright function qb(—%, b; z) and qb(—%, b; z) as follows

<St[t_iqﬁ(—z, i; —’f\‘p_i)]) (p)+ <St[t‘1‘¢(—i, ZS —/\p_4)]> (p)
I

Applying the inverse Sumudu transform to (3.49) and using (3.50) and (3.51),we

get where
3 _3 31 x| _s
2 — J LN
Gl (.’L’,t) 2)\t ¢< 4747 )\ t 4)
and
3 1 35 |x|,_s
G2 (x,t) = —~tig — ;= ¢
3 (@) = 9% 4¢< FAVERED 4)
Conclusion

In this paper, Sumudu transform of Caputo fractional derivatives have been used
to solve fractional diffusion-wave equations. The solution of fractional diffusion-wave
equations is obtained in terms of Mittag-Leffler function and generalized Wright
function. The Sumudu transform and Fourier transform is an useful operational
transform method which is an important in treating fractional diffusion-wave equa-
tions. The Sumudu transform and Fourier transform technique can be used to solve
many types of initial value problems in applied and engineering fields.
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